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High Energy Nuclear Disintegrations. 
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Department of Physics, Rikkyo (St. Paul's) University - Tokyo 


(ricevuto il 9 Dicembre 1958) 


Summary. — The disintegrations of heavy nuclei (Ag or Br) in emulsion 
were examined. These disintegrations were produced by the proton 
beam (6.2 GeV) of the Bevatron. The probabilities of emission of protons, 
a-particles, Li, Be, B, and C fragments from stars at given excitation 
energies were investigated, and these experimental results were compared 
with those calculated by the evaporation theory. 


4. — Introduction. 


It has been noted by many workers (!-!*) in the study of the stars produced 
by cosmic rays or accelerator beams in nuclear emulsions that relatively slow 


*) Now at School of Physics, University of Minnesota. 

M. Buav and H. Wampacuer: S. B. Akad. Wiss. Wien, 146, 623 (1937). 

G. Orrner: 8S. B. Akad. Wiss. Wien, 149, 259 (1940). 

J. B. Harpine, 8. Lattimore and D. H. PERKINS: Proc. Roy. Soc., A 196, 


. Pace: Proc. Phys. Soc., A 68, 250 (1950). 
. H. Perxins: Phil. Mag., 41, 138 (1950). 
. BerNarprni, G. Cortini and A. MANFREDINI: Phys. Rev., 79, 952 (1950). 
. E. Hopeson: Phil. Mag., 43, 190 (1952). 
. Nakagawa, E. Tama, H. Huzira and K. Oxupaira: Journ. Phys. Soc. 
Ae 11, 191 (1956). 

(°?) E. L. Gricor’Ev and L. P. SOLOV’EVA: Saar Phys. Journ. Eup. Theor. Phys., 
4, 801 (1957). 
(0) V. I. OstRoumov: Sov. Phys. Journ. Eup. Theor. Phys., 5, 12 (1957). 
(1) V. Wersskopr: Phys. Rev., 52, 295 (1937). 
(22) E. Bacee: Ann. d. Phys., 39, 512 (1941). 

my K. J. Le Covureur: Proc. Phys. Soc., A 68, 259 (1950). 

Y. Fugsrmmoro and Y. Yamagucut: Progr. Theor. Phys., 5, 787, (1950). 
& R. HaGEeporN and W. Macks: Kosmische Strahlung (Berlin, 1953), p. 201. 
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particles (mainly protons or «-particles) are emitted from nuclear stars (Ag, Br) 
in the evaporation process: Some of these workers (**) examined also the ratio 
of doubly to singly charged particles emitted from stars. Their results were 
compared with the values obtained by LE CouTEurR (1%), and there was good 
agreement with the theory. The study of nuclear disintegration with emis- 
sion of particles with charge Z >3 has been carried out in our laboratory. 
As stated in our previous reports (1°), the emission process of slow fragments 
(Z >3) seemed to be attributable to that of evaporation. In order to obtain 
more detailed information about the emission mechanism of fragments and 
the formation of fragments inside the nucleus, the author observed protons, 
«-particles, Li, Be, B and C fragments evaporated from large stars which 
were produced by the Bevatron beam, and examined the probabilities of 
emission of these various types of particles at given nuclear temperatures 
(or excitation energies). Our values were then compared with those obtained 
from the theory (1113-15), : 


2. — Experimental details. 


The experiments were carried out on the stacks of G-5 pellicle emulsions, 
600 um thick (3 in.x3in.), irradiated by protons with energy of 6.2 GeV 
from the Bevatron at Berkeley, as was described in a previous paper (17). 
In order to test the stars due to Ag and Br, those which had more than 8 prongs 
(grey tracks+black tracks) were selected. . 

Using the following criteria (18), the tracks of particles emitted from these 
stars were divided into three groups according to their grain density as com- 
pared with minimum grain density g,,,: 


(i) «Thin » tracks, g,,,<g <1.4g,,, (shower particles); 
(ii) « Grey» tracks, 1.49,4.<9< 6.89.33 
(ili) « Black » tracks, g > 6.849,,,,- 


In our plates, the average value of g,,, waS about 18.7 grains per 100 um. 
The black track is usually considered to be that of the evaporated particle. 
The number of « black » tracks from a star is represented by the symbol N,, 
and the stars due to Ag or Br were classified by the magnitude of N,. 

As was described in previous papers (*1%1!7), the charges of various par- 


(6) S. Nakagawa, E. Tamai, H. Huzira and ‘K. Oxupatra: Journ. Phys. Soc. 
Japan, 12, 747 (1957). ; . 

(7) S. Nakacawa, E. Tamar and S. Nomoto: Nuovo Cimento, in print. 

(18) J. G. Witson: Progress in Cosmic Ray Physics, vol. 1 (Amsterdam, 1952), p. 6. 
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ticles were determined by measuring the mean width of the end portion of 
their tracks with dip angles less than 12.5° before processing the emulsions. 
Fig. 1 shows the distribution of the track width, and from this figure it can 
be seen that the separation of each group is good enough to identify the charge 


i 3 


t———) 


Number. or tracks 
a = SS a 


Be B C 


Ns Ses el 
Soe wo 0 120 20 “HO 6O~ 160 " 270 ee 
Width of tracks (arbitrary scale) 7 


Fig. 1. — Distribution of track widths. The arrows show the estimated width of each 
group by assuming the proportionality of the width of 1/7 (Z: charge). In the case 
of He the tracks from radio-thorium stars in the emulsion were analysed. 


of the particle. In order to check our method of charge determination, some 
tracks which had already been measured by the above method were examined 
by the method of «gap density measurement » (19). Examples of such obser- 


_ vations taken by this method are given in Fig. 2, where three cases of z-mesons, 


eighteen cases of protons, eleven cases of a-particles and four cases of Li 
fragments are plotted together. Each point represents the number of gaps 
(per 100 um) greater than about 0.7 um in length. From Fig. 2, it seems that 
there is good discrimination between the various particles. a 


(8) F. T. Garpner and R. D. Hitz: Nuovo ‘Cimento, 2, 820 (1955). 
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In this experiment, 328 stars (with >8 prongs) were examined, and 
1406 measurable particles (charge Z=1, 2,3, 4,5 and 6) ejected from these 
stars were observed. In addi- 


tion to this, 225 fragments an 
(Z >3) had been already ana- 30 
lysed in our previous experi- 
ments (11!7) which were carried eo c 
out on about 2300 stars with = 
> 8 prongs. gts 
7-S 
6FQ 
5F 4 
Q 
ar 8, 
SPs 
So 
are 
Fig. 2. — Gap densities of z-mesons, 


protons, «-particles, and Li-fragments. 


3. — Experimental results. 


3'1. Energy regions of slow (evaporated) particles. — First, the minimum energy 
of evaporated particles is determined by the following formula: 


V, = (2Z,e/R), 
where is is the mean Coulomb potential barrier height for a j-particle with 


the charge Z, during the evaporation process, and Z is the charge of the 
parent nucleus. Table I gives the potential barrier heights for various par- 


TABLE I. 
Particle Proton a-particle Li Be B C 
barrier height 6.55 a 16.0 21.0 24.2 27.4 


(Mev) 


ticles. Next, we must define the maximum energy of the evaporated particles. 
Table II shows the ratios of the number of observed forward emitted protons 
and «-particles to those backward emitted with respect to the incident pro- 
ton beam for several energy regions. As is well known, the angular distri- 
bution of evaporated particles is isotropic, so in the above cases the maximum 
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energies of protons and «-particles seem to be 40 and 70 MeV (*), respectively. 
On the other hand, the maximum energies of the particles with charge Z > 3 
were examined in the previous experiment (17). On the basis of those results, 


TaBieE II. 

a: Proton b: «a-particle 
aa Forward | Backward ic aera Forward, | Backward 
6.55 +10 61 57 11.5— 20 67 53 

ay 10 +20 160 132 20 = 30 38 25 
20 +30 84 73 30 + 50 ) 36 98 
30 +40 47 ee 50 50 + 70 VW 18 
40 +50 33 12 70 +100 22 11 
50 +60 19 Me i > 100 20 oa A 
> 60 Peper." 11 


the author used the values of 60, 80, 100 and 120 MeV for Li, Be, B and C 
fragments, respectively. 

The energies of these particles in this experiment were obtained by measuring 
the ranges of their tracks in emulsion. 


3°2. Emission rates of various particles. — From the above defined energy 
range, 975 particles emitted from 306 stars were selected. Table III gives 
the emission frequencies of the various particles from several groups of stars. 
In Table III-a, the emission frequencies of Be, B and C fragments were extra- 


3 polated from the values of Table III-b, which were obtained in the previous 


experiments (1°17). These frequencies of the various particles were corrected 
for restriction in dip angle 0 <12°.5. 


(*) This value is thought to be too high. However, the observed frequency of 
those particles is relatively small, and so it is not so important whether this value 
is used or not. 
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TABLE III-a. 


No. of : ; 
N; eric Proton |a«-particle Li Be B Cc 
6, 7,8 69 111 41 6 1.03 0.83 _ 
corrected 358 132 19.3 3.32 2.67 — 
emission rate/star 5.18 1.92 0.28 0.048 0.038 — 
OelO 11 82 157 69 1 4,35 0.51 0.51 
corrected 505 222 35.4 14.0 1.64 1.64 
emission rate/star 6.18 2.71 0.43 0.17 0.02 0.02 
12, 13, 14 87. 194 89 15 6,37 3,64 0.91 
corrected 625 287 48.4 20.5 BE 7 2.93 
emission rate/star 7.18 3.30 0.556 0.236 0.134 | 0.034 
2 : 
VO LON aL 7 42 110 44 ee! 2.57 1.40 0.234 
corrected 354 142 22.5, 04 8.27 4.51 0.754 
emission rate/star 8.45 3.38 0.537 0.197 0.107 | 0.018 
> 18 26. 19 24 4 3 1 1 
corrected 254 77.3 12.9 9.66 3.22 3.22 
emission rate/star 9.77 2.97 0.49 0.37 0.124 | 0.124 
Re | 
TABLE III-b. . 
N, Li Be B C | 
Oye S 29 5 4 0 | 
OF LO bt: 43 ua 2 2 
12, 13, 14 33 14 8 ee, 
LG 30 11 6 1 
>18 8 6 2 2 
3°3. Probabilities of emission of various particles. — Since a relationship 


between prong number NV, and thermal excitation energy is very useful in 
the interpretation of nuclear disintegration, all stars observed were classified 
into five groups by N,, as shown in Table III-a. This relationship was inves- 
tigated by PERKINS (5) and LE COUTEUR (?°), and there appeared to be good 
agreement between experimental and theoretical data, which are well ap- 
proximated by the relation U=(40+42N,) MeV. Moreover, the initial nuc- 


‘ (°°) K. J. Le Covureur: Proc. Phys. Soc., 63, 498 (1950). 
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lear temperature 7 with excitation energy U can be estimated by using the 
following relation (?1): 


iz aT?.; & = const,:, 


assuming the Fermi gas model. In Table IV, the values of the second column 
are those calculated by the above formulas. 


TABLE LV. 
(MeV) 
N, Tempe- | Proton | «-particle Li Be B C 
rature 

9, 10,11 | xs 7 1.00 + 0.38/0.79 +0.24/0.15 + 0.03,0.12 --0.05 — yeree 
12, 13, 14) © 8 /1.00+0.39)0.59 + 0.26 0.12 -+0.10)0.065 +0.0690.114-+0.042/0.013 +0.025 
15, 16,17| » 9|1.27+0.53/0.08+0.34, — — — — 

>18 > 10|1.32 0.75} — — | — | — — 


Since the intention was to compare directly the experimental data with 
those of the evaporation theory, the emission probabilities of the various 
particles at a given nuclear temperature were necessary. The emission proba- 
bilities in Table IV give the values of the differences between every two emission 
rates of the adjacent groups in Table III-a. From Table IV, it seems that 
the emission probabilities of the various particles show maximum values at 
nuclear temperature 7 MeV, although the statistical errors are considerably 
large. | 


4. — Comparison with the theory and discussion. 


The probabilities of emission of the various types of particles can be cal- 
culated from the formula of Weisskopf (1'), and many investigators (1%) have 
made such calculations. 

According to WEISSKOPF (1%), the total width I\(W) of emission of a j par- 

| 


ticle is calculated by the integration, 


Ww 
gi Myo ay Beane V; 
I, =h| P(£, W)dk » he e 70 T 
By+Vj 


(21) J. M. Buatr and V. F. WEISSKOPF: Theoretical Nuclear Physics (New York, 
1952), p. 371. 


2911 


8 E. TAMAI 


where P, is the probability per unit time that the nucleus (NV, Z) with exci- 
tation energy W evaporates a j-particle with the energy HE, H+dE; and 
M,=a,m, g,, B, and V; are mass, spin statistical weight, binding energy of 
the j-particle and Coulomb barrier height for the j-particle, respectively. 
m roeans nucleon mass. The cross-section o is replaced by the simple form, 
o=2R? (R=7,A?). 

Thus the above formula can be rewritten as follows: 


Table V gives the calculated values of a,, g; = 2S,+1 (S: spin of the j-par- 
ticle), B, and V, of many isotopes. J, can be calculated by using these 


J 


values. Furthermore, in order to compare J; with the experimental data, it 


TABLE V. 
Group Isotope a; 9;= 28;+1 B; V; 

H 1 2 8.6 6.55 

Proton group d 3 15.0 6.55 
AB 3 2 17.5 6.55 

%-gToup 3He 3 2 18.2 “ga dee 
a 4 1 6.3 11.5 

SLi 6 3 19.8 16.0 

Li-group . Li 7 4 212 16.0 
8Li 8 1 27.9 16.0 

Be-group SBe 8 1 12.6 21.0 
*Be | 9 19.6 21.0 

B-group 33 10 3 21.6 24.2 
UB ll 4 18.4 24.2 

C-group 12¢ 12 1 11.6 27.4 
18 13 15.3 27.4 


is necessary to put each isotope into its proper group. Table VI shows the 
value of J} normalized by the proton group at a given nuclear temperature. 

From Table VI, it is apparent that the experimental data are significantly 
larger in value than those of the theory, although the statistical errors are 
considerably large. This difference between the experimental data and the 
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theory is so large that it could not, be explained, even though, in an attempt 
to do so, I, were calculated without considering the nuclear barrier height for 
j-particles. 


TABLE VI. 

Tempera- Prot ‘lel Li 

ture (MeV) roton |«-particle i Be B C 
Theor. 6 1 0.11 0.0098 | 0.0019 0.00039 | 0.000092 
Exper. w 6 — — oe — — — 
Theor. 7 ! 0.14 0.013 0.0023 0.000 46 0.000 084 
Exper. aw 7 1.00 0.79 0.15 0.12 — — 
Theor. 8 1 0.13 0.013 0.0018 0.00031 | 0.000073 
Exper. w8 1.00 0.59 0.12 0.065 0.114 0.013 
Theor. 9 1 0.12 0.012 0.0015 0.000 19 0.000027 
Theor. 9 E47 0.16 0.015 0.0019 9.00025 | 0.000034 
Exper. wk) 1.27 0.080 — — — a 
Theor. 10 1 0.095 0.0089 | 0.00097 0.00013 | 0.000017 
Theor. 10 1.32 0.126 | 0.011 _ 0.0012 0.000 17 0.000022 
Exper. >10 1.32 — — — — — 


It has been pointed out by Le CoUTEUR (18) that in Weisskopf’s formula (1) 
there are no explicit factors representing the probability of the existence of 
heavy particles inside the nucleus. Also he has suggested that it would not 
have been possible to obtain agreement with the experimental data if addi- 
tional factors representing small probabilities of existence had been introduced 
into the emission formula. 

However, on the basis of our experimental results, it seems to be neces- 
sary to introduce some factor to represent the considerably large probability 
of existence or of formation of fragments inside the nucleus in the highly 
excited state. 

If the above hypothesis is true, the probability of existence of individual 
nucleons inside the nucleus at such an energy state may be decreased. These 
conditions seem to be suitable for interpreting our results. 

The fact that the emission probabilities of observed heavy particles (Z > 2) 
give maximum values at nuclear temperature 7 MeV and decrease gradually 
with an increase in nuclear temperature seems to indicate that there is an 
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optimum condition for the agglomeration of nucleons at’ 7 MeV, and then 


the cluster is broken up at >7 MeV. 


The present experimental data are not sufficient to discuss at length the 


above questions. For a more satisfactory explanation, further investigations 
are required. 


4 


The author would like to express his sincere thanks to Professor EH. J. 
LoFGREN and the members of the Radiation Laboratory at Berkeley, Cali- 
fornia, who made the exposure of the nuclear plates possible. Also, the author 
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interest in this work; and to Mr. N. OpA for helpful discussions. The assis- 
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RIASSUNTO (*) 


Sono state esaminate in emulsione le disintegrazioni di nuclei pesanti (Ag o Br). 
Tali disintegrazioni sono state prodotte dal fascio protonico (6.2 GeV) del Bevatrone. 
Sono state investigate le probabilita di emissione di protoni, di particelle «, di 
frammenti di Li, Be, B e C da parte di stelle di date energie di eccitazione, e sono 
stati confrontati tali risultati sperimentali con quelli calcolati dalla teoria dell’ evapo- 
razione. 


(*) Traduzione a cura della Redazione. 
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On the Beta Decay of Uranium X2 (°). 


é H. SCHNEIDER (**), P. W. DE LANGE (**) and J. W. L. DE VILLIERS (*+’) 


National Physical Research Laboratory 
South African Oouncil for Scientific and Industrial Research 
Pretoria 


(ricevuto il 20 Dicembre 1958) 


Summary. — The @- and y-ray spectra observed in the decay of UX2 
(1.175 min half-life in ***Pa) are investigated. (-y-coincidences, obtained 
in a @-ray spectrometer, as well as y-y-coincidence measurements with 
selected energies are described. In the §-spectrum 11 partial spectra, 
leading to different states in the daughter nucleus 234U, are resolved and 
their log ff values are given. The high energy part of this spectrum, 
which was always assumed to go to the ground state, is shown to be 
highly complex containing 5 partial spectra. The log ft value of the ground 
state transition is found to be 6.9, indicating the same degree of forbid- 
denness as observed for the transition *°!Th-?*4Pa. Spin assignment is 
made to UX2 and some excited states in *4U. A decay scheme is pre- 
sented. 


4. — Introduction. 


According to HAHN (') the B-decay of 2Th (UX1) with a half-life of 24.1 
days leads to two daughters in 234Pa with measurable life times, which are 
called UX2 (1.175 min) and UZ (6.7 hours). The common end product of 
this isomeric pair is 2*4U(U2), which decays by «-emission. In all three B- 
transitions y-rays are also observed. The complex has been studied by many 


~ 


(*) This work forms part of a D.Se. thesis submitted to the University of Pretoria 
by P. W. pE LANGE. The investigation of the UX-complex was partially sponsored 
by the South African Atomic Energy Board. 

(*) Present address: Physic Institut der Universitat Fribourg. 

(*s*) Present address: Atomic Energy Board, Private bag 59, Pretoria. ; 

(@) O. Haun: Ber. dtsch. chem. Ges., 54, I, 1181 (1921); Zeitts. f. phys. Chemie, 108, 
461 (1922). 
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authors (2°). Different 6-spectra, some y-quanta and a great number of con- 
version lines were found. The main results are summarized in Table I in the 
work of DE HAAN et al. (°). Coincidence experiments are also described (+°8) 
giving information on the relationship between different y-rays as well as 
between B- and y-rays. 

However, with the data available three problems remain unsolved: 


1) Spin and parity assignment of UX2 exhibits a serious inconsistency. 
As FATHER and RICHARDSON (1°11) first pointed out, the main difficulty 
arises from the fact that the (§-transition leading from UX1 to UX2 is first 
forbidden whereas the ®-spectrum of UX2 going to the ground state in U2 
is allowed. UX1 and U2 are even-even nuclei and should therefore be Ot. 


2) The knowledge on the excited states in U2 is rather vague. Espe- 
cially in the low energy region it is not yet’ understood which role the rota- 
tional states (43.3 keV, 143.3 keV and 296.4 keV) known from the «-decay 
of ?**Pu (15) play in the 6-decay of UX2 and or UZ. 


3) The relative position of the isomeric pair UX2 and UZ is not yet 
determined. Whereas in the earlier works BRADT and SCHERRER (*) came to 
the conclusion that UZ must be the ground state, the coincidence experiments 
of JOHANSSON (8) indicate that UZ should have an energy slightly higher than 
that of UX2. 


The main difficulties in solving these problems are the following: Since 
chemical separation and spectroscopic measurements require periods longer 
than the half-life of UX2 (1.1 min) this activity can only be investigated 
in the presence of its parent UX1 (24.1 days). UZ (6.7 hours) is there- 
fore always present, and every spectrum contains the complex radiation of 
three decaying nuclei. It must be admitted that the ratio of UZ to the total 
activity is very small (0.63%) (12) and one should expect that in the spectrum 
of the complex the radiation due to UZ can hardly be detected. This is cer- 


2 
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L. MEITNER: Zeits. f. Phys., 17, 54 (1923). 
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(7) N. Featuer: K. Srrqpaun, Beta and Gamma-ray Spectroscopy (Amsterdam, 
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tainly true and simplifies matters at least at higher energies. In coincidence 
work the interference of UZ in the experiments with the complex also seems 
to be negligible as can be shown by simple estimates. But if coincidence rates 
are investigated (ratio of coincidences to single counts) the single counts are 
involved and at least at low energies the presence of the UX1 spectrum creates 
considerable difficulties in the interpretation. Especially the search for tran- 
sitions common to UX2 and UZ by means of coincidence work, and there 
must be such transitions at low energy, exhibits complications not yet over- 
come. 

Concerning the relative position of the two isomers it seems that there 
is little hope to find a y-transition (converted or not) or a branch of the 
8-spectrum of such low intensity (0.6%), and furthermore to prove experl- 
mentally that it is the link between UZ and its parent. The most reasonable 
way therefore is to come to a better knowledge of both decay schemes first 
and to construct the position of the isomers beginning with the U2 ground 
state. In the present article we are only dealing with UX2. 


2. — Experiments. 


21. The source. — As the goal of the present investigation was mainly a 
careful study of the @-spectrum of UX2 especially near the maximum energy, 
it was evident that much stronger sources had to be prepared than those used 
by previous authors. We therefore started with 60 kg U,O, (°). 

The chemical separation of the thorium for the UX1 sources and the proto- 
actinium for the UZ sources were carried out by the radiochemical group. 
The details have been published elsewhere (*). The thorium was isolated 
from the uranium by means of a cation exchange procedure and the proto- 
actinium was milked off periodically from the purified UX1. This latter sepa- 
ration was carried out with an anion exchanger in hydrochloric acid medium. 
The UZ was eluted from the column with a small volume of 3M HCl and the 
eluate evaporated to about one drop. This was then transferred to the source 
holder consisting of a polyvinylchloride film (0.0002 inches thick) and taken 
to dryness. UX sources were prepared similarly by evaporating drops of the 
solution to dryness. The activity covered a round spot of 2mm diameter on 
the foil. In the UZ-spectrum no contamination whatsoever of UX1 and UX2 
could be found. The maximum activity achieved for the UZ-sources was 
73 uC. For the UX2 measurements sources of about 250 1.0 were used. 


(*) We are deeply indebted to Messrs. Calcined Products, Johannesburg, who with 
permission of the S. A. Atomic Energy Board placed 100 kg U,0, at our disposal. 

(33) J. van R. Smit, M. PEISACH and F. W. E. StrELow: Second Itern. Conf. on 
the Peaceful Uses of Atomic Energy. A/Conf. 15/P/1119 (1958). 
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2°2. The B-spectrum of the complex. — An intermediate image f-ray spectro- 
meter (LBK 3024 Siegbahn-Slatis) was used. The alterations of the apparatus 
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Fig. 1.- F-K plot of the ®-spectrum of UX2; 
high energy part. _ 


made in connection with the 


coincidence setup permit the 


choice of different G.M. 
tubes or scintillation coun- 
ters according to the expe- 
riment. For the 6-spectrum 
in question a halogen G.M. 
counter (DR 3 Nuclear In- 
struments) with 3.5 mg/em? 
mica window was used and 
the spectrometer was set at 
2.5% resolution. After the 
very first runs it turned out 
that the high energy part 
was complex and that for a 
detailed study much finer 


_ steps had to be taken as was 


permitted by the usual mil- 
livoltmeter-reading. There- 
fore a compensation circuit 
parallel to the mV-meter 
containing a battery, Helipot 


TABLE I. — Results of the F-K analysis of the B-spectrum of UX2. The calibration of the 
spectrometer is based on the conversion-line of **Cs and different lines in Th(B+C+C0’) (#4). 


No. By VA log ft 
1 2404.5+ 3 5.4 6.9 
2 2356 ke DB 5.3 6.9 
3 9398 ob 120% 6.5 
4 22906 se") 26.4 6.1 
5 2934" oes 28.4 6.1 
6 1535. + 50 5.9 6.1 
z 1277 40 3.8 6.0 
8 982 <'25 5.8 5.3 
9 576. “2: 20 1.4 5.1 

10 3524 620 oo 4.4 

11 228 S526 out 3.6 

12 150 2 (UX1 2) — 


(4) K. Stecpann: Beta and Gamma-ray Spectroscopy (Amsterdam, 1955). 
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potentiometer and a galvanometer as zero reading instrument was used to 
set the spectrometer. This arrangement was carefully calibrated and checked 
with respect to reproducibility and stability. 


Neate tT eso cH mcmama aT Sane VERT 


* : F=K PLOT UX 2. 


5:4 ; 5-6 
Fig. 2. — Analysis of F-K plot shown in Fig. 1. 


In Fig. 1 the upper part of the Fermi-Kurie plot is shown and the deviation 
from a straight line is obvious. The interpretation of this part is given in 
Fig. 2, where the different partial spectra are subtracted. The results of the 
total analysis are given in Table I. 

No special attention has been given to the transitions from UX1 and the 
last values from SToKER (7) and ONG (°) were accepted. But it should be 
noted, that according to our F-K plot the 193 keV branch (7°) appears at 
178 keV. However this discrepancy has no influence on our investigation of 
the UX2-decay. Another striking detail is the observation of a 150 keV tran- 


. sition, which is hidden in the UX1 decay. According to intensity ¢onside- 


rations, this transition is most probably not the 150 keV spectrum observed 
in the UZ-decay (°) but belongs to UX1. Paice 
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2°3. They-spectrum. — The y-spectrum was measured using a single channel 
analyser. (Nal crystal: 12 inches in diameter and 2 inches long. Photomul- 
tiplier tube: Dumont 6292). The line widths of the Co lines were 7%. For 
the higher energies absorbers were used to shield off the strong @-radiation. 
In general our spectrum is in agreement with the measuremets of ONG et 
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Fig. 3. — High energy part of the y-spectrum of the complex. 


al. (®), and only in the high energy part some deviations are observed. As is 
shown in Fig. 3 an indication was found of the following energies: 1850, 1760, 
1540, 1450 and 1180 keV (each + 20 keV). Our 1450 and 13850 keV lines 
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most probably correspond respectively to the 1440 and 1830 keV found by 


other authors (*). No peaks could be detected at 1690 and 1240 keV listed 
in reference (*). In the medium and low energy part of the spectrum many 
more lines seem to be present as were known hitherto, but this conclusion 
is drawn from the results of coincidence work and will be shown in the fol- 
lowing chapters. be 


2°4. Beta-gamma coincidence work. — In the y-spectrum at higher energy 
two striking photopeaks are known (JOHANSSON (°): 750 keV and 1000 keV; 
ONG (°): 770 keV and 1010 keV, etc.). In our experiments these peaks were 
found at (770 + 20) keV and (1025 + 20) keV, respectively. These two are 
not in coincidence (8) but the 750 keV was found to be in coincidence with a 
250 keV line and therefore JoHANSSON concluded that the 1000 keV is the 
crossover of a (750~250) keV cascade. This was further supported by y-8 co- 
incidences, showing that both are in coincidence with the same @-ray of 
1350 keV. In our F-K plot no @-ray of this energy was found and it was there- 
fore decided to repeat this experiment with improved techniques. The B-y 
coincidence spectrum was measured using the 6-ray spectrometer. The y-rays 
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Fig. 4. — F-K plot of the @-y coincidence spectrum with the y channel set on the 770 keV 


photopeak. 


were detected with a Nal erystal (1? inches diameter and. 2 inches long) about 


3 cm «behind » the source on the axis of the spectrometer. A single pulse- 
height analyser was used to select the photopeak of the y-line and the coinci- 


2 - Il Nuovo Cimento. 
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dences between these pulses and those from the 8-particles on the 6-ray spectro- 
meter were taken to draw the F-K plot. Fig. 4 shows this plot of the coinci- 
dences between the 770 keV y-line and the (-spectrum. 

The same experiment with the y-ray analyser set on the photopeak of the 
1025 keV line gives the result shown in Fig. 5 and we must conclude, that 
both transitions, the 1025 keV as well as the cascade, have their origin at 
the 1135 keV level in 224U within the experimental errors. (See decay scheme 
Fig. 11). Nevertheless they can still lead to different final states as will be 
shown later. 


03} : 
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Fig. 5. — F-K plot of the @-y coincidence spectrum with the y channel set on the 
1025 keV photopeak. 


Another striking feature in the decay is the occurrence of some strong 
conversion lines at 690 keV and 780 keV. These lines are reported by several 
authors and were ascribed to a transition of 805 keV (*) which is totally con- 
verted and is therefore, most probably, a 0-0 transition (*§). To obtain the 
coincidences between these conversion electrons and the y-spectrum the £- 
spectrometer was set on the peak of the K-line and the y-channel window 
was shifted over the spectrum. A second run was made with the ~-spectro- 
meter off the line on the $-spectrum. These two runs are shown in Fig. 6. 
The most remarkable results are: A strong coincidence peak at 75 keV and 
no. coincidences with the 1025 keV y-line. Furthermore there is a weak indi- 
cation of coincidences with y-energies of 200, 300 and 770 keV. The latter 
seems to be in contradiction with the assumption that the 1025 keV and the 
770 keV are in a parallel position. From intensity considerations however it 
can be shown that there are no coincidences with the intense 770 keV line. 
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These coincidences are due to another but weaker line of similar energy hidden 
in the 770 keV photopeak. Two further arguments support this assumption: 


1) The shape of the 770 keV photopeak in the y-spectrum indicates 
that there are at least two components. 


2) The y-y coincidence spectrum shows coincidences between the 770 keV 
and a y-ray of about the same energy. 
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Fig. 6. — Coincidence between the 805 keV. conversion electrons and the y spectrum. 
Solid line: coincidence with the § spectrometer on the K-line; Dotted line: coinci- 
5 dences with the 8 spectrometer off the line. 


2°5. -y coincidence work. — In these experiments two identical single channel 
pulse height analysers with Nal crystals were used. One channel was set on 
the desired energy with a suitable window and the other channel was used to 
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scan the spectrum. Records were taken automatically by means of a type- 
writing equipment because each point had to be measured for one or two 
‘hours and many runs were taken with different window widths. The 770 keV 
line was found to be in coincidence with at least 17 other energies. Fig. 7 
and Fig. 8 show the result at lower and higher energies. At about 790 keV 
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Fig. 7. — y-y coincidence with 770 keV; low energy region. 


there is a clear indication of coincidences with the 780 keV line, which explains 
the weak coincidence rate found in the @-y work with the conversion lines of 
the 805 keV transition. 

At an energy below 280 keV (Fig. 7) the number of coincidences increases 
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by a factor of about 10. The coincidence rate proves that this is not due to 
_ the increasing efficiency of the crystal. This coincidence rate permits an esti- 
mate of the relative number of coincidence partners and confirms the results 
of the $-y coincidence work i.e. the branching at 1135 keV. 

The same investigation was made with the 1025 keV line. As was already 
shown by JOHANSSON (*) this line is not in coincidence with the 250 keV 
group, a very striking effect, which could be confirmed immediately. In the 
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Fig. 8. — y-y coincidence with 770 keV; high energy region. 


first runs the lower energy part seemed to be very similar to that obtained 
in the experiment with the 770 keV line, whereas at high energy the coinci- 
dence spectrum seemed to be slightly different. This caused great difficulty 


. in the interpretation until it turned out that the spectrum obtained in this 


; experiment also contains the coincidences with the 940 keV line which is again 
in coincidence with the 770 keV. The two lines 940 keV and 1025 keV cannot 
be separated properly unless the window is made very narrow and the results 
“pecome poor. The comparison of the coincidence rates taken at 100 keV 


e (Fig. 7) also showed a suspicious discrepancy between the experiment with 


the 770 keV and that with the 1025 keV line. To overcome this difficulty, 
the fixed channel was set on each of the low energy lines in question and the 
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scanning channel was shifted through the spectrum covering the two lines 
770 keV and 1025 keV. Fig. 9 shows the run where the coincidences between 
95 to 125 keV y-energies and the spectrum are given. In this way it was found, 
that the two lines have different coincidence partners in the low energy region. 


In particular the 1025 keV line is not in coincidence with the 100 keV line 
as it is the case for the 770 keV transition. 
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Fig. 9. — y-y coincidence with 100 keV. Dotted line: single counts. 


Besides this the spectrum shown in Fig. 7 proves that the 250 keV group 
is complex and consists of peaks at 205, 225 and 255 keV. The conclusion is 
that the 770 keV decay leads via these lines to different states. The most 


interesting question seems to be where the 100 keV transition—a very pro- 
nounced peak—fits into the decay scheme. The conversion of this transition, 
must be low, but unfortunately it overlaps with the known 93 keV in 2?4Pa (°). 


The coincidence spectrum taken with the 30 keV line in the low energy region 
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TapLe II. — List of y-energies and their coincidences. 
I II wr ot ae Vv f VI 
“No. | keV keV +: keV keV keV keV 
1 33 3 weak (*) 34 strong 
2 34 3 33 strong 76 weak 
3 43 43 4 | 770 weak 1025 weak 
4 63 5 | 30 strong (**) | 
5 66 5 strong 770 weak | 
6 76 5 | 770 weak 805 strong 34 weak 
7 91.4 (**) 
8 100 5 strong 770 strong 1025 no 
9 | 152 140 | 10 weak | 770 weak 
10 165 5 770 weak 2052 
avi 205 10 770 weak ? 
12 230 225 10 ? 770 strong 1025 no 
13 255 255 10 770 strong 1025 no 
14 295 10 770 weak 1025 weak 805 weak 
15 330 10 770 weak 940 weak? 
16 360 10 770 weak 
Vai 420 20 770 % 
18 (500) 490 20 weak 770 weak 1025 weak 
19 540 Z 770 weak 
20 600 20 770 weak 1025 weak 
21 680 20 weak 770 weak 1025 weak 100 weak 
22 770 770 20 strong 780 weak 100 strong 
23 780 20 770 weak 805 weak 
24 807 805 5 780 weak 1025 no 76 strong 
25 815 20 770 weak 
26 870 20 770 weak 
27 900 20 770 weak 100 weak 
28 940 20 770 weak 100 weak 
29 1010 1025 20 strong 770 no 100 no 
30 1180 20 weak 
31 1440 1450 20 weak 
32 1540 20 weak 
3o 1760 20 weak 
34 1830 1850 20 weak 
* (*) partly UX-1. Legend: Column I Number. és 
ie - @*)) UxX-1. II y-transitions according to reference (°). 
% - III y-transitions according to our (investigation. 
| IV Estimated error. 
a V Indication of line intensity in single spectrum. 
" VI Coincidence partners. 
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(Fig. 10) shows that there are two lines at about 30 keV in coincidence, which 
we call the 33 and the 34 keV lines, to distinguish between them. Here the 
coincidences between the 30 keV and 63 keV in ?*4Pa, described by JOHANS- 
SON (8), are also present. A weak indi- 
cation of coincidences with a 76 keV line 
confirms the 6-y coincidence experiment 
with the conversion electrons of the 
805 keV transition, where the existence of 
this 76 keV line was proved. 

In this way many lines were found, 
which are listed in column u1 of Table IT. 
In column Iv (Table II) estimated errors 
are given and in column vy it is stated 
whether the respective line appears in the 
y-spectrum. In column yi the y-energies 
are given with which the respective lines 
are found to be in coincidence. The sta- 
tement « weak » or «strong» in Table IT 
has very little to do with the real inten- 
sities and describes only whether we were 
able to produce a. strong effect as ¢.g. 
the coincidence peak at 30 keV in Fig. 10 
or only a weak indication as e¢.g. the 
coincidence peaks in Fig. 8. At the first 
glance it seems astonishing that the 
770 keV y-ray is in coincidence with nearly 
everything. However, regarding the fact 
0 a LO 50 “30400 that there are two transitions with nearly 
the same energy at 770 keV (one may be 
780 keV) which are in coincidence, it is 
clear that the coincidences with this 
770 keV group give the best information 
about all y-energies. Nevertheless the assignment in the decay scheme becomes 
extremely difficult. Regarding the intensities of the y-transitions 770 keV and 
1025 keV, a rough analysis of the spectrum was made which indicated that 
each line represents about 10% of the total y-ray intensity. No attempt 
was made to estimate the intensity of the other 32 lines listed in Table IT. 


Fig. 10. — y-y coincidences with 
30 keV. Dotted line: single counts. 


3. — Decay scheme and spin assignment. 


Our decay scheme is based in the first instance on the information from 
the B-ray analysis. The first problem, mentioned in the introduction, is solved 
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because the transition to the ground state is found to be first forbidden 
(Table I, No. 1). The same degree of forbiddenness has been found by other 
authors (*?) for the transition 234Th(UX1) > 2*4Pa(UX2). *4Th and **4U are 
even-even nuclei and therefore 0+ in the ground state. Hence UX2 could be 
0- or 1-. The next {-transition (No. 2) leads to the first excited state in **4U 
of (49 +8) keV and there is no doubt that this corresponds to the value 
43.5 keV found from the «-decay of ?**Pu (#5). The 43 keV transition has been 
proved to be #2 (#*) and the first excited state is 2+ as expected (1%). The 
log ff value 6.9 for the B-spectrum leading to this state (No. 2) excludes 07 
for UX2. AI=2, yes, is not possible following the classification of unique 
forbidden transitions (17). The only possibility remaining is 1-. 

Additional support for this assignment can be obtained from the decay 
of 2*Th. Unfortunately these arguments involve the multipolarity of some 
low energy y-rays not yet known with certainty as well as the possible existence 
of another 8-transition listed in Table I (No. 12) which, according to intensity 
- considerations, should belong to this decay. So the only thing that can be 
said at this stage is, that the assignment 1 for UX2 is not in disagreement 
with experimental data concerning the decay of ?*Th. In particular the ft 
value for the @-transition to the ground state (UX2) is not affected by the 
existence of another @-transition. 

Once the value 1- is accepted for UX2, spin and parity assignments can 
be made to the excited states in ***U according to the log ft values listed in 
Table I. In some cases additional information is obtained from y-decay and 
the most probable value is proposed. Many of the y-rays fit in the levels 
obtained by -decay within-experimental errors. But in two rather important 
cases levels seem to be involved which are not populated by @-decay directly. 
The first is the 4+ (rotational) state at 143 keV known from the «-decay of 
238Py (15), Whereas the -transition to the 2* (rotational) state at 43 keV 
was found, it is clear that the corresponding transition to the 4* state shold — 
be highly forbidden and in fact none of the B-rays could be ascribed to this 
transition, not only for energy reasons, but also for reasons of forbiddenness. 
The point is that an excitation of this state causes an H2 radiation of 
99.8 keV (1°). This energy of course appears in our experiments as 100 keV. 
The conversion of an E2 at 100 keV is not too high and in fact strong coinci- 
dences are found in the y-y coincidence experiments with the 770 keV line. 
On the other hand it must be noted that between the other excited states at 
low energy, giving rise to the cascade 43, 33, 34 and 57 keV, some crossover 


(5) J. O. Newton, B. RosE and J. Mitstep: Phil. Mag., 1, 981 (1956). 
(6) F. Asaro and I. PERLMANN: Phys. Rev., 94, 381 (1954). 
(7) E. Frenspere: Shell Theory of the Nucleus (Princeton, 1955). 
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transitions might be possible, which eventually could be mixed up with the 
100 keV line in question. This possibility was checked carefully. A 124 keV 
line has been found by other authors e.g. in reference (°) where it has been 
ascribed to UZ; in the complex it is completely masked by the UX1 decay. 
We propose to place the 124 keV line between the 165 keV and the 43 keV 
levels in agreement with the fact that the 57 keV is extremely weak. A 110 keV 
transition to the ground state must be regarded as a 0-0 transition and there- 
fore completely converted. For this we have different arguments: 


a) In the y-spectrum the complex peak at (90+100) keV consists of dif- 
ferent components: The 93 keV transition in 2*4Pa, X-rays in 7*4Pa and 774U 
and the 100 (99) keV transition in ?*4U. The y-y coincidence measurements 
with different parts of the spectrum exhibit this complex structure, but no 
indication for a 110 keV y-energy was found. 


b) The 1025 keV transition which, according to energy consideration, 
6-y coincidence and @-1ay analysis, leads from the 1135 keV to the 110 keV 
level, shows no y-y coincidences with partners between 95 and 125 keV (Fig. 9). 


c) The 805 keV transition according to energy consideration, 6-y coinci- 
dences and $-ray analysis, fits only in between the 110 keV and the 915 keV 
level. In particular there seems to be no possibility at all that the 805 keV 
transition leads to the ground state directly. There can be no doubt that 
it is a 0-0 transition. So there must be another level with angular momentum 
0 and perhaps another 0-0 transition. Therefore 0+ is assigned to the 110 keV 
level. This is also in agreement with the log ft value of (-transition No. 4. 
No indication could be found for a 90 keV crossover. In any case it seems 
clear that the coincidences at 100 keV cannot be explained by any of these 
transitions and the conclusion therefore is that the 770 keV leads partly to 
the rotational state (4+) at 143 keV and partly to the cascade following the 
165 keV level. A direct consequence of these assignments is the existence of 
the second state not populated by 8-decay namely the 3- at 370 keV. 


We regard this 100 keV transition as identical with the strong 99.8 keV 
in UZ described by OnG (*) and this line is therefore common to UZ and UX2. 
The search for these crossovers in the low energy region is of special impor- 
tance, because the decay scheme must be in agreement with the fact that the 
intensity of the 43 keV transition is of the order of about 5% (°). From 
6-decay alone (Table I, No. 2) this state is populated with about 5%, and 
therefore most of the de-excitation of the high energy states must take place 
via crossover. It is very likely that the 76 keV crossover plays the most im- 
portant role regarding intensity considerations, but no quantitative information 
can be given at this stage. 
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4. — Diseussion. 


 rimental errors of the @ 
line. Only 27 of the 34 y-rays listed in Table II are inse 


27 


It must be noted that all y-ray energies in the decay scheme (Fig. 11) 
must be taken with their experimental error given in column Iv of Table II. 
No corrections were made using the knowledge of conversion lines. The expe- 
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Fig. 11. — Decay scheme of UX2. 
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scheme. Three of these (1840, 1760 and 1150 keV) have no support from 
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coincidence measurements, but there seems to be no other place for them in 
the scheme according to energy considerations. The other lines are inserted 
following the information of at least one coincidence experiment. Most of 
them are confirmed by different experiments. No attempt has been made to 
remeasure the conversion lines, although this should confirm many of the 
listed y-energies and increase the accuracy of these transitions considerably. 
The reason for this is the following: the y-spectrum is much more complicated 
than expected and in fact about 35 conversion lines were found below 200 keV 
but no proper resolution could be achieved mainly because of energy loss in 
the source. Although the sources were carrier-free, they were all visible and 
apparently not free from some salts that passed the ion exchange column. 
Some experiments were made with electrolysis following the procedure described 
by ERBACHER (38) but,-similar to the results of ATEN and BARENDREGT (?*) 
they were not successful. It seems that considerable experimental difficulties 
must be overcome before really thin and strong sources are available so that 
further work can be done on the conversion lines especially at lower energies. 
Therefore the relative intensities and multipolarities of the transitions are also 
still unknown. 
- * OK OK 
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RIASSUNTO (*) 


Si studiano gli spettri y e 8 osservati nel decadimento dell'UX2 (vita media 1.175 min 
nel ?34Pa). Si deserivono le coincidenze @-y ottenute in uno spettrometro a raggi 8, 
come pure le misure di coincidenza y-y con energie selezionate. Nello spettro @ si 
risolvono 11 spettri parziali che conducono a stati differenti nel nucleo derivato **4U 
e si danno i valori dei loro log ft. Si dimostra che la porzione di alta energia di questo 
spettro, che si é sempre ritenuto si riducesse allo stato fondamentale, é assai complessa, 
contenendo 5 spettri parziali. Il valore del log ft della transizione allo stato fonda- 
mentale risulta 6.9, indicando lo stesso grado di proibizione osservato per la transi- 
zione ?54[h-*34Pa, Si assegnano gli spin dell’UX2 e di aleuni stati eccitati del 24U. 
Si presenta uno schema di decadimento. 


(*) Traduzione a cura della Redazione. 
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Use of an Electronic Computer for the Construction of Exact 
Eigenfunctions of Orbital Angular Momentum in L-S Coupling. 


BE. ABATE (*) and E. FAsrt (**) 


Centro Studi Calcolatrici Elettroniche dell Universita - Pisa 


(ricevuto il 18 Febbraio 1959) 


Summary. — The application of a digital electronic computer to the 
evaluation of exact eigenfunctions of total orbital angular momentum 
for many-electrons systems is studied. Some unusual features presented 
by such problem, as compared with ordinary applications of electronic 
computers, are discussed. Computations have been carried out follo- 
wing the projection operator tecnique, and results are given for 3 and 4 
electrons in d- and f-states, and for 5 electrons in d-states only. Because 
of the relative smallness of the computer used, results are not complete ; 
the way followed, however, appears to be quite promising for future 
extensions of the computation with a bigger machine. 


Introduction. 


Functions having particular symmetry properties which are connected with 
the angular momentum operators are often useful in many atomic and mole- 
cular problems. In this connection, one problem of a very frequent occur- 
rence is the composition of angular momenta, i.e. the research of the eigen- 
functions of the sum of two or more angular momentum operators, belonging 


(") On leave of absence from the Milan Section of the Istituto Nazionale di 


Fisica Nucleare. 
(**) Now at the Pisa Section of the Istituto Nazionale di Fisica Nucleare. 
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to different parts of the same system—or else to different degrees of free- 
dom—the eigenfunctions of each individual operator being known in advance. 

From a group-theoretical point of view, the problem is to find the irre- 
ducible representations the product of two or more irreducible representations 
of the orthogonal group can be decomposed into; the question is a classical 
one and has been solved since a long time. Nevertheless, for practical appli- 
cations to atomic and molecular systems, a theoretical solution is not enough: 
it must be integrated by computational techniques, giving the theory a form 
suitable for problems that actually arise. 

But when such a technique is made available, we are still faced with further 
difficulties as soon as we try to deal with rather complex systems: the time 
required for calculations becomes rapidly prohibitive, while the probability of 
errors grows still faster. It is thereafter a quite natural idea to make use of 
an automatic computer in order to overcome the difficulty, and this is what 
we have done. We do not know, however, that electronic computers have 
been used before for such kind of problems: if it is true, there should be no 
surprise, since electronic computers have been mainly intended as an aid 
for pure computational work. Of course we do not think that this is the only 
work wherein electronic computers have been -used all over the world; we 
only claim that it has been their main use, and among physicists perhaps the 
only one. This is the reason why we found interesting to study the program- 
ming of the construction of eigenfunctions of total orbital angular momentum 
by an electronic computer. In the following the procedure adopted is outlined, 
and the main points and the results are reported and criticized. 

In Section 1 some basic notations are stated. 

In Section 2 the projection operator method, whereon our work is founded, 
is outlined. 

Section 3 is devoted to an exposition of the detailed formulation of the 
calculation, in terms of recursive formulae. 

In Section 4 the flow diagram of the program is given and discussed. 

In Section 5 an account is given of the main arithmetical difficulties en- 
countered, together with the solution adopted. 

In Section 6 the results of the calculation are given, and some concluding 
remarks about the experience gained in this work are made. 


1. — Notations. 


In this paper we are concerned with the case of many-electrons atoms in 
Russel-Saunders coupling scheme: our problem is to build eigenfunctions of 
the orbital angular momentum of the system, starting from eigenfunctions of 
the orbital angular momenta of the individual electrons. 
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Let us introduce here some notations: 


1(i) for the one-electron orbital angular momentum; 


L(t), ty(t), t(¢) for its components ; 
12(2) for its modulus squared; 
1,1,+1), m; for the eigenvalues of [2(i) and J,(i) (in units of fh); 


L()=L)+4,() for the one-electron step-up operator; 


1_(i) =1,(i) —i,(i) _ for the one-electron step-down operator. 


Besides we will denote by (1,,m,) an eigenfunction of ((i) and 1,(i) with 

the eigenvalues 1,(1;+ 1) and m,. 
Accordingly, for the many-electrons system the notations will be: 2 = > I(t) 
~ for the orbital angular momentum operator; £,, 2,, L: and £2 for its com- 
ponents and modulus squared; L(L-+1) and M for the eigenvalues of £? and £,; 


Lo = WBS she Vee > L,(4) for the step-up operator, 
2. = 2,— iL, = > Li) for the step-down operator, 
(L, M) for the eigenfunctions. 


Coming back to our subject, now let us point out that, by building an anti- 
symmetrized product of the (1,, m:) we get an eigenfunction belonging to the 
eigenvalue M= > m; of 2,. Let us design such antisymmetrized product by 


(lL.m,, 1,M,, eis Lm, (lois Mp i195 ++%) 1,Mp) ’ 


where the stroke means that the first p electrons are in a spin state belonging 
to the eigenvalue 4 of s, and the others in a state belonging to the eigen- 
value —}. 

If the n electrons are equivalent, what implies that [=], =... = 
(this is the case we will consider), we can design the product function simply by 


(m, M,...M,|M,4; --- My) « 


As we have already pointed out, a function of this kind, which we will 
 *eall a « configuration », is an eigenfunction of 2, with the eigenvalue M=)>'m,, 
‘put generally it is not an eigenfunction of 2. A configuration is a mixture 
of eigenfunctions of £% belonging to different L’s (always > M) and vice- 

_ versa an eigenfunction of 22 and ZL, is a linear combination of different con- 
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figurations referring to the same M. Our problem is just to find such linear 
combination, starting from a certain configuration; or else to find out the 
component belonging to a particular eigenvalue L from the mixture the starting 
configuration consists of: this can be done by the projection operator formalism 
which we will shortly recall here. 


2. — The projection operator method (1). 


Consider a system of » equivalent electrons, p having their spin up and the 
remaining down; and take into account the space S% spanned by the eigen- 
vectors of £, belonging to a given eigenvalue M. Among these, the eigen- 
vectors of £2 belonging to a given L will form a subspace S? of S%. A con- 
figuration will generally be a vector of S“, not lying on S®; what we need 
is to project such vector onto S9?. This can readily be done, if a suitable 
projection operator is known, simply by applying such operator to the given 
configuration. It should be noted that the result of the projection will not 
be generally independent from the starting configuration, as S9” may have 
more than one dimension, i.e. several independent eigenvectors (Ll, M) can 
exist. 

Now the problem is to find the form of the projection operator. Let us 
consider the following product of commuting factors: 


Bt LES 7) 
LL L(L ie 1) oe HFA OBS 1) ; 


(1) 


where L' ranges from M to K (the greatest L allowed by the given assignment 
of 1 and the spins), with the only excertion of the wanted L. It is easily 
shown that (1), when working on an arbitrary vector, and in particular on a 
configuration, annihilates all components belonging to quantum numbers 
L'+~ L. Besides, the denominator has been so chosen that the operator lets 
unchanged the component belonging to Z. Hence (1) is just the projection 
operator we were looking for. 

We will stress here that the eigenvector obtained by this operator is not 
normalized, since it is a component of a normalized configuration. 

We will observe that by an analogous procedure we can also project an 
arbitrary vector from the whole Hilbert space into the subspace spanned by 


(*) For a t horough exposition of the method, first developed by P. O. Léwnin, 
see R. Frescnr and P. 0. Léwp1n: Atomic state wave functions generated by projection 
operators (Istituto Nazionale di Fisica Nucleare, Sezione di Milano, 1957 and Quantum 
Chemistry Gro up, Uppsala University, 1957), after referred to as FL. 
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the eigenfunctions of L£, belonging to a particular M; but, as we already dis- 
cussed above, in our case we do not need this since a different and easier pro- 
cedure to build eigenfunctions of £, is available. 

Moreover, we will point here that what we said above is still worth when 
the problem is to build eigenfunctions of a general angular momentum ope- 
rator: so the projection operator formalism can be helpful, for instance, in 
nuclear problems, in which it is usual the j-j coupling scheme and eigen- 
functions of J? and J, are wanted. 

From (1) we can derive for the projection operator the two forms we 
quote here 

gees ge 
yiy+2L+41)!’ 


(2) 6 OL +3) "S 1) 


Le re CTE sy 
(3) Gare li ae L')\(L+ L'+1) | i} 


Such simpler formulae are valid only in the « principal case » L= M, while 
the general case L > M would lead us to more complicated formulae; however 
this is not a trouble, since we can easily obtain any (LZ, M), with M <L, 
from (L, L) simply by applying the step-down operator L — M times. 

Since the calculation was carried out with the help of an electronic digital 
computer, (3) was found more suitable than (2), which, on the contrary, is 
more convenient for hand-calculations. 

As far as we are concerned, there remains only to find how an electronic 
computer can be instructed to apply O,, to a suitable starting configuration. 
Of course this is not the whole story: before applying O,, we need to know 
how many independent (L, L) exist for a given L, and how to choose starting 
configurations in order to be sure of getting independent final results. How- 
ever, we did not require this too from the computer, but preferred to do our- 
selves such preliminary work. For this reason, we need not dwell upon such 
subject, and refer to FL for discussion. 


3. - Recursive formulation of the method. 


In view of programming the calculation on an electronic computer we must 
analyse the process of applying O,, to a configuration into a succession of 
simpler steps, each expressed in a form. easily translatable into a computer 
language. For that, we first must find a recursive expansion for our basic 


~ formula (3). We begin by writing: 


: : 
(4) . Ce oa 


3 - Il Nuovo Cimento. 
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with 
(ZL) _~ BL. tay te 
gE Rs bi ae 


From the definition of 2, and £_ it follows that by applying an operator 
c” to a particular configuration with M—J a linear combination of con- 
figurations belonging to the same M obtains. In formulae: 


(5) Cons se 5 (Gee ye 


jal 


u; 


where each u; represents a configuration. Coefficients (€Y’),, may be thought 
of as matrix elements in the basis u,. 
When an operator @( works on a vector of S®: 


b= Sen, 
Z 
it gives rise to a vector of the same space 


oy sO cece, eee oO? )u 


ag 


aj U; - 


Now, as (4) shows, the calculation is to be carried out through K — DL 
steps, each step being characterized by a different operator TY’. At each 
step an operator works on the vector obtained by the preceding step. The 
vector, the first @? works on, is the starting configuration; the one obtained 
after last.step is (LZ, L). 

So, iixpS Foe pate “wu, is the function we have got after the step L'—1, 
then 


yp? = Cr yp =n Wea =< ie Tek Op aD => oe =1) (Ce), = Did L' Bul (Center 


aj 


The components of the vector obtained after the step LZ’ are therefore 


(6) ot) Ey We -eD) / (j= 1, ane 


t=1 


The ¢”’s are all zero but one which is 1, since p™ is the starting configuration; 
the c*’s are just the amplitudes corresponding to the different configurations 
n (L, L). 
Our problem is now reduced to evaluating the amplitudes c” by means 
of the recursive formula (6); by this formula we can calculate the c””’s step- 
by-step from c to c®™, 
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At this point it must be noted that in this section we have labelled the 
configurations by one index ranging from 1 to N, while in Section 1 we intro- 
duced the notation (m,...m,|M,,,...M,), Where n labels are used. In order 
to put a relation between our last formulae and the preceeding ones—in par- 
ticular to give an explicit expression of (CY”),,—it is necessary to establish a 
correspondence between the two notations. As long as we are interested in 


hand calculations, this is a question of a formal kind; but it becomes a practical 


one when a computer is taken into account. 

The required correspondence amounts to assigning an integral number to 
every set of m’s whereby a configuration can be labelled. In fact we have 
to single out orderly all sets of n integers m, fulfilling the following conditions: 


2) ee in<. Fs 


Die) — 0, =. = M,) My <...< My. 


This may be done in a way we shall describe further. As soon as a set of 
m’s fulfilling the conditions above is found, it is noted and labelled with an 
increasing index i. So all configurations are ordered and we are able to apply (6). 
About the procedure to order the sets of m’s, we describe here the one we have 
followed. 

The i-th set be known: in order to find the following one, m,_, should be 
increased and m, decreased by 1. In this way condition 2) is certainly kept, 
while 1) and 3) are to be verified. If all is right, we have found the (i-+1)-th 
set; otherwise we try to increase M,-», giving m,_, the lowest value permitted 
by 1) and 3), and choosing, m, to satisfy 2). If such m” satisfies 1) and 3) 
too, we have succeeded in finding the new set; if not, we must try to increase 
m,-3, and so on. This process will end in one of the two following ways: 


a) one is able to find the (¢+1)-th set; then the (i+2)-th one is to be 
looked for in the same way: 


b) one cannot find the (¢-++1)-th set, because in trying to increase an m, 
the first one, m,, is unsuccessfully tried; then 7= N, i.e. we had found last set. 
Anyhow the number of sets one can find is finite, since there is an upper bound 


for each m. 


Ag to the set to start with, it must obviously be: 
(—1,—1+1, yl tp 1|\—1L wy —L+n—p—2,m,)- 


with m, chosen so that 2) is satisfied. One cannot be sure that this is a good 


SS 
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set: conditions 1) and 3), indeed, will hardly be satisfied by m,. But it is, 
however, the first we must look at. 

If the calculation is carried out by an electronic computer, an ordering 
subroutine is needed which execute such procedure. 


4. — Flow diagram. 


In order to describe how actually the program works we quote here some 
rough flow-diagrams with some explanatory notes 


Box I 
| setting | . | | B ben = print | 
initial | ° CPpohb ‘ 
data | | ve L<K A DL 4-1 5 
Diagram 1. 


A 


In diagram 1 the main cycle of the program is shown, in the course of 
which the successive steps are executed. Box I represents and individual step. 

Cry > means that the new vector Ci’ obtained after each step be- 
comes the starting vector for the new step. This actually is made in the 
electronic computer by storing Ty’ in the same cells before occupied by w. 
The structure of box I is analyzed with more details in diagram 2. 


<— 


Box IT jcnt ities 


4 4| y | ) . j= 2 —@ 


(Trax + OF > oF 


d ey 


< 


aot Liat” 


| 


Diagram 2. 


The most important feature shown by this diagram is the occurrence of — 
a double cycle. From this the necessity comes of defining auxiliary variables c*, 
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which are needed at the same time with the c’s; at the end of both cycles the 
final c*’s become the new c’s. In the computer, this means storing the c*’s 
in a separate place during the cycles, and substituting them for the e’s at 
the end. 

The contents of box II is furtherly specified by diagram 3. 


Box III 
@M— 2 + of > CF |-— 


= Ores SOE AON 
(L—L')\(L+L'+ 1) Cj | of 4 Oj C4 Ci | ©) 


Diagram 3. 


according to 
Li; 


Cy i= 
i ea TE PL 1) 


+ Oy y 


- £,; being the matrix element OL 22 Pe. 

To carry out the calculation described in box III we need the ordering 
subroutine twice: a first time to find the m’s corresponding to a given 7; a 
second time to decide whether for a particular 7 the matrix elements £;; i8 
different from zero and, in such case, to find its value. 

To complete our brief description, we must say that in our program the 
ordering subroutine is needed twice more: at the beginning and when printing 
the results. That is due to starting configuration being given by means of 
its m’s, while the computer is wanted to print the final results labelled by the 
corresponding sets of m’s; both facts contrasting with the one-index repre- 
sentation used throughout the calculation. 


5. — Arithmetical features of the program. 


The first fact we must point out in this connection, is that surd numbers 
are to be worked upon through the calculation. This fact does not make any 
trouble for hand-calculations, but is complicates programming. Owing to the 
group-theoretical character of the problem it is desirable to carry out the 
calculation with an absolute accuracy, since it is possible by principle. 

It is not so obvious that the numbers we are concerned with must be surds. 
But it is easily seen that the matrix elements £;; are of the form av/b (a, 6 in- 
tegers) and may be shown that no more complicated number, like Vm + /n, 
arises throughout the calculation in spite of the occurrence of additions. 

In such particular situation, it is possible and worthwhile to use for these 
numbe a representation which permits an absolute accuracy. Such a repre- 
sentation can be obtained only using more than one integer for each number. 
We can choose, for instance, one of the following two representations: 
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1) the couple of integers (a, +b), prime with respect to each other to 
represent the irrational number + ~/a/b; 

2) the three integers (-La, b, c) to represent the number + a1/b/c. In 
the latter representation b will always be reduced to a product of prime factors 
all different from one another, while a and ¢ are still prime with respect to 
each other. 


Adopting such representations implies a good deal of multiplications to 
carry out the additions; thus as intermediate results one often gets quite large 
numbers, even if the final results may be represented by relatively small in- 
tegers. Since in a computer the bits available to represent an individual integer 
are finite in number, the calculation will easily lead to overflows. 

This puts an upper bound to the complexity of the eigenfunctions the 
program can give out. This bound will obviously depend upon the word-length 
of the particular computer we make use of. Another bound is put by a dif- 
ferent feature of the computer, namely the size of the memory. In fact we 
have to store both the ¢’s and the c*’s, so a working storage is needed, whose 
size depends upon N, 7.e. the number of configurations to be taken into account 
in the calculation. 

In the computer we used (a reduced model of the machine being built 
at Pisa University), the two bounds we pointed above were rather narrow. 
The words were 18 bits long, so overflows were very frequent. In order to avoid 
them as far as possible, we chose the representation (-: a, b,c). We repre- 
sented the three integers by means of 3 different words: + a and ¢ were 
represented in the usual binary representation, while for b a different repre- 
sentation was used. Since D occurs, during the calculation, only as a mul- 
tiplying factor, it seemed convenient to represent it by its prime factors. 

This was made by decomposing a word into six groups of three bits each; 
the groups represented orderly the exponents (all <7) of 2, 3, 5, 7, 11, 138 
arising from decomposing 0 into its prime factors. Of course it was assumed 
that no greater factor could arise, which was made sure by an analysis of the 
origin of each factor. The use of only six prime factors was possible until 
electrons with 1<6 were considered. 

A major disadvantage of this kind of number representation is that arith- 
metic operation may no longer be executed by simple machine instructions, 
but require ad hoc subroutines. Besides, the results of arithmetic operations 
are generally not in the standard form (this accounts for our having allowed 
exponents in the representation of b to grow till 7, while in standard form 
only 0 and 1 may occur). 

In order to avoid an overgrowth of numbers causing overflows, reduction 
to standard form must be accomplished after every operation, which together 
with the need of frequently calling the arithmetic subroutines considerably 
increases computing time. 
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6. — Discussion of the results. 


The calculation actually carried out concerned the following cases: 
3,4, 5 d-electrons and 3, 4 f-electrons. The results for d-electrons could be 
compared with previous hand-calculations by FL, while f-electrons results are 
given here for the first time. Apart from exceptions we will explain later, 
our results agree with FL’s as far as a check is possible; for f-electrons, no 
comparison term being available, special checks would have been advisable. 

We did not do that for two kinds of reasons. First, the agreement found 
for d-case assures us that the program was errorless and at the same time gives 
us a good assurance against the occurrence of machine faults; on the other 
side, it may be assumed as a very improbable event that a machine error 
results in giving out quite reasonable numbers. Secondly, as it will be seen 
later, our results are not complete; thus it would have been of little use to 
undertake a check at such a stage of work. 

The Table below summarizes our final results. In column 1 the spectro- 
scopic notation for a term is found. We must note here that no account was 
taken of spin in our looking for eigenvectors; thus the labelling of terms with 
a doublet, triplet, ete. symbol is rather arbitrary. One should expect, indeed, 
that the eigenvectors we give are still a superposition of the different spin 
eigenvectors belonging to the same LT. 

In column 2 the starting configuration is given, while in column 3 and 4 
the final eigenfunction is represented by writing the coefficient (in column 4) 
for every component configuration (column 3). 

Column 5 contains some conventional symbols, with the following meaning: 
FL means that the given eigenfunction checks with FL’s. 

(FL) means that the given eigenfunction is right, though it does not check 
with FL’s because the latter is a spin eigenfunction, while the first 
is not. 

Oy. corresponding to empty spaces in columns 3, 4, 5 means that the com- 
puter was not able to evaluate that function, because of overflows. 


Empty space in column 5 means that no check was available for that case. 

As a further comment to the Table hereupon we will only observe that 
it is far from being complete in two respects: because of computer’s unability 
to deal with the most complicated cases; but also because of limits purposely 
imposed by us. We already said that no spin projection operator was used, 
go that final eigenfunctions are not eigenfunctions of spin, but only of orbital 
‘angular momentum. Moreover, even the number of independent eigenfunctions 
we give is smaller than it should be for a complete description of each Seas 
One can see, for instance, that for a doublet term one only function is given, 
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TABLE I (continued). 


4 d-electrons sp (1[112) (2|012) = 24/6 2 it | 
. (1|112) 2 
5 i 5Y 2 a 
D (1012) (1012) 1 FL (0 212) Be. 
z 4 é (0[102) —gg _ 
sD (2/202) (1012) 5 FL el 202) av 
(0 112) + . (1|101) v6 
(1/212) —37V6 (2|212) —-3% 
(1/102) nH (2|201) —~v6 
(2|202) * 
(2|101) —¥ 18 (2222) - Ov. | 
4p (01]01) (10/12) 2/6 FL i} 18 (11|11) Ov. 
2 ia 
(11/02) —37v8 
(12 | 12) Z 
(12|01) — 2/6 5 d-electrons 
(01j12) —4v6 
(01 | 01) 3 2— (12/012) (12/012) 1 FL} 
= a 
(02 11) save 4 
(12| 10) avé 2H (12)112) (02|012) —F FL | 
aa ¥ (12|112) 3 | 
1p (12/12) (21|12) 4 
(22\02) —Av6 4G (2/1012) (2|1012) 1 FL | 
.. ee ) 
(11/02) —#zv6 . a 
(12/12) 2 2G (01/012) (12/012) = 5.4/6 Oe 
(12|01) — 3, V6 (OL(O12)) | 3B | | 
(01/12) —2v6 (02|112) —i,V6 
(01/01) aed (12/202) “sea 
(02/22) —3,Vv6 (12/102) 4/6 
(02|11) —7v6 
(12|21) i 2G (12/212) (12/012) a V6 FL | 
¢ 6 
(o1jo12) & 
| 3p (1|101) (2j012) —A% — FL (92|112) —3,~v8 
(1|112) a v6 (12 | 212) ae a 
(0 | 212) ae (12/102) —4.V/6 
(0|102) — v8 
(1/202) —*% ap (1]1012) (1/1012) 3 FL 
(1|101) mt Rs (2/2012) —z 
(2|212) #v6 
Tol BY 2 e 
(GiZ0l) 35 af (12|112) (22/012) —3V6 FL 
(11/012) —i,V/6 


2945 


42 E. ABATE and E. FABRI 


TaBLE I (continued). 


5 d-electrons 2D (12(102) (02/202) -— 
(02|101) 
2F (12/112) (12|112) §& FL (12|201) 
(OL/112)0 8 
(02/212) —2/6 2D (11/112) (10/012) 
(02/102) —z (11112) 
(12/202) 4/6 (12 | 212) 
(12/101) 376 (12|102) 
(01 | 212) 
| 2F (02/102). (22/012) | aV6 FL (01| 102) 
(11/012) 4/6 (02 | 202) 
(12/112) —Z (02/101) 
(01/112) — +6 (12 |212) 
(02/212) AvV/6é (12|201) 
| (02/102) 
| (12/202) —A v6 4p (1]1012) (11012) 
. (12/101) —4+/6 (0| 2012) 
(1|2112) 
| 4D (2/2112) (0|1012) 2 FL (2|2102) 
| (1|2012) —1/6 
| (2/2112) 2 2P (22|212) (20|012) 
. (21|112) 
2D (02/202) (21/012) —A/6 FL (22 |212) 
| (22|112) (22|102) 
(10/012) —2. (10|112) 
(11j112) A (11|212) 
| (12|212yeee (11| 102) 
(12/102) —+/6 (12 |202) 
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(11/112) —4/6 6§ (21012) (21042) - 
(12/212) —2/6 
(12|102) 2 28. (22|202) 
(01}212) 2 
(01|102) —3/6 
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TABLE I (continued). 


4 f-electrons 11 (23/23) (12|23) —2% /15 
(13|13) —Ay 
1K (13/23) (13/03) 4 V30 (01 | 23) EUR) 
fae, wv (02|13) 2h v2 
es ae (03/03) dS 
(23/02) —7b5-v2 (03 | 12) ey 0) 
(12/03) —725V2 
5. (0123) = (0123) 1 (12|12) — <5 
(13/13) —% 
sf (8(113) (0/123) —4zv?2 (13/02) —3/2 
(1jozs) V2 (233d). 4 git 
(2/013) ° — v2 (23/12) gg V15 
(3|223)  —F (23/01) gég V2 
(3|113) 2 
(3/012) —%v2 1. (23/23) (23 [23) 7 a 
(12 | 23) pevi 
8] (3/223) (0|123) —ygV2 (13|13) —4y 
(1| 023) v2 (01 | 23) ae we 
(2|123) —7,v7 (02/13) —wzv2 
(2/013) V2 cos {od} a Ge 
(3 | 223) 4 (03|12) —7z, V2 
(3|113) —2 (12/03) 82 
(3|012) Ba/2 (12|12) —7z5 
(13|13) —3% 
1] ~ (13|13) (23/23) —a3s (13 | 02) ot /2 
@2\23) —pasv (23 |23) one 
(13|13) iat (23|12) —Aiv1 
(01 | 23) aE V2 (23/01) BV? 
(02 | 13) as 84/2 
(03|03) — 333 3H (3/223) (1 | 123) a 
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| (izjo3) 24/2 qjies) =A 
(12|12) 2a (1]013)  — 735/30 
(13/13) ea (2/223) ° — 43% 
(1302) ew? (2|113) t 
(23/23) —az (2|o12) — AL V2 
(23|12)  —-z35- V15 (6/323)! 5 ay 
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(3|103) i V2 
IJ (23|23) (2323) rE (3|112) dss 
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TaBLE I (continued). 


4 f-electrons SH (2/012) (3/323) ae Vo 
(3|213) <3. 4/30 
eH “(1{123) (1j123) " 32 (3/103) 
(0/028)- — 38 (3/112) — v2 
(1|123) “4 
(i O1\anne ry a0 8H (3/103) (1/123) av2 
(2|223)  —S (0/023) — v2 
(2|113) —2 (1/123) —ygyV2 
(ois) =e (1]013) gg V8 
(3|a98 ge (2|223) 72 
(3/213) 2/15 (2|113)  —y5v2 
(3]108) > 44/2 (2012) 31 
(i712) ee (3|323) ggg V2_ 
(3/213) —i35V73 
SH. (2/012) (1)j193) — 24/2 (3 | 103) o 
(0j023) ' 2/2 (3112) —3iv2 
(1[128) 33/2 
(1jo1z) — 24/1 1H (33/23) Ov. 
(2/838) 72 
(2) Dia \ie eae 1H (23|33) Ov. 
(2| 012) a 


instead of two; and the same holds for all multiplet terms. The reason for 
doing so is that it is much easier to get the lacking functions by spin step-up 
or step-down operators, after getting a spin eigenfunction. Shortly said, we 
contented ourselves with giving the necessary background to complete the 
calculation by spin projection operators alone. 

We would like to conclude with some remarks about the possibility and 
expediency of using electronic computers for such kind of computations. The 
time needed for programming, testing, etc., was somewhat less than two months, 
while the computer worked out the reported results in a few hours. There is 
nothing to say about the possibility of carrying out the computation; but 
what about its expediency? Though it is rather difficult to make precise 
estimates on this subject, we think that a hand computation would have re- 
quired a time about equal to that spent by us in total. At this point it must 
be noted, however, that our experiment was made in rather unfavourable 
conditions: a bigger machine would have rid us of many troubles, enabling 
us to save much time; at the same time, a bigger machine would have made 
a better use of the program, since it would have succeeded in calculating 
much more interesting cases than our small computer could do. 
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When all such circumstances are taken into account, the balance is clearly 
in favour of the electronic computer. Moreover, one should not overtake that 
hand computing is much more cumbersome and much less interesting a job 
than programming. The latter has then the further advantage that once made 
it applies to as many cases as we want, while hand computing must be made 
every time anew. 

Much work is still to be done on this subject; but we hope we have suc- 
ceeded in giving an example of what an electronic computer can do for a 
physicist, if he only asks for it. 


RIASSUNTO 


Si studia l’applicazione di una calcolatrice elettronica numerica al calcolo delle 
autofunzioni esatte del momento angolare orbitale totale per sistemi di pit elettroni. 
Vengono discussi alcuni aspetti particolari che il problema presenta in confronto alle 
applicazioni usuali delle calcolatrici elettroniche. I calcoli sono stati condotti col metodo 
dell’operatore di proiezione; si danno risultati per 3 e 4 elettroni d e f, e per 5 elet- 
troni d. Poiché la caleolatrice usata era relativamente piccola, i risultati non sono 
completi; la via seguita sembra perd promettente in vista di future estensioni del cal- 
colo con una macchina pit grande. 
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On the Determination 
of the Mean Life of » Mesons in Ca and Pb. 


A. ALBERIGI QUARANTA (*), U. DORE and F. PIERACCINI 


Istituto di Fisica dell’ Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 4 Marzo 1959) 


Summary. — The results of a series of measurements for the determi- 
nation of the apparent mean life of uy--mesons in Ca and Pb, carried 
out by means of a recently described apparatus are reported. The values 
obtained are t= (35.7 + 3)-10-°s in Ca and t= (7.3 + 0.6)-10-° s in 
Pb. The results are in agreement with those obtained by other inves- 
tigators and with theoretical estimations. 


1. — Introduction. 


In a previous paper (7) experimental methods and results connected with 
the behaviour of u.~ mesons brought to rest in the proximity of atomic nuclei 
were described in detail and extensively discussed. Moreover, some hints 
were given about the information which these investigations can provide con- 
cerning the nature of the nuclei themselves. 

Further interesting experimental results, which appeared (?*) after the- 
publication of our paper (1), considerably increased our knowledge on the subject. 
In particular, availability of high intensity meson beams produced by syncro- 


(*) Present address: Sezione Acceleratore dell’ I.N.F.N., Frascati, Roma. 

(1) A. ALBERIGI QuARANTA, D. BROADBENT and F. PrERAccINI: Nuovo Cimento, 
6, 1084 (1957). 

(?) J. C. Sens, R. A. Swanson, V. L. TeErEGpI and D. D. Yovanovircn: Phys. 
Rev., 107, 1464 (1957). 

(3) A. AstBuRY, M. A. R. Kemp, N. H. Lipman, H. Murrueap, R. G. P. Voss, 
C. C. ZUANGGER and A. Kirk: Proc. Phys. Soc., 72, 494 (1958). 

(*) A. M. Hitias, W. B. Girpoy and R. M. Tennent: Phil. Mag., 3, 109 (1958). 
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cyclotrons (??) made it possible to attain a much greater precision in the 
determination of the apparent mean lives of ~~ mesons in the presence of 
nuclei. 

Therefore we thought it worth-while to determine the apparent mean life t 
of u- mesons coming to rest in Pb and Ca, because only in one case the values 
of t in these two elements were determined with the same apparatus. 

In fact, the value of the ratio between the apparent mean lives as deter- 
mined by us, is affected by systematic errors (¢.9. calibration errors) to a much 
minor degree than the value of this ratio calculated from two separate deter- 
minations of these mean lives carried out with different experimental devices. 
On the other hand, several theoretical papers on the subject (1°) allow caleu- 
lations of the ratio of the probabilities of y~ meson absorptions by the nuclei 
of these two elements to be made. It may be of some interest, therefore, to ° 
compare our results with the theoretical estimations put forward in the above 
papers. 


2. — Experimental apparatus. 


The experimental apparatus employed in the present investigation has been 
previously described in detail (7). 

For the determination of the apparent mean life of y~ mesons in Ca and 
Pb, we chose the two different values of the explored interval of meson dis- 
appearance times which were most suited (11) for the two different values of 
the apparent mean life in Ca and Pb that we wanted to determine. In the 
case of Fe, in fact, meson disappearance times were observed in the range 
from 5:10-8 to 6:10-7s (#), while for the determination of t in Pb and in Ca 
we studied disappearance times ranging from 2-10-8 to 26-10-*s and from 
10-10-* to 106-10-*s respectively. 

In the case of Pb we were able to determine each of the investigated dis- 
appearance times with an accuracy of less than + 0.5-10-*s, while for Ca 
the accuracy was about seed 10-*'s: 

In each group of measurements, the uncertainty in the time determinations 
does not affect (#2) the accuracy of the measurement. : 


5) W. WHEELER: Rev. Mod. Phys., 24, 133 (1949). 

(*) J. Tromno and J. A. WueEELER: Rev. Mod. Phys., 24, 154 (1949). 
(7) J. M. KENNEDY: Phys. Rev., 87, 953 (1952). 

(8) T. Eaucur and M. Outa: Nuovo Cimento, 10, 1415 (1953). 

(°) H. Primaxorr: Proc. of the Fifth Annual Rochester Conference (1955). 
@°) H. A. ToLHorK and J. R. Luyren: Nucl. Phys., 3, 679 (1957). 

(4) R. Prrerys: Proc. Roy. Soc., A149, 467 (1935). 

(2) N. NerEson and B. Rosst: Phys. Rev., 62, 417 (1942). 


4 - Il Nuovo Cimento. 
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Absorbers of a thickness more or less equivalent to the mean range of 
decay electrons were used. Mainly because of the different density values of 
the two elements investigated (density of Ca 41.6 g/em*; density of 
Pb = 11.3 g/cm?) the thickness of the absorbers is much greater with Ca than 
with Pb. Because of this the lower part of the apparatus must have quite 
a different shape for the two elements. For Pb the device is much more com- 
pact than for Ca; consequently we could markedly increase the solid angle 
for the acceptance of incident mesons and for the detection of the products 
of u- mesons disappearance in the absorbers. 


3. — Experimental results: 


Measurements for determining the apparent mean life of y~ mesons in Ca 
and Pb were carried out by means of the above apparatus. For Ca four pairs 
of blocks of metallic Ca (*), placed as indicated by A in Fig. 1 of the previous 
paper (1), were used, so as to obtain four absorbers (50x18 x10) cm in size. 

In order to guarantee the preservation of Ca and to prevent its oxidation, 
the blocks were kept in thin plexiglass boxes slightly larger and covered with 
mineral oil. . 

We used four plates of (50x 20x1,5) em each, as Pb adsorbers (Pb con- 
tent 99%). ’ 

It should be pointed out that, according to our method (1), we obtained 
the value of the ratio K (number of events due to capture of the y~ mesons 
by the nuclei/number of events due to decay of y-~ mesons in the absorbers). 

In Ca the ratio was K=1.6. 

In Pb the ratio was K=8. 

This shows that the determination of the apparent mean life calculated 
from the distribution of the disappearance times in Ca is affected, approx- 
imately to the same extent, by events related both to the capture and to the 
disintegration of u- mesons. 

In the case of Pb most of the measured events are due to capture. 

The distribution of the disappearance times due to w+ mesons decay in 
Ca and Pb is in good agreement with the value t= 2.22 us for the mean life 
of ut mesons. 


(*) Chemical analysis of a sample of the block employed gave the following results 
(supplied by Degussa - Wolfgang Hanan, Germany). 


Cal Sh SA SENS on eee oe ak 96.2% 
Nae Bee eee yore oe 2.5% 
Cl tA a) ets ae 1% 


2954 


ON THE DETERMINATION OF THE MEAN LIFE OF y--MESONS IN Ca AND Pb 51 


The experimental distribution of the disappearance times of p~ mesons 
in both elements (Pb and Ca) presents too high a percentage of events at time 
intervals longer than the apparent mean life evaluated from the experimental 
distribution obtained at shorter disappearance times. 

With an obvious iteration, the number of background events (1) was cal- 
culated and subtracted from the distribution of the disappearance times deter- 
mined experimentally. The time distribution of background events was assumed 
to be the same as the one obtained with u* mesons (t = 2.22 us). 

The following experimental data for the apparent mean life. of y- mesons 
in Ca and Pb were calculated from the time distributions corrected as de- 
scribed above: 


Ca v = (35.7 +3.0)-10* 8, 


Pb T= ( (ia a 0.6) Oe* Nine 


Assuming that the mean decay life of y~ mesons is 2.22 us, the following 
values for the probability of capture by nuclei p, are obtained from the 
values of: 


Ca De = ( 23.4 = 2.2)-10° g-1 ; 


Piero (ie2 ee 11 y-10%8 


The ratio between the two values of the probability capture obtained by the 
experiments is 


p- (Ca) 
Sark toe Oh Tk 
p. (Pb) 


4. — Conclusions. 


Table I gives the values of the apparent mean lives of y~ mesons (divided 
by 10-8) and of the capture probabilities 7, (divided by 10° s~*), calculated, 
assuming t= 2.22 us, from the values of t provided by our measurements. 

The data obtained by other authors and the theoretical values calculated 
by PRIMAKOFF are reported, together with our experimental results, in Table I. 

As shown in the Table, there is good agreement among the data for T 
and p, found by different authors in each element and with the theoretical 


~ values calculated by PRIMAKOFF. 


It is worth-while to compare the ratios between the probabilities of capture, 
determined by us in Pb, Ca and Fe, with some theoretical estimations. Among 
the data reported in the literature, we shall consider only the pairs of p, values 
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TABLE I. 

Authors Elements Z ig De 
LEDERMAN (1%) Ca 20 24.6+ 4.0 
SENS (?) 33.8+1.3 25.1+ 0.9 
Present work 35.7+3.0 23.4+ 2.2 
ASTBURY (?) —_ 26.8-+ 0.4 
Theoretical value (PRIMAKOFF) — 27.8 
BENADE (14) Fe 26 21.0+6.0 43 +14 
KEUFFEL (15) 16.3+2.7 57 +10 
LEDERMAN (38) — 44.3+ 5.0 
SENS (?) 20.2+0.7 44.9+ 1.5 
TENNENT (4) 20.4+1.5 44.5+ 3.0 
TENNENT (36) 19.2+1.2 44.3+ 3.0 
ALBERIGI QUARANTA et al. (+) 16 +1 58 + 4 
Theoretical value (PRIMAKOFF) — 45 
KEUFFEL (5) Pb 82 7.6+0.4 127 4+ 7 
MEYER (?”) 7.4+0.3 130 + 6 
SENS (?) 7.7-+0.4 125 +7 
Present work 7.3-+0.6 132 +11 
Theoretical value (PRIMAKOFF) —- 146 

a al 


obtained with the same experimental devices (and consequently affected in 
a minor degree by systematic errors). 


Present work 


Oe (tape Os Cae 


SENS (?) 


ee =e ee 


The value of this ratio (as obtained by us) is in very good agreement with 
that calculated by KENNEDY (7): 


pe. (Ca) 
Sh ee ely. 
p. (Pb) 


Kennedy’s estimations were made with no specific assumption as to the 
type of interaction occurring in the process of meson absorption. 


(8) L. LepERMAN and M. WertNRicH: OHRN Symposiwm (June 1956). 

(4) A. H. BenapE: Phys. Rev., 91, 971 (1953). 

(5) J. W. Keurret, F. B. Harrison, T. M. K. Goprrey and G. T. REYNOLDS: 
Phys. Rev., 87, 942 (1952). 

(6) R. M. TENNENT: private communication. 

(*”) A. J. Meyer: Thesis (Princeton University, 1954). 
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A paper by ToLHorK and LuyTEN ("°) allows a comparison to be made 
between our experimental results and the ratio between p, values calculated 
assuming different types of interactions, in several elements. 

The value of the ratio 


DAF) Ni 9.56 0:3;, 


pe. (Ca) 


obtained by us experimentally is in better agreement with the one obtained 
by Th and Lu ("°) assuming a 7'A interaction (1.7) than the one obtained on 
the assumption of on SV interaction (1.08). 

Moreover, the value of the coupling constant g was obtained, employing 
Kennedy’s calculations, from the p, values determined experimentally in Ca 
and Pb. 

The result (g = (2.9-+0.2):10-* erg em*) agrees, allowance being made for 
experimental errors, with other values of the coupling constant (7%). 


* OK OF 


The authors are indebted to Prof. E. AMALDI for constant encouragement. 


(8) G. N. Fowrer and A. W. WOLFENDALE: Progress in Elementary Particle and 
Cosmie Ray Physics (Amsterdam, 1958), ene JEL: 


RIASSUNTO 


Vengono riportati i risultati di una serie di misure, eseguite con un apparato spe- 
rimentale descritto in un precedente lavoro, intese a determinare la vita media appa- 
rente t dei mesoni p- in Cae Pb. I valori ottenuti sono per il calcio t= (35.7+3.0)-10-8s 
e per il Pb t=(7.3+0.6)-10% 8. Si confrontano tali risultati con quelli ottenuti da 
altri sperimentatori e con talune previsioni teoriche, riscontrando un accordo soddi- 
sfacente. 
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Photoneutrons from Al. 


G. CorTINI, C. MiLone, T. Papa and R. RINZIVILLO 


Istituto di Fisica del’ Universita - Catania 
Centro Siciliano di Fisica Nucleare - Catania 


(ricevuto il 9 Marzo 1959) 


Summary. — The energy spectra of photoneutrons emitted at 90° from Al 
under bremsstrahlung of 24 and 30 MeV maximum energy were inves- 
tigated by means of the recoil protons in photoemulsions. The difference 
between the two spectra shows that above 24 MeV photon energy the 
neutrons are emitted mainly by a direct process. This process gives a 
relevant contribution (> 25%) to the photoneutron yield, at 30 MeV. 


1. — Introduction. 


The energy spectra of photoneutrons have been investigated for a number 
of elements by many authors: Cu (1); Ag’(2); Bi (?); Cr (*); Ta (*); Pb (4); 
Au (°); Ca (°); Rh (°). 

The spectra from heavy elements are in general agreement with the sta- 
tistical evaporation theory with the exception of a high energy tail which 
generally accounts for about 10% of the total yield. 

This tail is attributed to a « direct » process (COURANT (7), WILKINSON (8), 


P. R. Byerty Jr. and W. 8. STHEPHENS: Phys. Rev., 81, 473 (1951). 

G. A. Price: Phys. Rev., 98, 1279 (1954). 

G. CorTINI, C. Minone, A. Rupprno and F. FEerrero: Nuovo Cimento, 9, 
5 


M. E. Toms and W. E. StuEruHEens: Phys. Rev., 108, 77 (1957). 
5. nt ee V. Emma, C. Minone and A. RuspsBino: Nuovo Cimento, 9, 736 


if . A. Acopt, 8. CAVALLARO, G. CorTINI, V. Emma, F. FERRERO, C. Mitone, R. Rin- 
ZIVILLO, and A. RusBino: Oongrés International de Phsique Nucléaire - Paris, 
Juillet 1958 (Paris, 1959), pag. 625. 

(7) E. D. Courant: Phys. Rev., 82, 703 (1951). 

(§) D. H. Witxinson: Physica, 22, 1039 (1956). 
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AGonptI (°)) which goes on without involving the intermediate step of a com- 
pound nucleus. 
The investigation of photoneutrons from light elements is somewhat dif- 
ficult because of the small (y, n) cross-sections. However, we found it worth 
while to examine the behaviour of a selected number of light nuclei in order 


‘to extend the range of known photoneutron spectra. 


Conference (2°). 


In the present paper the Al spectrum is reported and compared with other 
known spectra. A short account of the present work was given at the S:L.Bs 


Similar results about the Al neutron spectrum from 70 MeV 


bremsstrahlung were communicated by REVZEN and SARGENT at the Wash- 
ington Photonuclear Conference G2). 


_ 2, — Experimental procedure. 


respectively at 24 and 30 MeV F.,...- 


The experimental procedure was described in a previous paper (°). 


A 19g 


aluminum target was irradiated with a collimated bremsstrahlung 
beam from the Brown-Boveri Betatron of Turin. Two exposures were made 


The photoneutrons emitted at angles 


of 0 ~ 90° with the photon beam were detected by means of the proton recoil 
tracks in Ilford 200 um thick ©-2 emulsions. The plates were scanned and 


screened as in the previous work (°). 


marized in Table I. 


(2) A. AGODI: 
(2°) G. Cortini, C 
Societa Italiana di Fisica - Palermo, 
(1) M. Revzen and B. W. SARGENT: Con 


TABLE I. 
Eynax (MeV) 24 30 
(p< 15°) 
Number of tracks H,< 5 MeV 323 570 
Number of tracks H,>5 MeV 63 136 
(15°< p< 30°) 
8é 163 


Number of tracks H,>5 MeV 


. ington, 1958 (private comunication). 
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Nuovo Cimento, 8, 516 (1958). 
_ Mitons, T. Papa and R. Rinzivitto: X LL 
Novembre 1958. 

ference on Photonuclear Reactions - Wash- 


Exposure and scanning data are sum- 


V Oongresso della 
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3. — Results. 


The experimental spectra obtained with the procedure described in (*) are 
shown in Fig. la and 1b. Fay (E) gives the number of neutrons of energy H, 
per unit energy interval, produced by y-rays of maximum energy H,,,,.. — 

Our apparatus is not suitable for accurate absolute measurements of the 
yields. Even for relative measurements the efficiency of scanning and other 
factors can give considerable trouble in the yield evaluations, while as far as 
the forms of the spectra are concer- 
ned the results obtained from different 40 
plates and different exposures always 
are in perfect agreement. 


Al(y,n) Ey 


m 


=30 MeV 
aa 


30> 
30 
Al (y,9) Ey a 24 MeV S 
S ? 
3 s 
é i 
= 20 camel A 
g S 20- 
=~ Us 2 1 
pa = (T=13MeV) (T=1.8 MeV) 
A (T=1.8 Mev) 7 
Ww 
10 10 


0 5 10 E,(MeV) 15 0 5 10 &, (MeV) 6 


Fig. 1. — Energy spectrum of photoneutrons from Al at Eyna, 24 MeV (Fig. la) and 
Emax = 30 MeV (Fig. 1b). For the curves see text. 


‘Therefore our curves of Fig. 1, are normalized so as to give the correct 
relative yields, as obtained by FERRERO e¢ al. (#2). 

The comparison of the two spectra of Fig. 1, shows that the photons in 
the energy interval (2430) MeV give mainly photoneutrons of rather high 
energy. In order to stress this point, we have plotted (Fig. 2) against the 
neutron energy, the values of the ratio [F's5(Z,) — Pus (E,)]/[ Po (E,) + FolE#,)I, 
i.e. of the relative increase in the neutron yield, from the 24 MeV to the 
30 MeV irradiation. We get a definitely increasing curve. 


(*) E. Ferrero, R. Matvano and C. Tripuno: Nuovo Cimento, 6, 385 (1957). 
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The Turin group (*) found that, the integrated cross-section in the energy 
interval between 24 and 30 MeV for production of neutrons with energy 
+5 MeV is 23% of the total (y, n) 
cross-section integrated up to 24 MeV. : ie SAY nerd 
From our experimental spectra aad 
taking into account the values of the 
Al(y,n) threshold (~ 13 MeV) and 
the behaviour of the bremsstrahlung 
spectra, we obtain that the inte- 
grated cross-section in the energy 
interval (2430) MeV, for produc- 
tion of neutrons with energy 
~ 10 MeV amounts at least to about 
10% of the total (y, n) cross-section 
_ integrated up to 24 MeV. ) 

This result confirms and strength- 
ens those previously quoted (7). 

Some type of «direct» process 
is obviously suggested by these 
experimental data. 

Tn the 30 MeV spectrum we remark a peak at a neutron energy of ~ 7 MeV. 
This peak forms a part of a more pronounced peak observed in a similar 
experiment, under 70 MeV irradiation, by REVZEN and SARGENT (1'). : 


[Fol En) -Fu (Eq) / [FaolEn) + Fee En J 


| 
L LL = ——, 
0 5 ie 10 €, (MeV). 15 
Fig. 2. — The ratio 
(F30( En) aS, F,(E,))/ (Fso( En) + F4(E,)) 
plotted against F,. 


4. — Discussion. 


The classical Weisskopf-Ewing (**) evaporation formula, for « monocro- 
matic » incident y-rays, of energy E,, is: - 
(1) F(E,) = const E,o,(H,)'o(#, — B— E,). 

Here B is the binding energy of the last neutron. The cross-section for 
the inverse process o,(E,) is supposed to be a slowly varying function of £,, 


which can be ignored. For the level density w(H,) of the residual nucleus 
excited at an energy H,= H,—B—E,, the expression: 


A 
2\/2z,| 


can be derived (#4) from the model of a degenerate Fermi-Dirac gas. 


(2) (Bp) = 0 exp 


(8) F. Ferrero, R. Matvano, S. MENARDI and O. TERRACINI: Nucl. Phys., 9, 
32 (1958). 
(#4) V. F. WEISSKOPF and D. H. Ewine: Phys. Rev., 57, 472 (1940). 
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Eq. (1) can be simplified to the commonly used form: 
(3) F(#,) = const #, exp[— E/T] 


by means of an approximation procedure well known in statistical mechanics 
(see for inst. MorRISON (?°)). Here 7 is the «nuclear temperature» in MeV. 
Eq. (3) can also be deduced exactly from eq. (1) if one substituted eq. (2) with: 


(4) o(H,) = const exp [E,/T] ; 


eq. (4) means (1°) that the nuclear temperature can be considered constant 
(independent of £,). 
Of course, eq. (3) can be true only for: 


(5) E,< E,—B 


and in fact it is expected to be correct only when #,< H,—B. 
For irradiation with bremsstrahlung, of spectrum I(H,, E 


ymax 


is the (y, n) cross-section, we obtain from eq. (1), ignoring o,: 


), if o_ (1, 


Ly max 
(6) F(#,) = const EH, | =— 5 
y vB 
siz, | %o(E,— B—a2) de 
0 


Ovn T(E, Hy tae) dH, 


Under assumption (4), this gives: 
(7) F(£,) = const HL, exp[— E,/T]9(#,) , 
a 


(7') o(H,) =| 
sim, | vexp[—a/T] de 


Oyal (Ey, Eva) By 


The integral m(£,) is a decreasing function of #,. It assures that the 
condition (5) be satisfied and that the total numbef of neutrons produced by 
y-rays in the (#,,d#_) interval, be equal to Cyl, Ho) OE 


If one ignores y(#,), eq. (7) gives again eq. (3). Certainly this last formula 
is very convenient, as it is simple, and with adjustement of 7 it roughly cor- 


(*) P. Morrison, see E. SrGri: Experimental Nuclear Physics, vol. 2 (New 
Mork, 1953), p62. ; 


* (78) D. L. Livesny: Can. Journ. Phys., 38, 391 (1955). © 
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responds to the experimental results. However some caution must be main- 
tained about its physical meaning, every time that (essentially for the limited 
number of degrees of freedom) condition (5) gives an effective limitation to 
processes that otherwise would have non-zero probabilities. 

For instance, compare curves 1, 2 and 3 in Fig. la and 10. 

Curve 1 and 2 were calculated from the simplified formula (3), with 
[—1.8 MeV and T=1.3 MeV, respectively. 

Curve 3 was obtained from eq. (6) with the level density (2). 

The same curve 3, was also obtained, without appreciable variation, from 
eq. (7), with T=1.8 MeV. This means that by taking account of the in- 
tegral y(H,) curve 1 is shifted to curve 3; this shift gives a quite appreciable 
change in the estimated nuclear temperature. 

Note that using another known formula (17) for the level density no ap- 
preciable change could be found from curve 3. 


41. Aluminum results. — Curve 1 agrees well with the experimental results 
at 24 MeV (Fig. 1a) and also (Fig. 10) at 30 MeV, exception made of the 
7 MeV maximum and the subsequent tail. Curve 1 also gives a good fit with 
the Al photoneutron spectrum obtained by REVZEN and SARGENT (#1) with 
70 MeV bremsstrahlung. 

One would be tempted to conclude that a major part of the Al spectra 
is evaporative in origin (100% at 24 MeV and 85% at 30 MeV). 

However, we find this interpretation rather doubtful. Several different 
ways of calculating the evaporation spectrum from the complete eq. (6) give 
almost exactly the same curve 3. 

Besides, we must consider the following arguments. 

Our y-ray irradiations give a mean excitation energy of the compound 
nucleus of about (20 +22) MeV (maximum of giant resonance). This is about 
the same as in the experiments by GUGELOT (18), who bombarded Al (among 
other elements) with 16 MeV protons. The compound nucleus is different in the 
two cases, but this difference cannot be relevant for an evaporation process. 

Therefore, we must suppose that in our photoneutron spectra the evapo- 
ration fraction is not harder than the curve found by Gugelot, which, could 
itself contain some fraction of direct processes. 

Now, GUGELOT approximated his results with eq. (3), taking Lore 
[=1.3 MeV (curve 2 in Fig. 1) and obtained good agreement with the expe- 
rimental spectrum between 2 and 6 MeV. -For EH, > 6 MeV he observed a 


« tail ». 


(7) S. A. MoszoKowskyY: Handb. d. Phys., 39, 437 (1957). 
(8) P. C. GuaEtor: Phys. Rev., 81, 51 (1951). 
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This means that in our photoneutron spectra at 90° a considerable direct 
emission component is already present at neutron energies as low as (4—5) MeV. 
If pure evaporation is supposed to give Gugelot’s curve 2, the directly emitted 
neutrons at 90°, for 30 MeV irradiation, are 25% of all neutrons having energy 
EH, > 2 MeV. 


4°2. Other photoneutron spectra. — A number of neutron spectra measured 
in this laboratory at £,,,,.=30 MeV are shown in Fig. 3. The spectra are 
arranged following the reversed mass- 
number order. 

A general trend is apparent: the 
high energy tails become more and 
more important and the spectra 
harder and harder as the mass-num- 
ber A decreases. A similar trend is 
not so clearly apparent in the other 
known photoneutron spectra (see in- 
troduction). These were measured 
at different values of #,,,,. and with 
different experimental arrangements; 
besides the low bremsstrahlung 
energy used by most of the workers 
((20-+24) MeV) gives a rather high 
sensitivity to the threshold values of 
the single nuclides investigated. 

The mentioned general trend is 
expected, as it corresponds to the de- 
creasing level density of the residual 
nuclei, as A decreases. 


fe, (E,) Arbitrary units 


max 


eo, Eseh 
0 5 10 E, (MeV) 5 10 15 


Fig. 3. — Photoneutron spectra at 90° 
under 30 MeV bremsstrahlung irradiation, 
obtained through collaboration between 
Catania and Turin. Bibliography as 
follows: Au see (*); Ta and Cr see (3); Rh 
and Ca see (*); Al: present work. The 
curves are calculated from eq. (3) with 
the 7 values shown in inserts (see text). 


Indeed, similar results were found 
by GUGELOT in the already quoted 
work. The curves in Fig. 3 are cal- 
culated from eq. (3) with the 7 va- 
lues found by GUGELOT. We note 
the remarkable general similarity 
of the two series of results. For 
EH, >(6—8) MeV, the experimental 


points are systematically higher than the curves. This corresponds to the ex- 
pected contribution of direct processes; similar discrepancies were found by 


GUGELOT himself. 


In the cases of Ca and Rh (apart from Al) a relevant contribution from 
direct processes at energies of ((3 +4) MeV) have also been observed (*), and 
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discussed in terms of a modified Wilkinson model (*). For the high energy 
part of the observed photoneutron spectra wich cannot been explained on 
the basis of the Wilkinson model (*°) a possible explanation can be given 
in terms of a direct surface process (*°). 


* OK 


Our grateful thanks are due to Prof. R. Ricamo and to Prof. G. WATAGHIN 
who put at our disposal the means for performing the present research. We 
are indebted to Prof. R. MALVANO, who gave us precious help. Finally, we 
thank the betatron staff of Turin, for friendly collaboration. 


(39) A. Acopi, E. EBERLE and L. Sprtor1o: XLIV Congresso della Societa Italiana 
di Fisica - Palermo, Novembre 1958. 


RIASSUNTO 


Si studia lo spettro dei fotoneutroni emessi dall’alluminio irradiato con raggi X 
con energia massima di 24 e di 30 MeV. I neutroni sono stati rivelati mediante i pro- 
toni di rinculo in emulsioni nucleari. Si trova che i fotoni di energia > 24 MeV danno 
luogo prevalentemente a processi di emissione diretta. Per Eyinac = 30 MeV Vemissione 
diretta da alla resa totale (y,n) un contributo molto notevole (> 25%). 


. 
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Charged Photoparticles from Argon. 


V. Emma, C. Mitone, R. RINzIvILtLo and A. RUBBINO 


Istituto di Fisica delV Universita - Catania 
Oentro Siciliano di Fisica Nucleare - Catania 


(ricevuto il 27 Marzo 1959) 


Summary. — The (y, p) and (y, «) reactions in argon have been studied 
by irradiation of an A gas target with the bremsstrahlung beam of 
the 31 MeV B.B.C. betatron of Turin. Three different maximum brems- 
strahlung energies were used: 23, 26 and 30 MeV. The charged pho- 
toparticles emitted at an angle around 90° with the y-ray beam were 
recorded by nuclear emulsion. Tracks with a total range < 75 ym of emul- 
sion are attributed mainly to A(y, «) process whose do/dQ is given. Thus 
the apparent anomaly disappears in the spectrum A(y, p) with a high and 
narrow peak at energy lower than the Coulomb barrier. The (y, p) yield 
appears to be lower than that found by Sricer (°) and the Canadian 
workers (?), while seeming to be in agreement with the recent results (1) 
on the A(y, p) cross-section. Hence the A(y; p) cross-section does not seem 
so abnormally high in respect to other nuclei as it has been accepted to 
this date. 


1. — Introduction. 


Photoproton spectra arising from the photodisintegration of argon by 
monochromatic radiation from the "Li(p,y) reaction have been obtained by 
D. H. WILKINSON and J. H. CARVER (?). 


(*) D. H. Witkinson and J. H. Carver: Phys. Rev., 88, 466 (1951). 
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The (y, p) and (y, 0) cross-sections of #“A have been determined by the 
Canadian group (2) by means of the activation method as a function of the 
photon energy from threshold to-23 MeV. 

Results on energy and angular distributions of the protons emitted from 
0A irradiated with 22.5 MeV bremsstrahlung have been reported by Brel 
SPICER (3). 

The experimental results show the following anomalies: 


a) The energy spectra (??) show a peak at ~ 2.5 MeV proton energy. 
This result is surprising because the Coulomb barrier is ~ 5 MeV and the 
peak is very high and very narrow. 


b) The photoproton yield (?) is abnormally high. 


The peak energies of the (y, p) and (y, 0) cross-sections are very different: 
according to the Canadian group (2) above 20 MeV the o(y, n) is a decreasing 
function of H., while the o(y, p) is an increasing function of #,, and its maximum 
is not yet reached at 24 MeV (maximum energy of their irradiation). At this 
energy the o(y, p)/(o(y, 2) ratio is. 5.3. 

The experimental integrated o(y, p) cross-section is higher than the in- 
tegrated cross-section for all processes calculated according to 


fo-cey dE = 0,015 A(1 + 0.8x) (*). 


For the self-conjugate nuclei—as **Si, 828, Ca—a predominant proton 
emission is expected from the calculations of MorrNaea (5) and is confirmed j 
by the experimental results of JOHANSSON (°). For argon the abnormally high 
photoproton cross-section is not justified by theoretical predictions. 

Because of this surprising behaviour we decided to study the energy spectra 
and yields of charged photoparticles from argon by irradiation with brems- 
strahlung at several maximum energies (*). 


(2?) D. McPuErRson, E. Preperson and L. Katz: Can. Journ. Phys., 32, 593 (1954). 

(3) B. M. SPICER: Phys. Rev., 100, 791 (1955). 

(4) J. 8. LEVINGER and H. A. Berne: Phys. Rev., 78, 115 (1950). 

(®) H. Morinaca: Phys. Rev., 97, 1185 (1955). 

(6) S. A. E. JOHANSSON: Phys. Rev., 97, 1186 (1955). 

(*) A short account of the present work was given at the S.J.F. Conference. Palermo 
(November 1958) by V. Emma, C. Minone, R. RINZIVILLO and A. RuBBINO: Recenti 
risultati sugli spettri dei fotoprotoni. 
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2. — Experimental procedure. 


The experimental technique used in the present work is described in a 
previous paper (7). An argon gas target was exposed in a «chamber» at a 
pressure of 1.2 atmospheres, to the collimated bremsstrahlung beam of the B.B. 
Betatron of Turin operating successively at 23, 26 and 30 MeV maximum energy. 

Photoprotons were detected in 200 um ©, Ilford 3in. x3in. plates with a 
central hole of 2.5 em diameter. The plates were perpendicular to the y-ray 
beam which had a diameter of 1.4 cm at the center of the plates. In every 
exposure two ©, emulsions parallel to each other were placed 0.7 cm apart 
and at 106 cm from the source of y-rays. 

The dose measured by means of a Victoreen thimble was ~ 5000 roentgen 
at the center of the target for every irradiation (see Table I). 


TABLE I. 
FE, max (MeV) 23 26 30 30 
Pressure of argon (atmospheres) 1.2 1.2 1.2 2.0 
Dose (roentgen) 4850 - 4900 4900 5 300 
Slow seanning (#, > 1.6 MeV) 
Field of view at the microscopes 130 um 130 um 80 wm 
Scanned surface (mm?) 209 241 235 
Number of accepted tracks 403 693 753 
Fast scanning (H, > 3 MeV) 
Field of view in the microscopes 320 um 320 um 180 um 
Scanned surface (mm?) 362 342 160 
Number of accepted tracks 382 797 891 


The plates, processed by standard methods, were scanned along circular 
rings centered on the beam axis. Only protons ejected from the gas target 
with an angle 70°<#< 110° from the bremsstrahlung beam entered the 
scanned area of the emulsions. 

For any track to be accepted a direction was required compatible with 
an origin in the irradiated part of the argon target. 

A «fast» scanning with 30x immersion oil objectives and 7.8 eyepieces 


(7) C. Mritonz, S. Mitonr-TamBuRINno, R. Rinzivitto, A. RusBsino and GC. Trri- 
BUNO: Nuovo Cimento, 7, 729 (1958). 
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(field of view 320 um) was made in order to rapidly determine the proton 
spectra from 3 MeV to higher energy. 

A «slow » scanning with 100 x immersion oil objectives and 8x eyepieces 
(field of view 130 ym) was made for a better examination of the low energy 
region. The minimum length of considered tracks was 8 um. 

Results obtained by «slow» and «fast» scanning are in good agreement. 

Data on the experimental procedure are summarized in Table I. 

The energy loss by the proton in the gas between the target and the emul- 


_ gion was calculated using the curves of B. H. WILLIS (*). 


All protons were assumed to start at the center of the gas target. 

The uncertainty in locating the beginning of the tracks was + 1.25 mg/cm? 
of argon, equivalent to ~4um of ©, Ilford emulsion for the irradiation at 
1.2 atmospheres (Table I). The total uncertainty in the measurement of 
proton energy was + 0.2 MeV for 2 MeV protons and + 0.03 MeV for 12 MeV 
protons. 

The background determined from tracks entering the emulsion but having 
wrong direction was respectively 15%, 8% and 4% for 2, 3 and 4 MeV 
protons. In the higher energy region the background was less than 3%. 


3. — Results. 


The results are summarized in Figs. 1, 2 and 3. 

‘The energy spectrum obtained by SPICER (*) at 22.5 MeV irradiation is 
peaked at ~ 2.5 MeV and shows very few protons above 5 MeV. Our spectrum 
at 23 MeV irradiation shows above 5 MeV a higher contribution of photo- 
protons. These two spectra are compared in Fig. 1 after normalizing the re- 
sults in the (2-4) MeV region (below 2 MeV the discrimination of the tracks 


_' according to the dip angle becomes critical and the background not negligible). 


Figs. 2 and 3 show the spectra obtained at 23, 26 and 30 MeV irradiation 
respectively. The 30 MeV spectrum of Fig. 2(b) is obtained in a run dif- 
fering from the standard condition used in all the other runs as to the pres- 
sure and volume of the gas target and for the # interval between y-rays and 
protons (40°< # < 140°). 

Experimental data were treated taking into account the energy loss of the 
protons in the gas and the solid angle seen from the target. There is agreement 
between the two 30 MeV spectra (Fig. 2(a) and (b)). 

In Fig. 3 the values F,-+ (40/39)E, are reported beside the H, values. 
Under the assumptions: i) that all accepted tracks are protons; ii) that the 
residual nucleus is left in its ground state, we have (40/39) FE, +E(y, p) = E,,, 


(®) Beverly Hill Willis UCRL 2426 (October 1953). 


5 - Il Nuovo Cimento. 
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200 Photoprotons from Argon 
----- B.M. Spicer (1955) ~Eyngx=22-5 MeV 
Present work aA 


100 


N(Ep)arbitrary units 


a ee ie 


0 2 i 6 8 10 Ep (MeV) 


Fig. 1. — Our results and Spicer’s on energy distribution of charged photoparticles 


from argon. Normalization region (2~4) MeV. 


C Vince’ 30 MeV 


1 3 5 7 9 11 Ep(MeV) 13 


Fig. 2, — Comparison of spectra obtained at 30 MeV peak bremsstrahlung, at 
ferent times and in different experimental conditions. 
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E,(y, p) = 12,44 MeV being the threshold energy of the A(y, p) process and 
E.,, being the energy of y-rays that generate the protons of energy H,. The 
assumptions i) and ii) may be not correct (see following paragraph). 


oy 0.4 


0.3 0.3 


0.4 ty ia 0.2 


[charged particles/atom /R/2/0.2MeV (at 70% 8< N10" )} 102° 
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f ee 

7 rEp(Mev) 1 


i 
i} 
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) ee ee eS 


24 (E+ AB Ep) MeV 


Fig. 3. — Spectra obtained at 23, 26 and 30 meV peak bremsstrahlung in unity of 
yield in the assumption that all tracks are due to protons (assumption correct for 
EH, > 3 MeV). 


4. — Discussion. 
Figs. 2 and 3 show for every irradiation a very high and narrow peak for 


tracks with a total range 1<75 ym of emulsion. Were these tracks due to 
protons, a peak at 2.2 MeV would be obtained. This result agrees with that 
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of others workers (2), but appears very surprising because the Coulomb barrier 
is ~ 5 MeV. 

Assuming that the tracks below 75 um of emulsion may be due also to 
other photoparticles, deuterons and tritons are excluded for their high thre- 
shold energy (~ 18 MeV). 

The A(y, «) process may give a large contribution to this peak. In fact: 


a) For short tracks the «-particles 
cannot be distinguished (*) from the 
protons in ours plates and in those 
used by SPICER (°). 


0.6 


0.4 b) The A(y, «) threshold is very 


low (6.8 MeV) (?°). 


c) The (y, «) cross-section is not 

negligible in comparison with the (y, p) 

cross section. For instance WILKINSON 

and CARVER (1) with irradiation of 

argon at 17.6 MeV by the ‘“Li(p, y) 

reaction, found charged photoparticles 

Sa with energy higher than 17.6— E,(y, p). 

pac This result may be interpreted with 
a (y, ) process contribution. 


40 
Ee +36 Fal (MeV) 


d) The attribution of the first 


Fig. 4. — Photoalpha cross-section in peak to evaporated protons is to be 
argon as a function of alpha particle 


: excluded because this peak is very nar- 
energy. Points A, 0, $, refer to : rae eine : 
Ey max= 23, 26, 30 MeV irradiations row and its yield is unvaried at various 
respectively. values of H,,,,,.. Besides, SPICER (*) in 
order to interpret the energy spectrum 
from argon according to the statistical theory needed a drastic modification 
of the Coulomb barrier so as to attribute the tracks with 1 << 75 um to evapo- 
rated protons. On the other hand his observed angular distribution (*) for 
<8 MeV presents a large anisotropy. 

Then we consider the first peak (Figs. 2 and 3) as due to the (y, «) process. 
The correspondent do/dQ derived from the radiations at 23, 26 and 30 MeV, 
taking into account the bremsstrahlung function, is shown in Fig. 4 as a 
function of Hi 


We think this cross-section is accurate up to H,=10 MeV. 


(2) M. ApER and M. P. CABANNES: Journ Phys. Rad., 19, 939 (1958). 
(°) P. M. Enpr and C. M. Braams: Rev. Mod. Phys., 29, 683 (1957). 
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5. — Photoproton yield. 


Yields of charged photoparticles/atom/R/Q (taking 70°<#< 110°) have 
been calculated from the formula 


1 
@) Y= 3 ORnv’ 
where N/S is the number of tracks per unit area of the emulsion, Q is the mean 
solid angle at the target subtended by the unit area on the emulsion, Ff is 
the total dose in roentgen at the center of the gas target, n is the number of 
atoms per cm? of the gas, and V is the effective volume of the gas target in cm*. 

In Fig. 3 the yields have been reported for charged particles. 

The yields for protons refer to H,>3 MeV. 

Tn order to find other information on the photoproton emission from argon 
we made the extreme assumption that proton emission will leave the residual 
nucleus in its ground state. Under these assumptions, taking into account the 
bremsstrahlung spectra I(F,, 2, nx) (77) the functions 


I( Hy, 26) =! I( By, 30) 
(Ya.— Yo T(E sa) and. (vs V v6 (By, 26) ’ 


for AH, = 0.6 MeV become those reported in Fig. 5(a) and 5(6). 

Fig. 5(c) shows the ratios I(#,,, 26)/I(#,, 23) and I(H,,, 30)/I(H,,, 26). 

From Figs. 5 (a), (¢) we observe that within the proton energy interval 
3 < E,< 9 MeV, there is a remarkable contribution of protons emitted owing 
to absorption of y-rays having energy H,, > 21 MeV (region in which the ratio 
I(H,, 26)/I(£,, 23) rapidly increases above unity). On the contrary, 
Figs. 5(b), (c) show that the contribution of protons emitted owing to ab- 
sorption of y-rays of energy higher than 26 MeV is negligible. 

Photons from 23 to 25 MeV give two groups of protons peaked the one 
around 3.5 MeV, the other around 7 MeV (Fig. 5(a)). These peaks must cor- 
respond to transitions to excited states in 2°Cl. Besides, the ground state 
transitions are of rater low intensity. This is true also for the photons from 
26 to 30 MeV. 

The transitions cannot be identified since the photon energy is known 
with an uncertainty of about 4 MeV so that the excited states of the nucleus 
39C] are not known. 

Yet, we may identify the regions of photon energy which give a larger 


(4) L. Karz and A. G.. W: CamMERON: Can. Journ. Phys., 39, 437 (1957). 
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contribution of photoprotons. Thus from Fig. 5 we may derive that the cross 
section A(y,p) is very low for H,> 25 MeV, while the Canadian group (?) 
found a maximum of the A(y, p) cross-section for H,> 25 MeV. 


___ If€y,30) 
(Ey,26) _| 


I(Ey, 26) 
3 I(Ey,23) 


2 3 5 7 2 11 E, (Mev) 13 


I(Ey,30) 
I(Ey,26) 


0.1 


ie) 


[Protons /atom /R]\2 [0.6 Mev cat 70%B110"))+107° 


Ore 


“ y ay (Ey,26) 


28 2 ee 


0.1 


: 3 5 7 9 1 EQ (MeV) 


ils) A 19 21 


13 
23 
(E.+ SF E>) MeV 


Fig. 5. — a) Spectrum of protons produced by photon absorption in the energy interval 
(21+26) MeV). b) Spectrum of protons produced by photon absorption in the 
energy internal (24+30) MeV. c) Ratio I(H,, 30)/I(H,,, 26) [curve 

I(E,,, 26)/I(H,, 23) curve 
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Recently K. H. LiInDENBERGER (1?) found an A(y, p) cross-section integ- 
rated up to 32 MeV smaller than the A(y, n) cross-section. This result cannot 
be reconciled with the results of the Canadian group which found 


25 


[ o(y, p) dB i | o(-y, n) dH = 0.54/0,35 , 


0 


while at H,=25 MeV the (y, n) cross-section is nearly exhausted and the 
(y, p) cross-section has not yet reached the maximum value (?). 

From our result we found at F,,,,.—23 MeV a yield Y= 4-10” charged 
particles/atom/R/Q. To this value corresponds a maximum yield of 4:10~*°- 
-4aN, = 3-10° charged particles/mole/# in 
the case of isotropic angular distribution. 
The Canadian group (2?) and SPICER (*) 
found respectively 7.3-105 and 5.5-10° 
protons per mole per roentgen. 

In Fig. 6 the A(y, p) yields are com- 
pared with O(y, p) (") and N(y, p) (**) 
yields obtained in the same experimental 
conditions. 


Fig. 6. — Comparison of yields in unities of 
(charged particles/atom/R/Q at 90°<#<110")- 
-10?°: argon a for all accepted tracks; 4 for 
tracks with a total range > 75 um of emulsion; 
¢ for tracks with a total range <75ym of 
emulsion; oxigen ° for all accepted tracks. 
Nitrogen } for all accepted tracks 


6. — Structure of the spectra. 


At any irradiation the photoproton spectra exhibit a structure that may 
be partly due to resonances in the photon absorption and partly to the 
branching of the proton emission to various excited levels in the residual 
nucleus *°Cl. 


@2) K. H. LInDERBERGER: Conference on Photonoclear Reactions (April 30 and 
May 1, 1958), Nation. Bureau of Standards, p. 13 (Washington D.C.). 

(3) G. Cortini, C. Mirone, R. RINZIVILLO and C. TrrpuNo: Nuovo Cimento, 9, 
118 (1958). 
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In order to allow identification of the proton groups it would be necessary 
to know a high number of spectra obtained making a corresponding high 
number of irradiations at energies gradually increasing from the threshold to 
the maximum energy of the Betatron. 

We may obtain only qualitative information. 

For example, the height of the peak at H, = 3.6 MeV increases more than 
contiguous proton groups as the maximum bremsstrahlung energy increases. 
Therefore, this proton group may be due mainly to absorption of y-rays of 
energy higher than 20 MeV where I(H,, #,, ,.,.)/L(E,, E, max) Increases with EH, ,...- 

High peaks with narrow width in photoproton spectra from elements such 
as sodium (14) and potassium (15) have been obtained by “Li(p, y) radiation. 
In these cases the cross-section for the ground state transitions comparative 
to the cross-section for every transition is lower than 5% for sodium and lower 
than 8% for potassium. 

In the case of the A(y, p) reaction, the excitation energies of the residual 
nucleus *°Cl are not known. 

Our spectra cannot clearly identify transitions to unknown levels in *°Cl 
and it is already surprising that the spectra even show a fine structure. 

If one wanted to give a significance to the peaks one ought to suppose 
that only few transitions to excited states of the residual nucleus *°Cl are 
allowed or that the level density in **Cl is very low. 


7. — Conclusions. 


The tracks with a total range <75 ym of emulsion are attributed to 
the A(y, «) process. So the anomaly of a high and narrow peak at ~ 2.5 MeV 
in the proton energy spectrum (**) (while the Coulomb barrier is ~5 MeV) is 
eliminated. The cross-section do/d® for the A(y, «) process from H,= 14 MeV 
up to £,= 20 MeV is obtained. 

The yield and the cross-section for the A(y, p) process are not so high as 
found by SPICER (*) and the Canadian workers (?), while it seems to be in 
agreement with Lindenberger’s results (2). 


(14) T. R. Opaet and I. F. Wieut: Proc. Phys. Soc., A 'T1, 389 (1958). 
(5) T. R. OpHEt: Proc. Phys. Soc., A712, 321 (1958). 
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* OK OK 


Our thanks are due to Prof. R. Rrcamo and Prof. G. WATAGHIN who put 
at our disposal the means for performing this work. 

We thank Prof. G. Cortint for many illuminating discussions. 

We also thank Dr. A. Acopr and Dr. C. TrrBuno for their friendly help. 


RIASSUNTO 


Si studiano le reazioni (y, p) e (y, «) in argon esponendo targhette gassose di Argon 
ai raggi 7 del betatrone B.B.C. di 31 MeV di Torino. Sono stati eseguiti irraggiamenti 
alle energie di 23, 26 e 30 MeV. Le tracce con un range totale < 75 um di emulsione 
sono attribuite principalmente a processi A(y, ~); di questo processo si da la sezione 
d@urto do/dQ. In questo modo si elimina nello spettro A(y, p) lapparente anomalia 
consistente in un alto e stretto picco ad energia inferiore a quella della barriera 
coulombiana. La resa (y, p) risulta inferiore a quella determinata da Spicer (3) e dai 
Canadesi (2), mentre sembra in accordo con i recenti risultati (12) sulla sezione durto 
del processo A(y, p). Si conclude che la sezione d’urto del processo A(y, p) non é cos 
eccezionalmente alta rispetto alla fotodisintegrazione degli altri nuclei come fin ora 
aecettato. 
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Meson Production in the Static Charged-Scalar Theory (*) (*). 


E. KAZES (*s*) 
University of Chicago - Chicago, Ill. 


(ricevuto il 31 Marzo 1959) 


Summary. — Meson production amplitudes in the charged-scalar theory 
are shown to satisfy integral equations which in the one meson approx- 


imation reduce to the Riemann-Hilbert boundary problem and the com- 
plete solution is given. 


1. — Introduction. 


In the last few years the static pion-nucleon interaction model of Chew-Low 
has been used widely in view of its ability to account for the low energy p-phase 
shifts and of its relative simplicity. This model has also been used in calcu- 
lating pion production cross-sections in pion-nucleon collisions, with widely 
different approximations (1°). In (K) using the charge-symmetric pseudoscalar 
theory a solution to latter problem which partially satisfies the crossing-sym- 
metry but that accounts for unitarity was given. In contrast to the charge- 
symmetric theory CASTILLEJO, DALITZ and Dyson (*) have obtained all the 
solutions for pion-nucleon scattering in the charged-scalar theory. It will be 


(") Based on a dissertation submitted in partial fulfilment of requirements of the 
Ph.D. degree at the University of Chicago. 


(“) This work was supported in part by a grant from the U.S. Atomic Energy 

Commission. 
(**") Now at Physics Department of the University of Wisconsin. 

) S. Barsnay: Phys. Rev., 103, 1102 (1956). 
(*) J. FRANKLIN: Phys. Rev., 105, 1101 (1957). 
(*?) L. 8S. RopBrere: Phys. Rev., 106, 1091 (1957). 
(*) E. Kazes: Phys. Rev., 107, 1131 (1957), hereafter referred to as (K). 
(°) R. OmnEs: Nuovo Cimento, 6, 780 (1957). 
(°) L. Castirteyo, R. H. Datirz and F. J. Dyson: Phys. Rev., 101, 453 (1956). 
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shown that the same thing is true for pion production amplitudes in this model, 
and using the one-meson approximation the complete solution which satisfies 
unitarity and the crossing-symmetry will be given. 


2. — Integral equations. 
In the static approximation with a finite source, the Hamiltonian is 


H = H,+H,, 


where 


Hy = eee x? 


H,=> (Via,4+V af). 


In the charged scalar theory 


‘ ~0(X) 
Yo = fon = @o,)’ 


here f?,, is the unrenormalized but rationalized coupling constant and v(x) is 
the Fourier component of the source function. x is used to indicate momentum 
and charge variables. And 

Tx a Ty 


MT ea. 243 4=5 = 1. 


The lowest eigenstate of H will describe the four states of a nucleon at 
rest and will be denoted by Y%(m). By proper choice of the energy scale 


YW (at) ==. 0% 


Proton-neutron mass difference is ignored. 
The state vector that consists of two mesons 7, Ps and a nucleon in a 
state Y,(m’) at t= +00 is 


3 


Fag (WAV + WAVER Polen 
On, — 


vt 7 (t) = exp[— tHi] Az, Up, hi 


Using the notation that appears in (K) and letting 


Pe Py 


(oyt (o)+ 
0O= Pan + a ve ’ 
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the meson production amplitude from an initial nucleon and meson state m, q 
to a final state characterized with nucleon and meson variables m’, p,, ps 
respectively is <Y%(m')|O|Y)?(m)>. Let 


t(q, m', m) = /@,<P,(m’)|O|Y7(m)> , 
a(q, m', m) = Vo, P7(m’)|O|Y(m 


in terms of these variables the integral equations of the problem, as appears 
in equations (2.5) and (2.6) of (K) and with possible bound states of the pion- 
nucleon field, are 


es (m') ee | (m)>t*(p1, m W/o, 61 5! 
Oy, — Mq — 1€ 
(Y(m') | )| vor ha (m) St* (po, m M)r/ Wp, 8! A) 


Wy, — Wq— 1E ; 


t 0 ! ( i 
15 pete )| aE [Var |Polm)> , <Po(m')| al a> P10 |e sa Jort 
B B Yq Bt Oa ; 
(t(r, m’, m) t*(r, m 


es: ts t(v, m') av, m', m) 


9 : 
= (, — W_ — 1 = @, + @, | 


| 
Pia i 


GQ) —t@, m',m) = 


CY m') Vo |Po(m)> (pr, M)/O», « 
Oa0, 
QO; Oy, : 


4 CE (m') Ves | Y,(m)> t* (po, M)\/Dp, 8! 


(2) —2(v, m',m) = 


ear Cy 
CPi (m") |VO* | > P, |O|F(m)> , on 101 Ya, eon) 
> il, oe = ce os |var a 


L S t(o, m ') a(o, m', Mm) > t(s, m’, m)t*(s, m) 
C Wa— 0, + te ; Wy, + Ws 


’ 


where > is a summation over all bound states of the system including the 
B 


one nucleons state, i.c., 0<H,<1("). In equations (1) and (2) the Latin 
and Greek letters represent mesons of opposite charge and 0’ is diagonal in 
charge variables only, and ¢(r, m) represents the scattering amplitude of a 
meson of Lae and momentum variable r from a nucleon in state m. The 
sums 7,» and o, s are on one-pion intermediate states. 


()i=e=p=1. 
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Now defining T(z, m', m) and Be m', m) by the following equations 


(0)+ \ 4 
pees Te, m',m) = <Pi(m') 1Voq | W( (m)>t* (pi, m )/ Op, bes L 


Wy, — @ 


4 Solem’ VV |¥o(m)> (Pas mWV/ Ory 


_ 0a 
Dy, — 2% 
<P (m')|0|%>< I |Va” | Po(m)> _ Pol (m')|V |F><%,|0|Fo(m)>) — 
+34 E;—2 H;+2 ‘ya. 
ue sa [V3 mia UT, mM M/E (To, m) 2 t(Vy, M) L(Y, m', mI 
27? | w—e o+2 
L 
ry | 70) + * m 
(4) _< X(z, m', m) = CPy(m )|V>, |'Yo(m)>t (Piy m )/@p, dy. = za 
Oy, + 2 
_ <ESom!)| VO" [Polom)>t (as MVAe, 
o 2 @.Py 
CD, (m')|V* |B CP |O|P,(m)> Lo (m') || %a>< Pal Ver" |Polm)>| 
+3 H,—2 ; ear, ee (weer 
a a ft(Q.y) M' (Ow m',m) . to, m', mee 
+ ya [Vor—tode | w—zZ ! wo+e2 4 
1 


where the subscripts of the arguments of the scattering and production ampli- 
tudes designate meson energies. Note that for w > i 


(5) itn, T(z, m', m) = t(q,,, m', M) , 
z WM +e 

(6) lim X(z, m',m) = £(%_, m',m). 
a 27M tE 


The crossing theorem now becomes 
(7) ‘ X(z, m', m) = T(—2, m', m). 
Using equations (3) and (4) and > 1 
(8) Jim, Tle, ' m', m) — Ae m',m) = 
= — 20 {Pon )| VE* | Polo e*CPas MVM, Bove Bln — 0) + 
4 By!) |VO* [Lo(m)€*(Doy MV Dp, 8.4 5(On, — ©) — 


7%) —— 
— = ovo S217, m', MV (To, m)| ’ 
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(9) lim wl m', m) — _im Wf m',m) = — £ Nar Itre, m') x(Yq,m', mM). 


And for —l<w<+1 

(10) _iim T(z, m', m) — jim T(e,m’'; mm) = 
— 2n0 > {<W(m')|0|_><Po|V2"|Po(m)> (He — w) — 
— (Py (m')|Va|Pa>< Po | O | Po(m)> d(Bs + @)}+/@y - 


Using equations (6) and (7) 


(11) L(V», m',m) = lim T(z, m',m). 


2—>— w+te 


Using equations (5), (11) the original integral equations (3) and (4) are reduced 
to a standard Riemann-Hilbert boundary problem. In the following the limits 
to the real axis from above and below be indicated by + and —. Equa- 
tions (8), (9), (10) for m > 1 become 


a 
— - T~(w, m’, m) — 
1+ (t/a) Vw? — 1t*(r,, m) rie 


hele ae {@ o(m')|V* |V(an)> t*(p,, m eg 5 
1 + (i/n)wV wo? —18*(r,, m a 

(mn) | V0 |W > "(Dey me we : 
1+ (i/z) \oV w? — 1t*( (To, ™ o 


(12) T*(@, m', m) = 


(@,— @) + 


=- 


(o,— ah, 


1 
(13) T+(—o, m', m) = - T (—@, m',m), 


1 — (t/n)oV w? —1 t(y,, m’) 


and for —l<w<41 


(14) T*(w, m', m) — T-(w, m', m) = 


— Qt Y {(Po(m') (0 [YF |V 2 | Polm)> d(H, — o) = 


— (Yo (m') |V > | P<, | 0 | ¥(m)> 6(£,+ o) Vo, » 


Equations (12), (13), (14) form a Riemann-Hilbert boundary problem which- 


with one ditference is extensively treated by MUSKHELISHVILI (8). As a con 


(°) M. I. Musknerisuvitr: Singular Integral Equations (Groningen, 1953). 
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sequence of the 6-functions of energy that appear above the Hélder condition 
is not satisfied, we shall nevertheless continue to use the methods used by 
MUSKHEKUSHVILI (*) under nore restrictive conditions. The problem is to find 
the sectionally analytic function T(z) having finite degree at infinity, satisfying 
the boundary condition 


T*(t) = 4) T(t) + g(t) 


on the are LZ. The solution is (*) 


Z t) dé 
(15) Pe) = Fo yy + 202), 


where Z(z) is the solution of the homogeneous boundary problem which for 
this purpose is 


(16) Z(z) = exp [I\(z)], 
where 

1 [in ae 
(17) T(z) = ail as dt , 


L 


and P(z) is an arbitrary polynomial. T(z) is of zero degree at infinity by in- 
spection of equations (3), (4), hence P(z) is zero for our problem. Using equa- 
tions (12), (13), (14) in (15), (16), (17) the meson production amplitude becomes 


(18) T+(w, m', m) = Udo, m',m) = 


- AN | | whGhs (odd |O| a> Po|Va'|Po(m)>VO sy ory — 


Z*(o')(w' — w) 
_ lm!) |VO| Po» Po 0 |PolmM)>VO som 
Z*(w')(w' + @) aay 
<W(m') | Vo." | Po(m)> (pr, ™ )V/@p, 94.4 


o')| + 


at ie w)(1 + ( (1/2) Wp wo, — ga Oat (To, ,m)) 
= m')|VO* |Py(m)>t* (poy ™) On, Sr. 
Water 0) (t + (t/t) Wp, eS | i (Tw, ’ m)) 
where 
1 7(0)+ 7(0)+ i ve + 
EVO! .(m)> =— CP, ee: evs, pameose | ¥(m)> 
<V,(m')|O|P a> = ; ' 
h) 7(0) + (0) + (0) + 
SY (m')|VO* ee Voor are Ve (Ya. 


2983 


80 E. KAZES 


By taking /*(v(x)?/2%) <1 (°%) the bound states disappear (°). Using the 
Lee-Serber solution (*) for the scattering amplitude with f?=— 0.2 and v(x) =1 


Tasre L. 
w+ p> es wo PD ea 
: y o in (h/uc)?-10-2 | Born approx. | o in (#/uc)?-10-? | Born approx. 
| 2.4 2.0 1.2 0.23 0.62 
3.2 5.4 i Bul 1.00 1.85 
4.0 | 6.1 4.3 1.25 2.2 


in Table I the various meson production cross-sections from protons are shown 
and compar ed with the Born approximation. # the total C.M. emergy is given 
in units of the pion rest mass energy. 


a 


The author wants to thank Professor M. L. GOLDBERGER for having sug- 
gested this problem and for invaluable help and assistance. 


(9) v(x) 1s the source function. 


RIASSUNTO (*) 


Si dimostra che, nella teoria delle particelle scalari cariche, le ampiezze della pro- 
duzione mesonica soddisfano ad equazioni integrali le quali, nella sola approssimazione 
mesonica, si riducono al problema al contorno di Riemann-Hilbert. Se ne da la solu- 
zione completa. 


(*) Traduzione a cura della Redazione. 
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Istituto di Fisica del’ Universita and Laboratori CISH - Milano 


F. CvELBAR (*), S. MIcHELETTI and M. PIGNANELLI 
Istituto di Fisica dell? Universita and I.N.F.N. - Sezione di Milano 


(ricevuto il 2 Aprile 1959) 


Summary. — Measurements on proton energy spectra from n, p reactions 
on Mg, Al, Si and S show the existence of well defined peaks even at 
excitation energy values where the excitation levels of the residual nucleus 
are very dense. Comparing our results with some proton spectra from d, p 
reactions a similarity is found in the position of these peaks on the 
residual excitation energy scale. By means of this comparison. it is 
possible to establish that the n,p reactions go through a mechanism 
of the type of surface effect, where the residual nucleus is left preferably 
in some excited states probably corresponding to single particle excitation. 


1. — Introduction. 


In the study of the energy distribution of protons emitted in n, p reactions 
with 14 MeV neutrons, the existence of structure in the shape of large humps, 
has been shown in some previous works (*°). 

Following this, we have undertaken the systematical study of the proton 
spectra emitted in n, p reaction with the aim of seeing whether through the 


(") On leave of absence from Jozef Stefan Institute, Ljubljana. 

() L. Corr and U. Faccuini: Nuovo Cimento, 4, 671 (1956). 

(2) C. Bapont, L. Corrr and U. FAccHINI: Nuovo Cimento, 4, 1618 (1956). 

(3) L. Corztr and U. FaccuHInI, Nuovo Cimento, 5, 309 (1957). 

(4) D. L. ALLAN: Proc. Phys. Soc., A'70, 195 (1957). 

(®) P. V. Marcu and W. T. Morton: Phil. Mag., 3, 1256 (1958). 

(*) H. P. Evsank, R. A. PECK jr., and F. L. Hassier: Nucl. Phys., 9, 273 (1958). 


6 - Il Nuovo Cimento. 
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particular characteristics of these humps, once the exact position on the energy 
scale and their width have been determined, the nature of the process through 
which the reaction takes place may be illuminated. 

From thé previous results it was quite evident that the n, p reactions take 
place at least partly through a mechanism of instantaneous emission type 
whose true nature is not yet known; by this process a greater probability for 
the forward emission of the particles is foreseen. Because it seemed probable 
to us that the peaks of the spectrum could be attributed to this instantaneous 
effect, we examined the spectrum of forward emitted protons with respect to 
incident neutrons. 

For these measurements a proton detector similar to those used in previous 
works was set up, but with a much better resolution in energy and in angle 
than we had obtained so far. 

The 14 MeV neutron beam was obtained by means of the reaction D+T, 
employing the 160 keV deuteron beam from the accelerating apparatus of 
the INFN, Sezione di Milano. 


2. — Experimental results. 


The improvement of energy resolution of the scintillator counters was 

obtained by introducing a light pipe between the crystal and the photomul- 

tiplier. This pipe is made up of an 

f\ : aluminium cylinder 5cm in diameter, 

100/- [ # and with a length of 8 em: a layer of 

MgO powder stuck with collodion dif- 

fuses the light inside the cylinder. As 

has been shown by STOKES et al. (7), 

in this arrangement the light collec- 

tion is improved because the effect. of 

the dishomogenity of the photocathode 
is eliminated. 

Using a polithene target 1 em in 
diameter, the line shown in Fig. 1 is 
Fig. 1. — Spectrum of recoil protons obtained for the spectrum of hydrogen 

from a polithene target. recoil protons;' the width of the line 
turns out to be ~ 6.5%. 

A width of 3.5% is to be attributed to the angular opening with which the 

protons are detected and a further 3% to the widening. caused by the self- 


(") R. H. Stoxrs, J. A. NortHRor and R. Boyer: Rev. Scient. Inst., 29, 61 (1958). 
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absorption in the target. The effective resolution is therefore about 4.5 Of 
All the other characteristics of the detector are the same as those described 
in a previous work (°). 

Measurements were taken by placing the target at 14 cm from the neutron 
- source, so that the particles emitted in forward direction of the incident neutrons 
in an angle of about 30° are detected, the most probable angle being 17°. 
By this arrangement the energy spectra of particles emitted from Al, Mg, Si 
and S| were obtained. These spectra are shown in Fig. 2, 3, 4 and 5. 

Aluminium is a naturally pure isotope. For Mg, Si and S it is possible 
to attribute the reaction to the lightest isotope, which in these cases is always 
the most abundant (see also the results of LEvKOWSKI (°)). 

Furthermore, as we have found that the 14 MeV neutrons produce in some 
elements a notable amount of deuterons from n, d reactions, and as such deute- 
rons are counted by our detector, thus altering the shape of the proton spectra, 
we have set up an electronic device capable of separating pulses caused by 
protons from those caused by deuterons in the crystal. This results was ob- 
tained using the different pulses given by the two particles in the proportional 
counter. 

In this way we have found a notable amount of deuterons in the S spectrum 
and a small amount in the Al spectrum. The measurements on deuterons 
will be published shortly. 

The spectra given here are those obtained by substracting the deuteron 
spectrum from the total one. 


8. — Discussion of results. 


The spectra given here are rather different from the ones previously pub- 
lished: this is due partly to the improved energy resolution, and partly to 
the smaller detection angle; with a rather large detection angle, like the one 
previously used (~ 60°), there is indeed an additional energy smearing due 
to the different recoil energy of the nucleus in the different possible directions. 

The proton spectra presented here put clearly into evidence the existence 
of well defined peaks in them even at a rather high excitation energy, where 
the residual nucleus levels are very close to each other compared with the 
resolution of our apparatus. Because of these conditions, our measurements 
give an average on the residual level density times the excitation probability 
of each level. The peaks shown in our results must therefore be interpreted 
as gross structures. 

We can now analize the various spectra studied. 


(8) G. Marcazzan, M. PiGNANELLI and A. Sona: Nuovo Oimento, 10, 155 (1958). 
(9) V. N. LevKovsxr: Journ. Hxp. Theor. Phys., 6, 1174 (1958). 
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31. Aluminium. — In the case of ?7Al the spectrum suggests a peak 
at 3.7 MeV on the proton scale and one at 5 MeV; the two peaks at 7.5 


and at 9.3 MeV are very well shown, and a peak at 11.3 MeV, corresponding 
to the ground level of the residual nucleus 27Mg, is hardly visible. 


mb 
Sr MeV 


27Al (npr Mg 


! 
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Fig. 2. — Spectrum of protons from ?’Al (n, p) *Mg. Known excitation levels of ?"Mg 
are shown on the residual excitation energy scale. 


It is interesting to compare this spectrum with the already known levels of 
the residual nucleus 27Mg recently studied by means of the d, p reaction by HINDS 
et al. (2°). These levels are above the ground level at 1-1.66 —3.5 —3.56 —3.75 


(°) §. Hinp, R. Mipperton and G. Parry: Proc. Phys. Soc., Ti, 49 (1958). 
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4.13-4.75 MeV. The level structure of the 2’Mg excited levels above this 
energy is not known. The first two levels are not resolved in our spectrum, 
whilst the first resolved peak corresponds to an excitation energy of the 
residual nucleus of 2.2 MeV. A level in this position had not yet been found. 

The peak at 7.5 MeV, corresponding to an excitation energy of 4 MeV, 
may contain the levels included between 3.50 and 4.75 MeV. 

It is probable that at higher excitation energy the levels become more 
dense. The proton peaks at 3.7 and 5 MeV, corresponding to an excitation 
energy of 7.9 and 6.6 MeV, are found in a zone where the levels should be 
already so dense that they can be interpreted as explained above: an average 
on the density level and on their excitation probability. 


3°2. Magnesium. — In the *4Mg(n, p)?4Na spectrum shown in Fig. 3 a peak 
is found at 4.25 MeV on the proton scale, another one at 6.8 MeV, is very 
clearly resolved, and a small peak can be seen at 8.3 MeV, corresponding to 
the 24Na ground state. 


6 ee MeV | 


5 *Mig (n,p) ‘Na 
iy ——**Na(d,p)"‘Na 


Oy, 
i. 
lees Mel 
7 2 T Residual excitation energy 
8 9 10 Ec, Mev 


_ Fig. 3. — Spectrum of protons from 24Mo(n, p)24Na compared with 23Na(d, p)24Na. 
: Residual excitation levels are also shown. 


The 24Na excited levels have been studied by the 2°Na(d, p)?4Na reaction 
by SPERDUTO and BUECKNER (*?). 


@1) A. SprrpuTo and W. W. BUECKNER: Phys. Rev., 88, 574 (1952). 
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It was first pointed out by BLok and JONKER (?2) that a similarity exists 
between the peaks in the n, p proton spectrum and the structures shown by the 
spectra of protons from some d, p reactions. The existence of such structures 
in d, p proton spectra is now a well established fact (1°14); moreover we have 
now for n, p protons pectra much better resolved peaks than were given by the 
previous results; a8 a consequence, we can now discuss these peaks much more 
easily. 

Applying to the proton spectrum from the 2*Na(d, p)?4Na an energy smear- 
ing as given by a 4.5% energy resolution, (the effective resolution of our 
detector) a spectrum is obtained very similar to ours, with two peaks at 1.5 
and 3.9 MeV on the #4Na excitation energy scale; this spectrum is shown in 
Fig. 3; the positions of the peaks are close enough to the ones which we obtain, 
namely 1.7 and 4.3; the differences between these values can be due to errors 
of energy scale. It is also interesting to note that both peaks have an in- 
tensity roughly similar in both spectra. These facts show that in the two 
reactions compared here the residual nucleus ?4Na is left. in some levels or 
groups of levels with greater probability than in others, and that these more 
favourable levels are the same for both reactions. 


Comparing our spectrum with these levels, it can be seen that the first 


peak includes three levels, whilst the second includes about ten. 


3°3. Silicon. — The Silicon spectrum (Fig. 4) shows five peaks: at 3-—5.5 Be gs 
and 9.3 MeV, the last corresponding to the ground level. Positions on the 
residual ?*Al excitation scale are: 6.7-4-—2.4 and 1.3 MeV. 

We can compare this spectrum with the one obtained by ENGE et al. (1°) 
for the ?’Al(d, p)?8Al, to the latter of which an energy smearing having been 
applied as mentioned above. 

The first peak at 1,3 MeV is not shown in the d, p spectrum, but the second 
(at 2.5 MeV) and the third (here at 3.7 MeV) are. The peak at 4.75 MeV in 
the d, p curve is not shown in ours. 


3°4. Sulphur. — The #28 n, p spectrum is shown in Fig. 5. Peaks are found 
at 6.2 (uncertain) and at 8.1-—9.5 MeV. Another small uncertain peak is found 
at 11.2 MeV. The ground level is not shown. 


(7?) J. Brox and C. C. JoNKER: Nuovo Cimento, 6, 378 (1957). 
(3) L. Cortr and 8. MicHEtert1: Nuovo Cimento, 6, 1001 (1957). 

(44) J.P. Scurrrer and L. L. LEB jr.: Phys. Rev., 109, 2098 (1958) and J. P. SCHIFFER, 
L. L. Lee jr., J. L. Ynrema and B. Ze1rpMan: Comptes Rendus du Oongrés Int. de Phys. 
Nucl. de Paris, Juillet 1958, p. 536 (Paris, 1959). 

(°) H. A. Ener, W. W. BuECKNER and A. SpERDUTO: Phys. Rev., 88, 936 (1952). 
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Fig. 4. — Spectrum of protons from 28Si(n, p)28Al compared with *Al(d, p)?2Al. 
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On the residual excitation energy scale the peaks are at 6.4-4.3-—2.8 and 
1.1 Mev. 
The d, p curves, obtained by smearing the result of VAN PATTER et al. (1°) 
and of DALTON et al. (1°), are shown on the same Fig. 5. 
All the three curves show the last peak at 1.2. The peaks at 2.8 and at | 
4.3 MeV on the n, p are found at about the same energy on one of the d, p | 
curves, while the other d, p curve shows a large hump, at 3.8 MeV. 


4. — Conclusion. 


The comparison between the n, p and d, p reactions permits us to reach the 
conclusion that the mechanism which gives rise to the n, p reaction in the 
studied nuclei presents certain similarities to the mechanisms by which the 
d, p reactions take place. 

The d, p reactions are explained on the basis of the «stripping process » 
where the neutron is stripped from the deuteron, and captured by the target 
nucleus; this is essentially a surface process, in which the nucleus core is left 
undisturbed. 

It has been suggested by some authors that the structures present in the 
spectra of protons emitted in the d, p reactions (17) must be interpreted as 
single particle levels in which the residual nucleus is preferably left, and this 
follows the arguments of LANE, THOMAS and WIGNER (18). 

In the case of the d, p reactions the structure would correspond to single 
particle levels of the neutron which falls in the nucleus target. 

The fact that the n, p reactions studied here show in a number of cases 
peaks in the proton spectra at the same residual nucleus excitation energy which 
are found for the d, p reactions, should mean that in the n, p reactions too, 
the residual nucleus remains with greater probability in the excitation levels 
corresponding to a neutron captured in a single particle level. 

In the reactions n, p and d, p the proton emitted under this hypothesis 
absorbs the energy difference between the incident energy and the single par- 
ticle levels of the neutron in the nucleus. 

As in the n, p reaction, the proton emission may be believed to proceed | 
through an instantaneous process (it can be deduced by the peaked forward : 


(8) D. M. Vaw Patter, P. M. Enpt, A. SPERDUTO and W. W. BuEcKNER: Phys. 
Rev., 86, 502 (1952); A. W. Datron, S. Hinps and G. Parry: Proc. Phys., Soc., 
A 70, 586 (1957). : 

(”) A. M. Lane: private communication (1957), and Comptes Rendus du Congres 
Int. de Phys. Nucl. (Paris, 1959), pag. 113. 

(8) A. M. Lang, R. G. THomas and E. P. WIGNER: Phys. Rev., 98, 693 (1955). 
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angular distribution (1*)) and as the conditions of the residual nucleus are the same 
as in the d, p reactions, we can deduce that the n, p reaction also goes through 
a surface interaction, where the less bound proton is emitted and the neutron 
is captured in the single particle state. In these conditions the nucleus core 
is left undisturbed. Following this deduction, the protons at the surface would 
be the ones determinating the reaction. 

GrosHEv et al. (2°), while studying the spectrum of the y emitted in n, y reac- 
tions by thermal neutrons, showed in some instances a result similar to the 
one discussed here. Even in those y spectra it is found that some lines or 
groups of lines are particularly intense, corresponding to the residual nucleus 
energies where peaks in the d, p spectra are found. This effect is found in 
some light nuclei, where the compound nucleus resonance levels are absent. 

Even in this case the authors suggest that each group of lines correspond 
to one single particle state of the captured neutron. LANE (2?) assumes that 
these effects are due to direct capture processes. 

The results on (d, p), (n,p), and (n, y) reactions would therefore show 
that the residual nucleus remains preferably excited in a state in which one single 
neutron has all the excitation energy. 

It should be noted that in all these three types of reactions the captured 
particle is a neutron. 

* KO 

We gladly thank Prof. P. CALDIROLA, U. Faccuint and C. SALvertr for 
stimulating discussions and Dr. R. CHAMINADE for interesting discussions on 
the detection technique. 


(1°) Preliminary results by L. CoLtt, M. G. Marcazzan and A. M. Sona. 

(22) L. V. GroSev, A. V. DEmipov, Vv. N. Lutsenxo and V. I. PELEHOV: 
IL United Nations Int. Conf. on the Paceful Uses of Atomic Energy, A/conf /15/P/2029 
(1958) 

(22) A. M. Lane: private communication. 


RIASSUNTO 


Le misure di spettri di energia di protoni dalla reazione n, p su Mg, Al, Sie S 
qui presentate mostrano Vesistenza di picchi ben definiti in questi spettri, anche in cor- 
rispondenza a valori dell’energia di eccitazione del nucleo residuo dove i livelli ecci- 
tati di questo nucleo sono molto fitti. Confrontando i nostri risultati con aleuni spettri 
di protoni emessi da reazioni d, p, si trova che i picchi esistenti in ambedue queste 
reazioni si trovano agli stessi valori dell’energia di eccitazione. Questo confronto per- 
mette di concludere che le reazioni n, p qui studiate procedono attraverso un mecca- 
nismo del tipo ad interazione di superficie, dove il nucleo residuo rimane preferibilmente 
in stati eccitati che corrispondono a livelli di eccitazione di particella singola. 
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Primary Heavy Cosmic Rays Near the Geomagnetic Equator. 


O. B. Youne and F. W. ZURHEIDE 
Southern Illinois University - Carbondale, Il. 


' (ricevuto il 22 Aprile 1959) 


Summary. — G-5 emulsions were exposed in February, 1957 during the Oper- 
ation EQUEX on two flights of about 100C00 foot altitudes for about 
Ti heach. Tracks of nuclei cf Z >10 were studied. The 8-ray method of 
counting was used. Results are given for the angular distribution, charge 
spectrum, flux at the top of the atmosphere, and attenuation mean free path. 


1. — Introduction. 


In recent years a great deal of direct investigation has been done on the high 
energy primary cosmic rays which enter our atmosphere from the outer space. 
This investigation was restricted to the heavy nuclei with charges equal to 
or greater than ten. The electron sensitive photographic emulsions used in 
this investigation were of the Ilford G-5 type manufactured by Ilford Ltd. 
of London. All emulsions had a thickness, before development, of 600 um. 
Three stacks of emulsions were exposed on two different balloon flights from 
Guam, Marianas Island, 4° N G.M. latitude during February, 1957, as part 
of the United States Office of Naval Research 1957 Equatorial Expedition. 
The flight paths, time of day, and weather conditions were practically iden- 
tical for these two flights organized jointly by the Winzen Research, Inc. and 
the United State Navy. Complete flight data are given in Table I. 

The d-ray method of counting was used to determine the relative characte- 
ristics of the tracks. The fixing of Z= 10 was made by taking scattering 
measurements on lighter tracks. 
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2. — Experimental procedure. 


After processing in our laboratory, each emulsion was scanned for tracks 
of heavy nuclei, and the length and azimuthal angle of each track were meas- 
ured. The total area scanned for each plate is given in Table I. The 54-rays 
of each track were counted by a,.procedure which is in accordance with the 
counting criteria developed and adopted by this laboratory (*). 


TABLE I. — Flight data. 


Flight Plate Date of Altitude Eff. time Area 
number number flight (g/em*) of flight (h) | scanned (em?) 

6 GC-3 Feb. 10, 1957 8.2 7.58 193.0 

7 GA-2 Feb. 12, 1957 9.0 7.58 132.8 

| 7 GB-1 Feb. 12, 1957 9.0 7.58 66.4 


From the data obtained by the above measurements, the zenith angle and 
the number of 5-rays per 100 um before shrinkage were calculated for each 
track by methods similar to those used in a previous article by Youne and 
Harvey (2). These were used in drawing the angular distribution and charge 
spectrum for each plate and for flux and mean free path determinations. 


—— 
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Fig. 1. — Angular distribution for flight 6. Fig. 2. — Angular distribution for flight 7- 


(?) O. B. Youne and W. C. BALLOWE: Am. Journ. Phys., 24, 157 (1956). 
(2) O. B. Youne and F. E. Harvey: P hys. Rev., 109, 529 (1958). 
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The scanning and all other measurements were made using five Bausch 
and Lomb microscopes. One of the 
microscopes was equipped with a 
special scattering substage and a 
filar micrometer eyepiece which 
made possible measurements to 


80 


\<—Mean angle § 51°7' 


SJ 
i=) 


a the accuracy of +.1pm. 
‘N60 The angular distribution for 
2 the nuclei with Z >10 for each 
© 40 flight and their combination are 
S shown in Figs. 1, 2 and 3. The 
& 30 mean zenith angle for the combi- 
ue nation was found to be @ = 51.7°. 
10 
0 10 20 30 40 50 60 70 80 90 Fig. 3. — Angular distribution for 
Zenith angle @ (degrees) flights 6 and 7. 


3. — Charge spectrum. 


The cut-off energy at 4° N G.M. latitude is about 8 GeV per nucleon; 
consequently, the velocity of the primary nuclei can be assumed to be rela- 
tivistic. Therefore the charge Z of each nucleus can be determined from the 


Plate N2 GC3 
Guam flight N°&6 
N2 of tracks 167 


a=-053 
bo) ee b= 018 
A\ 
N 
SS 
1S) 
Cc 
a 
320 
® 
c 


2.9%o 2.9% 2.9 %0 
if 


Ah 
Z = 10 12 14 16 18 20 22 a4 26 
Ng=55 66 78 91 106 121 137 155 174 193 214 236 258 28.2 307 333 36.0 


Fig. 4. — Charge spectrum for flight 6. 
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number of 3-rays per 100 um by (°) 
Weeig Zs 0 


where a and b are constants for each plate. 

To evaluate the constants a and b, long light tracks were counted for 
S-rays and their mean scattering angles @ measured (?). In addition to these, 
long tracks from the CNOF (carbon, nitrogen, oxygen, fluorine) group were 


~ 50)-- 


28.0 %/o Plates N° GA2 and GB) 
Guam flight N&7 
—+— GA2 Ns 23.6, 104 Part. 


40 --4#-- GB1,Ns 24.1, 67 » 
—o— GA2 andGB1,171 * 


WwW 
jo) 


17.0°%/e 


Frequency 210 
iS) 


22 24 26 


18 
Charge Z 
Fig. 5. — Charge spectrum for flight 7. 


also used. The 5-ray density for each charge was obtained by plotting the 
number of S-rays per hundred microns against the mean scattering angle per 
hundred microns (4). From each graph the calibration constants a and b were 
obtained by the least square method, and the results are given in Table I. 

From the results in Table II, the value for the charge of each particle was 
determined, and the results are shown in the charge spectra for each flight 
in Figs. 4 and 5. A summary charge spectrum is shown in Fig. 6. 


TABLE IL. — Calibration constants. 


Plate number a b 
GA-2 0.038 0.20 
GB-1 0.044 0.20 
GC-3 - 0.053 0.18 


(3) A. D. Darnton and D. W. Kent: Phil. Mag., 44, 963 (1950). 
(4) A. D. Darnton, P. H. FowLER and D. W. Kent: Phil. Mag., 42, 327 (1951). 
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100r - 


Plates N° GA2 GB1 and GC3 


90L Guam flights N°6 and 7 


N@ of tracks 338 
24.6 °%o 


3.5°%o 


3.5°%o 


The relative abundan- 
ces for the charges are 
compared with the corre- 
sponding charges from a 
like spectrum of 2 021 par- 
ticles obtained by this 
laboratory from flights at 
altitudes varying from 7.7 
to 17.5 g/em? at 41° N geo- 
magnetic latitude (Texas) 
and are shown in Ta- 
ble III. This indicates a 
correct matching in the 
charges for both spectra. 
It is to be observed that 
no particles with charges 
Z> 26 appear in either 
set of results. 


Fig. 6. — Summary charge 


O30. 42 14 996 “185.20. 622" 2426 28. a0 spectrum for flight 6 and 7. 
Charge Z 
TaBLE III. — Abundance of elements at Texas and Guam. 
Bidwierkt Z Abundance (%) of Abundance (%) of 
| 2 021 tracks from Texas | 338 tracks from Guam 
Ne 10 21.70 24.6 
Na 11 13.65 16.0 
Mg 12 15.96 16.6 
Al 13 11.17 11.2 
Si 14 8.66 5.0 
iP 15 5.79 4.1 
SS) 16 2.37 2.7 
Cl 17 3.41 1.5 
A 18 2.41 1.2 
K 19 2.57 1.8 
Ca 20 2.27 1.2 
Se 21 2.27 2k 
Api 22 1.93 3.5 
W 23 1.53 3.5 
Cr 24 1.88 oro 
Mn 26 0.79 0.6 
Fe . - 26 1.43 1.2 
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4. — Flux and mean free path. 


Assuming the flux of the heavy primary cosmic rays to be isotropic with 
respect to the zenith angle, the flux at the zenith angle 9 can be expressed 
in terms of the average atmospheric depth h and the flux at the top of the 
atmosphere I, by 


I(0) = I, exp[— h/A cos 0], 


PlateN°GC 3 
Guam Flight N°6 
N& of tracks167 


[p=2.764.13-10° part /cm*-s-sr 
A=22.4+¢ .Bgm/cm? 


Flux I (part /cmé?-s-sr) Z 210 


h/cos @ (gm/cm®) 
0 5 10 15 20 25 30 35 


Fig. 7. — Flux for flight 6. 


where J is the attenuation mean free path. The number of particles in a unit 
angle interval at the zenith angle 6 is given for a plate flown in vertical 
position by ; 


N(6) = 4AT-I(6)-sin? 6 , 


where A is the scanned area in cm?, 7’ is the effective flight time in seconds, 
and I(0) is in particles per cm*s sr. If the two equations are combined and 
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the common logarithm is taken, we have (?) 


log (aarp 


loge\ h 
na 4 = log (4ATI,) — (PE) 


pide} con: 


A plot of this equation, as in Figs. 7, 8 and 9, gives the slope as — (log e)/A 
and the flux intercept as log (4A 7J,). The best fit straight line was found by 


10-10 + 
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ey hes 
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h 0s 8 (gm/cm*) 
0 5 10 ile) 20 25 30 35 
Fig. 8. — Flux for flight 7. 


the least square method. This line determined the slope and the flux inter- 
cept. J, and A were then computed directly and are given in Table IV. 


TaBLe IV. — Flux and attenuation mean free path. 


Flight Number of nuclei dhs A- 

number with Z>10 (part./m? s sr) (g/cm?) 
6 167 0.274 + .013 22.44 .8 
7 171 0.302 + .011 21.0 + .4 


6 and 7 338 0.281 + .010 22.94.92 
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Fig. 9. — Flux for flights 6 and 7. 


5. — Summary and conclusions. 


In this experiment, two flights were made near the geomagnetic equator 
where all of the primary cosmic rays have relativistic velocities. A summary 
charge spectrum was given for a total of 338 nuclei with Z >10. The abun- 
dance ratios compared closely with those obtained at 41° N G.M. latitude. 

The total angular distribution for Z > 10 indicated a mean zenith angle 
of 51.7 degrees. 

The total flux value for Z>10 at the top of the atmosphere obtained 
from both fligths was found to be 


; I, = 0.281 + .010 particles/m? 8 sr. 


7 - Il Nuovo Cimento. 
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This value is approximately one-ninth of the value for the flux obtained by 
this laboratory for 41° N G.M. latitude. Since the cut-off energy at 41° N 
is 1.5 GeV per nucleon (2), more particles are admitted than are at Guam 
where the cut-off energy is 8 GeV per nucleon. 

The attenuation mean free path of heavy nuclei with Z >10 was found 
to be 


A = 22.9 + .3 g/em?. 


This result agrees with the mean free path value of 23 g/cm? obtained from 
the Texas flights, but gives no indication that the mean free path is energy 
dependent above the 6 GeV per nucleon range (°). More flights are needed 
at this latitude to increase the data so that the charge spectrum might be 
more definite. 


The authors are grateful for the financial support given this research by 
the Office of Ordnance Research of the U.S. Army and by the International 
Geophysical Year Program. Also appreciated is the assistance given by 
Prof. MARcEL SCHEIN and his Cosmic Ray Group at the University of Chicago. 


(5) Y¥. H. Noon and M. F. Kaprton: Phys. Rev., 97, 769 (1955). 


RIASSUNTO (°*) 


Nel Febbraio 1957, durante l’operazione EQUEX, furono esposte in due lanci, 
all’altezza di 100000 piedi circa e per la durata approssimativa di 74 h ciascuno, delle 
emulsioni G-5. Furono esaminate le tracce dei nuclei di Z>10. Fu adottato il metodo 
del conteggio dei raggi 8. Si riportano i risultati relativi alla distribuzione angolare, 
allo spettro della carica, al flusso sulla sommita dell’atmosfera ed al cammino libero 
medio di attenuazione. 


(*) Traduzione a cura della Redazione. 
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Coincidence Studies of the Radiations from the Decay of *°Ta. 


B. P. Srneu, H. S. Hans and P. 8. GILL 
Department of Physics, Muslim University - Aligarh 


(ricevuto 11 Maggio 1959) 


Summary. — y-rays at 68 keV, 100 keV, 152 keV, 1.122 MeV, 1.189 MeV, 
and 1.222 MeV have been found in the decay of ?Ta using a scintillation 
spectrometer. The y-ray of 68 keV is found to be in coincidence with 
57 keV, 100keV; 264keV, 1.122 MeV and 1.222 MeV energy y-rays. 
The y-ray of 152 keV is found to be in coincidence with 57 keV, 100 keV. 
1.122 MeV and 1.222 MeV energy y-rays and also the 222 keV y-ray is found 
to be in coincidence with 57 keV, 100 keV and 1.231 MeV energy y-rays. 
Two 8-ray groups of maximum energy of (560-50) keV and (460+.40) keV 
have been found by coincidence studies. These coincidence studies have 
established the levels at 100 keV, 1.222 MeV, 1.290 MeV, 1.331 MeV. 
1.374 MeV and 1.554 MeV in '8W. 


1. — Introduction. 


Radiations from the decay of '**T'a have been investigated by several 
workers making use of different techniques. The conversion electron spectrum 
and §-ray spectrum have been measured by BEACH et. al. (1), O’MBARA (?), 
Cork et al. (*), and Murray et al. (4). The energies of y-rays were measured by 
means of photoelectrons from a radiator in B-ray spectrometer by RALL and 
WILKINSON (°), GoppARD and Cook (°), and BEACH et al. (1). But later on, 


1 


() L. A. Breacn, C. L. Peacock and R. G. Witxinson: Phys. Rev., 76, 1585 (1949). 
(are Er 
(@) J. 


. O’MEARA Phys. Rev. 79, 1032 (1950). 
M. Corx, H. B. Ketter, W. G. RUTLEDGE and A. E. Stopparp: Phys. 


Rev., 78, 95 (1950). 
(4) J. J. Murray, F. Bonem, P. MARMIER and J. W. M. DuMonp: Phys. Rev., 
97, 1007 (1955). 
(®) W. Ratt and R. G. WILKINSON: Phys. Rev., TA, 321 (1947). 
(6) C. H. Gopparp and C. 8. CooK: Phys. Rev., 76, 1419 (1949). 
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due to large number of y-rays, curved crystal spectrometers were used by 
MULLER et al. (’), FOWLER et al. (8), and MURRAY e¢ al. (4). MULLER ét al. (*) 
proposed four possible decay schemes for the low energy y-ray spectrum by «to- 
pological maps » considering the energies of y-rays. MURRAY ¢ét al., on the other 
hand, reported 27 y-transitions. Also internal conversion coefficient and multi- 
polarities were deduced for most of these transitions. By energy considerations, 
they proposed a decay scheme with 11 levels in *W. The f-ray group of 
maximum energy of 0.530 MeV has been reported by BrAcH et al. (1) and 
others. But recently DEMUYNCK et al. (*°) have reported two more 6-ray groups 
of maximum energy of 440 keV and 360 keV. 

The coincidence studies by MANDEVILLE and SCHERB (?°) resulted in the 
identification of one 6-ray group of maximum energy of 510 keV. They further 
reported that high energy y-ray transitions are not in cascade. Further co- 
incidence studies have been made using scintillation spectrometers by WIL- 
LIAMS and ROoULSTON (11), and also by MIHELICH (7). WILLIAM and ROULS- 
TON (11) reported that the 67.74 keV y-ray is in coineidence with the 1.122 and 
1.222 MeV y-rays. They also reported that the 152 keV y-ray is in coincidence 
with the 1.222 MeV y-ray. They further measured angular correlations of these 
cascades. MIHELICH (12) reported that the 100 keV y-ray is in coincidence 
with the 1.189 MeV and 1.122 MeV y-rays but not with the 1.222 MeV y-ray. 

The present study has been taken up in order to build a decay scheme 
on the basis of y-y and 8-y coincidences which have not been established be- 
fore; e.g. all coincidences of low energy y-rays with y-rays of high energies 
have not yet been ‘established. Similarly, coincidences of low energy y-rays 
with low energy y-rays and $-y coincidences require investigation. 


2. — Experimental. 


The source was obtained from the Oak Ridge National Laboratory in the 
form of K,Ta,O,, in KOH solution with specific activity of 617 mec/g. The 
strength of the source used is about 0.10 me. 


21. y-ray spectrum. — The single channel scintillation spectrometer using 
a Nal(Tl) crystal of 14 inches diameter and 1 inch length was used for the 


(7) D. E. MULLER: Phys. Rev., 88, 775 (1952). 
(8) C. M. Fowier, H. W. Kruse, V. Kesuisnian, R. J. Kitotz and G. P. MeEt- 
_ Lor: Phys. Rev., 94, 1082 (1954). 
(®) J. Demuyneox, J. VERHAEGHE and B. VAN DER VELDE: Compt. Rend., 244, 
3050 (1957). 
(°) C. E. MANDEVILLE and M. V. ScHERB: Phys. Rev., 78, 340 (1948). 
(1) R. C. Witttam and K. I. Routston: Can. Journ. Phys., 34, 1087 (1956). 
(8) J. W. Mineticn: Phys. Rev., 95, 626 (1954). 
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study of the y-rays. The spectrometer was calibrated for various y-ray energies. 
The differential pulse height spectrum of y-rays is given in Fig. 1 (A, B). 
Fig. 1(A) represents the spectrum keeping one volt channel width. The 
photo-peaks due to 68 keV, 100 keV, 152 keV and 222 keV y-ray transitions 


{68 keV 


16.0 B) 


150 


iw 
oo 


(GG ole Oi 
sO 
D 


Counts per min per 1V channel wi 


100- | 100 keV 


2 
aS 


152 keV 
y 


Counts per min per >V channel width «10°—> 


32 222 keV 
Y 
1189 MeV 
a ie) 1.222 MeV 
45 1855 | : 


__ 1.122 MeV 


are clearly indicated in the low energy spectrum. The high energy y-ray spectrum 
has been analysed into three y-rays of 1.122 MeV, 1.189 MeV and 1.222 MeV 
y-transitions. The analysis is shown by dotted lines in the spectrum. The 
dotted line for 1.122 MeV has been drawn by considering the resolution of 


y-rays from the decay of *Zn (1.112 MeV). And by similar considerations, 


the analysis for 1.222 MeV y-ray has been made. The remaining counts cor- 
respond to a photo-peak of 1.189 MeV y-ray. These energies of y-rays were 
earlier reported using a crystal spectrometer (*"* ie 

The low energy spectrum has been again taken, keeping the half volt channel 


. width which further clearly indicates the photo-peaks due to y-rays as men- 


tioned above. At 40 keV, there is an indication of an escape peak (shown 
in Fig. 1 (B)). 
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2°2. B-ray spectrum. — The energy spectrum of 6-rays and conversion elec- 
trons has been studied using a plastic scintillator. The peak in the spectrum 
may be due to conversion electrons and the spectrum extends up to 550 keV 


as shown in Fig. 2 (Z). 
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Fig. 2. 


2°3. y-y coincidence studies. — The coincidence studies on the y-ray spectrum 
have been done in the following three parts using two single channel scintil- 
lation spectrometers in coincidence. The resolution of the coincidence circuit 


is 2°10-7 gs. 


Part I. The coincidence studies of low energy spectrum with 
low energy spectrum. 


a) One channel accepts only y-rays due to the photo-peak of 68 keV in 
one volt channel width. The other channel scans the low energy spectrum 
keeping one volt channel. The observed coincidence peaks as shown in 
Fig. 3 (A), correspond to 57 keV, 100 keV, and 264 keV y-ray energies. 


b) In the second set of coincidence experiments, one channel accepts 
the photo-peak due to the 152 keV y-ray in one volt channel width and 
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the other channel scans the low energy spectrum. The coincidence peaks 
correspond to 57 keV and 100 keV y-rays as shown in Fig. 3 (C). 
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Fig. 3. 


c) In the third set of coincidence experiments, one channel accepts 
the photo-peak due to the 222 keV y-ray in one volt channel width and 
the other channel scans the low energy spectrum. The coincidence peaks cor- 
respond to 57 keV and 100 keV y-rays. (as shown in Fig. 3 (B)). 


It was confirmed that the peak indicated at 57 keV is not due to 68 keV. 
This was done by comparing it with 57 keV X-rays from "Ww. 


Part II. The coincidence studies of high energy spectrum 
with low energy spectrum. 


a) One channel accepts all the y-rays above 500 keV (using a discri- 
minator) and the other channel scans the spectrum in the low energy region. 
The coincidence spectrum is shown in Fig. 4 (I). The photopeaks in the coin- 
cidence spectrum due to 68 keV, 100 keV, 152 keV and 222 keV are indicated. 
The coincidence peak at 222 keV is a broad maximum indicating that other 
y-rays of about 222 keV are also in coincidence with high energy y-rays. 
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b) In the second set of observations, one channel accepts the peaks due 
to the 68 keV y-ray in one volt channel width and the other channel scans 
the high energy y-ray spectrum keeping two volts channel width. The coincidence 
peaks due to 1.122 MeV and 1.222 MeV are clearly indicated (Fig. 4 (II A)). 
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Fig. 41. Fig. 411 


c) In the third set of observations, one channel accepts the photo-peak 
due to the 152 keV y-ray in one volt channel width and the other channel scans 
the high energy y-ray spectrum, keeping two volt channel width. The coincidence 
peaks due to 1.122 MeV and 1.222 MeV are clearly indicated (Fig 4 (II B)). 


d) In the fourth set of observations, one channel accepts the 222 keV 
y-ray in one volt channel width and the other channel scans the high energy 
spectrum keeping two volt channel width. The coincidence peak due to the 
1.222 MeV y-ray is clearly indicated (Fig. 4 (II C)). 


Part III. Attempts were made to find the coincidences of the high 
energy y-ray spectrum with y-rays of high energy. No genuine coincidences 
were found. 


2°4. B-y coincidence studies. — The following two experiments were per- 
formed: 


a) In one set of observations, one channel (using NaI(T1) crystal) accepts 
y-ray spectrum at 57 keV in two volt channel width and the other channel 
(using a plastic scintillator) seans the B-ray. spectrum. A Fermi-Kurie plot for 
the coincidence spectrum for allowed transition is given in Fig. 2 II (A), 
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(after applying resolution correction to the spectrum). The maximum energy of 
the f-ray group thus obtained is (560 + 50) keV. 


b) In the second set of observations, one channel (Nal(Tl) crystal) ac- 
cepts the y-ray spectrum at 222 keV in two volts channel width and the other 
channel (plastic scintillator) scans the $-ray spectrum. A Fermi-Kurie plot 
for this spectrum for allowed transition is shown in Fig. 2 II (B) (after ap- 
plying resolution correction to the spectrum). The maximum energy of the f-ray 
group, thus obtained is (460 + 40) keV. 


3. — Discussion. 


The y-ray spectrum from the decay of '*°Ta is supposed to give a large 
number of y-rays, some of which are quite weak. All the y-rays in the present 
spectrum may not be resolved. The coincidences may, however, give definite 
indication of the sequential relationship of some of the y-rays. 

The level at 100 keV has been established by Coulomb excitation studies 
(McGrown and STELSON (1*) and others). 

MuLtER et al. (7) have proposed the four possible decay schemes for the 
low energy spectrum by « topological maps » considering the energies of the 
y-rays. Out of the four proposed decay schemes, the present coincidence measu- 
rements result in favour of the first one. The coincidence studies show that 
the 68 keV y-ray is in coincidence with the 264 keV y-ray and-is not in 
coincidence with the 222 keV y-ray and also the coincidences of the 68 keV 
y-ray do not show any peak at 152 keV. This is in accordance with the 
first scheme and contradicts the other schemes. 

MurRAY et al. (4) have proposed a decay scheme with 11 levels in **W 
by energy considerations. Their decay scheme of low energy y-rays is like 
the 1-st one of MULLER et al. (7), which is supported by the present coincidence 

; studies. Further the 68 keV y-ray is in coincidence with the 1.122 and 
- 1.222 MeV y-rays and the 152 keV y-ray is in coincidence with the 1.122 MeV 
and 1.222 MeV y-rays. Also the 68 keV and 152 keV y-rays are in coincidence 
with the 100 keV y-ray and the 57 keV X-ray, which should be the case ac- 
cording to the proposed decay scheme by Murray et al. (4). In the present coin- 
cidence measurements, 1.222 MeV and 1.231 MeV y-rays can not be distin- 
guished as the channel width is kept two volts which corresponds to about 
35 keV. If the 222 keV y-ray is in coincidence with the 1.222 MeV y-ray, then, 
* in the scheme by MURRAY et al. (4), it should also be in coincidence with the 


(3) F. K. McGrown and P. H. SrmLson: Phys. Rev., 109, 901 (1958). 
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1.122 MeV y-ray which is not the case. So it is argued that the 222 keV y-ray 
is in coincidence with the 1.231 MeV y-ray which is the case in the proposed 
decay scheme. Further, the study of the coincidences of all the high energy 
y-rays with the low ener- 
gy spectrum reveals that 
around 222 keV, the 
spectrum is broad as if 
the other y-rays in this 


14 region were also in coin- 
cidence with high energy 

1200 y-rays. This is in favour 
of the proposed decay 
scheme. 


The present coinci- 
dence studies have firmly 
established the levels A, 
B, D, F, G, H, K as shown 
in Fig. 5. It is not pos- 
sible to establish other 
levels, i.e. O, H, J, and 
I, by the coincidence me- 
thod, because of the weak 
transitions from these 
levels. 

The Fermi-Kurie plot 
of the coincidence spec- 
trum of @-rays (after ap- 
plying resolution correction to the 6-ray spectrum) with X-rays of 57 keV to which 
there is a certain contribution due to the 68 keV y-ray, is shown in Fig. 2 II A. 
This spectrum has an end point energy of (560 + 50) keV which is the same 
as the maximum energy of the ®-ray spectrum shown in Fig. 21. The low 
energy portion of the spectrum deviates from the Fermi-Kurie plot, because 
of the contribution of conversion electrons in this region or of other groups 
of low energy #-rays. 

A Fermi-Kurie plot of the coincidence spectrum of 6-rays (after resolution 
correction to the spectrum) with y-rays around 222 keV is shown in Fig. 2 IT B. 
This spectrum has an end point energy of (460+ 40)keV. Again the low 
energy portion of the spectrum deviates from the straigth line because of the 
contribution of conversion electrons and other 6-ray groups of low energy. 
Though the estimates of the end points of these Fermi-Kurie plots are quite 
approximate due to the limitations of the scintillation technique (bad resolu- 
tion and channel width which corresponds to 38 keV). One thing is apparent 
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from these Fermi-Kurie plots that y-rays around 222 keV are not in coincidence 
with $-ray group of maximum energy of (560 + 50) keV. From the decay 
scheme proposed by MurRAy et al. (4) and B-ray groups reported by DEMUYNCK 
et al. (°), the 222 keV y-ray should be in coincidence with the B-ray group of 
184 keV and the 229 keV y-ray may be in coincidence with the $-ray group of 
440 keV through the level F whose intensity should however be quite small. 
The Fermi-Kurie plot of the coincidence spectrum shown in Fig. 2 IT B, may, 
therefore be attributed to the coincidence between the 229 keV y-ray and 
the 440 keV £-ray group. 


RIASSUNTO (*) 


Facendo uso di uno spettrometro a scintillazione si sono trovati nel decadimento 
del 2Ta raggi y di energie di 68 keV, 100 keV, 152 keV, 1122 MeV, 1189 MeV e 
1 222 MeV. Siriscontra che il raggio y di 68 keV é in coincidenza con i raggi y aventi 
energia di 57 keV, 100 keV, 264 keV, 1122 MeV e 1 222 MeV. Si trova che i raggi y 
di 152 keV sono in coincidenza con i raggi y aventi energia di 57 keV, 100 keV, 1 122 MeV 
e 1222 MeV, e che il raggio y di 222 keV sono in coincidenza con i raggi y aventi 
energia di 57 keV, 100 keV e 1231 MeV. Da studi di coincidenza sono stati trovati 
due gruppi di raggi ® aventi energia massima rispettivamente di (560-+50) keV e 
(460 +40) keV. Questi studi di coincidenza hanno stabilito i livelli nel '8?W, a 100 keV, 
1222 MeV, 1290 MeV, 1331 MeV, 1374 MeV e 1554 MeV. 


(*) Traduzione a cura della Redazione. 
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Investigations of the Decay of '*’W. 


B. P. Smvew and H. 8. Hans 
Department of Physics, Muslim University - Aligarh 


(ricevuto ’11 Maggio 1959) 


Summary. — The half life of 57 keV electromagnetic radiation as obtained 
in the y-ray spectrum of the decay of **W has been measured to be 
(140-+5) days. The 57 keV radiation has, therefore, been assigned to !8!W. 
Two more y-rays of low intensity have been observed at 136 keV and 
152 keV. By energy and intensity considerations, these y-rays are 
also considered to be due to 1*1W. The maximum energy of the #-ray 
croup has been measured to be (420420) keV. No genuine coincidences 
were found between any part of §-ray spectrum and y-rays and also 
no y-y coincidences were found. Neither the y-ray, of 125 keV (0.005%), 
nor any inner $-ray group can be assigned to the spectrum of 1°W. 


— Introduction. 


The decay of *°W has been the subject of much controversy. Early 


workers (SAXON (1), SHULL (?), etc.) established that the radiation from 1°W 
consists of only one ~-ray group of maximum energy 430 keV. Cork et al. (*) 
reported a y-ray of 133.7 keV. On the other hand LAzmr et al. (*) reported 


(1) D. Saxon: Phys. Rev., 74, A 1264 (1948). 

(?) F. B. SuHuti: Phys. Rev., 74, 917 (1948). 

(3) J. M. Cork, H. B. Ketter and A. E. Stopparp: Phys. Rev., 76, 575 (1949). 

(4) N. Lazar, R. J. D. Morrat and L. M. Lancer: Phys. oi 91, A 498 (1953). 

(5) A. Bist, S. Terrani and L. Zappa: Nuovo Cimento, 1, 1 (1955). 

(Cis. Ke Bee oes and §. Raman: Nwovo Cimento, 3. ce (1956). 

(7) W. E. Drecer, L. D. McIsaac, J. L. Macktn and J. R. Lar: Phys. Rev., 100, 
953 (1955) 

@) T. C. Smpastian and A. H. Weper: Bull. Am. Phys. Soc., 1, 134 (1956). 

(°) V. S. Dusry, C. E. Manpgevitiz, A. MuKergr and V. R. Pornis: Phys. Rev., 


106, 785 (1957). 


(°) B. H. Armiracr and W. G. W. Rosser: Proc. Phys. Soc., 71, 335 (1958). 
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no such y-ray. Bust et al. (°) reported an electromagnetic radiation of 57 keV 
which they attributed to the excited state of Re by measuring its half life. 
They further predicted an inner 8-ray group which should be in coincidence 
with the 57 keV y-ray. BHATTACHARJEE and SHREE RAMAN (°) found the inner 
3-ray group by observing the coincidences with the 57 keV radiation which were 
15% of the total number of 8-rays. They further showed the total conversion 
coefficient to be 3.3. KREGER et al. (7) observed two more y-rays of 570 keV 
and 770 keV from the decay of *°W. SEBASTIAN and WEBEK (*) again reported 
one more y-ray of 132 keV. Dusny et al. (*) found no y-ray in enriched *°W. 
ARMITAGE and Rosser () observed a peak at 125 keV probably arising from 
an inner % group of 0.005 %. 

The study has been taken up in order to find the decay products of *°W 
and to ascertain the nature of these radiations. 


2. — Experimental. 


The source of 18°W was obtained from the Oak Ridge National Laboratory 
U.S.A. It was produced by the reaction '**W(n, y). The final source was in 
the chemical form of K,WO, in KOH solution. The purity of tungsten radiation 
in the source was greater than 98%. Specific activity at the time of measu- 
rement was 0.46 mc/mg. 


21. B-ray spectrum. — B-ray spectrum was measured using a plastic scin- 
tillator (resolution for the internal conversion line of 1°7Cg of 630 keV was 21.5%). 


A Fermi-Kurie plot of the 6 group of (420 + 20) keV end energy was obtained. 


22. y-ray spectrum. — A y-ray spectrum of the source was obtained with 
a scintillation spectrometer using an Nal(T!) crystal of 14 in. diameter and 
4 in. thickness. The source with high activity used for the spectrum was made 
on a cellulose tape. 

The spectrum revealed two y-ray peaks, one at 28keV and other at 
57 keV (*). It was noted that the spectrum extends further but no distinguish- 
able peak was observed. It was considered desirable that the spectrum above 
57 keV should be studied very carefully. For this various spectra were taken 
by introducing different thicknesses of copper strips between the source and the 
detector. This was done in. order to reduce the relative intensity of the 57 keV 
rays with respect to the higher energy spectrum, so that this latter spectrum 
should not be masked by the tail of the 57 keV peak. The spectrum obtained 


(*) The peak at 28 keV is apparently due to the escape of K-X-rays of Iodine in 
the process of photoelectric absorption of 57 keV radiation in the Nal(Tl) crystal. 
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in this way is shown in Fig. 1-a and b. The full spectrum in Fig. 1-a, was 
taken after using 500 mg/em? of copper strips, as absorber. Apart from the 
sharp peaks of 28 keV and 57 keV, a broad maximum is also clearly observable 
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at about 140 keV. The high energy spectrum in Fig. 1-b was taken using 
1000 mg/cm? copper strips as absorber and using a channel width of 6 keV. 
The spectrum in Fig: 1-b reveals two peaks one at 136 keV and the other at 
152 keV. This portion of the spectrum was taken many times under va- 


rious conditions of the spectrometer and these peaks were always clearly 
observable. 
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The intensity of various parts of the spectrum was measured with respect 
to the intensity of the 57 keV peak as given below. 


Energy interval Intensity 
of y-rays ratio 

(110 +175) keV Be 1Oe2 

(175 +360) keV TiLO=* 
> 360 keV 4-10-3 


2°3. Half life measurement. — To ascertain the origin of the 57 keV radiation 
its half life measurement was undertaken by using the scintillation spectro- 


meter. As very long half 
lives are involved only 
three points at different 
times could be taken. The 
decay curve is shown in 
Fig. 2-a,b giving a half 
life of (140+5) days. 
While measuring the in- 
tensity of the 57 keV ra- 
diation at different times 
extra care was taken to 
keep the geometry and 
the conditions of the spec- 
trometer unaltered. 


24. Coincidence mea- 
surements. — Coincidence 
measurements were made 
between B-ray and y-ray 
spectrum. For this pur- 
pose, two scintillation 
spectrometers were used 
in coincidence with a re- 
solving time of the order 
of 2:10-’s. -rays were 
detected by a plastic scin- 
tillator and Nal(Tl) crys- 
tals were used for y-rays. 
A high intensity source 
was used in these measu- 
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rements as was done in the measurement of the y-rays. The following 
two experiments were performed. 


a) For -y coincidences, one channel accepts pulses of all energies due 
to y-rays (using it as discriminator) and the other channel accepts the (-ray 
spectrum in channel width of one volt (one volt = 20 keV). No coincidences 
were found. 


b) For y-y coincidences, one y-channel accepts pulses of all energies and 
the other y channel accepts the spectrum in channel width of one volt. No coin- 


cidences were found. 


Thus no genuine coincidences were found between 6-rays and any part 
of the y-ray spectrum, or between any two parts of the y-ray spectrum, so 
that the 57 keV radiation was not found to be in coincidence with the 152 keV 
and 136 keV radiations and also the 136 keV and 152 keV radiations were 
not in coincidence with each other. 


3. — Discussion. 


The maximum energy of the @-ray spectrum is the same as reported in the 
literature for **°W. The half life measurement of the 57 keV radiation shows 
quite conclusively that it isan X-ray arising from the electron capture of 18'W. 
This also supports the conclusion of DuBry ef al. (°) that the 57 keV ra- 
diation does not belong to *%W. The y-rays of 136 keV and 152 keV also 
seem to be due to the decay of **W to Ta. These y-rays have also been 
observed by DEBRUNNER et al. (11) and Cork et al. (12). The energies and re- 
lative intensities of these two y-rays with respect to each other and with 
the X-rays as measured by us are the same as those of the above authors. 
This supports our conclusion. It seems that the y-ray of about 133 keV re- 
ported by various authors may be the same y-rays as observed by us but not 
resolved enough to give two peaks. The absence of any coincidence between 
6-rays and the 57 keV radiation is in contradiction to the observations of 
BHATTACHARJEE and RAMAN (°). But this confirms the opinion that the 
57 keV radiation belongs to 18!W. 

Our measurements also do not show the coincidences between the y-ray 
Spectrum near 125 keV and (-rays as observed by ARMITAGE and ROSssER (2°). 
As the source used by us was prepared from natural tungsten, activity due 
to both *W and 18'W should be present in the ratio determined by the 


(7) P. DeEBRUNNER, E. Heer, W. Kiinpic and R. Rirscui: Helv. Phys. Acta, 
29, 235, 463 (1956). 

(?) J. M. Corx, W. H. Nester, J. M. Lepranc and M. K. Brice: Phys. Rev., 
92, 119 (1953). 
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relative abundances and capture cross-sections for the production of these 
activities. Taking 0.005% as the ratio of intensity of the 125 keV radiation of 
6-rays as measured by ARMITAGE and Rosser (!°) and using the ratio of na- 
tural isotopes of 181W and 1%W as mentioned above, the expected intensity 
for the 125 keV rays was calculated. This turned out to be nearly the same 
as the measured intensity of the 152 keV y-ray. No peak of 125 keV of this 
intensity can be accounted for in our spectrum. ARMITAGE and RosskER used a 
comparatively thicker and more intense source e.g. 2mg/cm? while our 
source was 0.25 mg/em?. They were, therefore, expected to have much more 
external bremsstrahlung over and above the internal bremsstrahlung due to 
B-rays. Most of their coincidences with @-rays were accounted for by this brems- 
strahlung. 

Our results of coincidence measurements and intensity considerations do 
not support the evidence of the existence of a y-ray of 125 keV. ARMITAGE 
and Rosser who reported the coincidences of 125 keV y-rays and {-rays, them- 
selves are uncertain about the y-rays of 125 keV, there being bremsstrahlung 
of that energy. 


* OK 
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Note added in proof. 


The paper «On the decay of '*°W» by Bist and Zappa (Nuovo Cimento, 10, 90 
(1958)) came to the notice of the authors after this paper was submitted for publication. 
Our results are in contradiction to those of Bisi and Zappa as regards the half life 
of 57 keV. Our 8-y coincidence measurements do not support their view that 57 keV 
radiation is due to the conversion of 125 keV radiation from the decay of **°W. 


RIASSUNTO (*) 


La vita media della radiazione elettromagnetica di 57 keV presente nello spettro 
di decadimento y del °W @ stata determinata in (140 +5) giorni. La radiazione di 
57 keV & stata pertanto assegnata al 181W. Si sono osservati altri due raggi y di debole 
intensit® a 136 keV e 152 keV. In base a considerazioni energetiche e di intensita anche 
questi raggi si attribuiscono al 18!W. L’energia massima del gruppo di radiazione B é 
risultata di (420 + 20) keV. Non si sono trovate coincidenze genuine tra le singole 
parti dello spettro @ e i raggi y né coincidenze y-y. Al *°W non si possono attribuire 
né il raggio y di 125 keV (0.005%) né un gruppo di radiazione 8 interna. 


(*) Traduzione a cura della Redazione. 


8 - Il Nuovo Cimento. 
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Universality in the Non-Leptonic Decay Interaction of Hyperons. 


O. HARA 


Department of Physics, College of Science and Engineering 
Nihon University - Tokyo 


(ricevuto il 23 Maggio 1959) 


Summary. — If we assume the AJ=4 rule and make some other plausible 
assumptions, decay. interactions for A and = can be determined except 
for the coupling constants g, and gy. ga and gs were determined from 
the life times of A and &, and it was found that they agree within the 
experimental error 


Recently, FEYNMAN and GELL-MANN (') showed that there exists a remark- 
able universality in the coupling constants of various lepton processes. In 
this note we shall show that a similar universality seems to exist in the non- 
leptonic decay interactions of hyperons. 

If we assume that 


a) the spin of the hyperon is 4, 
b) the AI=#4 rule holds, 
c) T-invariance is satisfied, 


d) the coupling is of derivative type, 


(1) R. P. Feynman and M. Geti-Mann: Phys. Rev., 109, 193 (1958). 
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the decay hamiltonians for A and & are given as follows: 

i) for the A-decay: 
(1) Hy =V3G,4{V 20 pyyh + eys)¥a’ OP — PuVy (1 + e¥s) Pa‘ OP} + he © ; 
where g, and « are real, and x is the Compton wave length of the pion. e is 
restricted to be +1 since the asymmetry factor in A —+p-+7- is nearly 


unity. «/% comes from the Clebsch-Gordon coefficient. We shall write it ex- 
plicitly for later purposes. 


ii) for the X-decay: 


» Pst 
i os 
(2) = — Ve Is Poul + e7s)(Ougts Ong, Cny-)* (L, — 2) [>= _ 


Yur 
— Pyyy(L + EV5)(Oug*, On Ps Ce I; | + 


Yu 
os Y= 
1 I — f aie as] — 
a \/3 92%) Pryv(l + € V5)(Ouprs Ou”, OnP )* | Ys, +h.c., 
Ys- 


/ . 
where gs, Jy, € and é’ are real'as before, and J,, I, and I, are given by 


0 —1 0 0 a 0 
il at 
1 Va ) 2 aE: v v 
0 ib 0 0 a 0 
iE 0 0 
and, I, = |0 0 0 
0 0 —1 


Vi 1 and Vi 1 come from the Clebsch-Gordon coefficient as before. Experimental 
data on the asymmetry factor (?) (7; ~%- 0, % ~-+1) impose the restric- 


(2) Private communication from M. Miyazawa. 
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tions e' =—e, e= +1 and g,=+ 9,/V/2: It can be shown that under the 
assumptions a)—-d), this is the only one that is consistent with experimental 
data concerning the asymmetry factor, so long as we assume that the effect 
of the pion cloud is not so large (*). 

It is satisfying that (2) gives 


Lt+>p+-7° 
Ss) d ee 
St+>n+ nt ie T-n8 


Therefore, (2) is consistent with all data concerning the &-decay (**). 
Decomposing (2), we get as the decay hamiltonian for 4+: 


AL ot —— 
fot |/ 3 JE*LPoyull + e¥s)Pat* Cup +V2 PxVu Pat Cup™ + 
+ 4/2 EWxYuVsPs-* Oup} + hve. for Is: = 9z/V2; 


if oh = 
Hy = \/3 Jxx {PoVu(1 aie EYs)Put* Op? + »/2 EPrY yYsPxt* Onp* + 
| V2 Pw ups-' Op} + be. for gx =—gz/V2- 


Using (1) and (3), we get easily 


ee ecb 
Ee els +2 SR 4 ts) 
and 
(Pz-e)? ie ' 
o Lg 
=O" LEE seems Oo eee, 


where E,, Hs, P, and Py- are energy and momentum of the emitted pion 
(Z% corresponds to A+n-+7° and so on), and m,,- are their rest energy. 


(*) Contrary to this, TakepA and Karo (3) tried to explain this asymmetry factor, 
starting from A—V (or A+V) interaction, by assuming that the effect of the pion 
cloud is large. 

(*) G. Taxepa and M. Karo: Prog. Theor. Phys., 21, 441 (1959). 

() (2) was given by Nakacawa and Umezawa (‘). 

(4) K. Nakacawa and K. Umezawa: Nuovo Cimento, 10, 911 (1958); K. Naxa- 
GAwa: Nuclear Physics, 10, 20 (1959). 
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M,, M, and M,- are the rest mass of the nucleon, A and x, and terms of 
order (u/M,c?)® or smaller were neglected against unity. 

From (4) and (5) we get, using t, = (2.60*018)-10-" 8 and ts- = (1.72 7930)" 
«19-10 8, (°) 


(6) gihe = (6.5 + 0.7)-10-% , 
and 
0.91 + 0.07 for J, =J9x/V2 ("), 
(7) Gal9s] = ‘ 
1.08 + 0.08 for 9; =—9z/V2 - 


Thus, we see that g, and gs agree within the experimental error, and there 
seems to exist a remarkable universality. 
The decay hamiltonian for = is given as follows (™) 


i - 4 
(3)  Hs= V5 gar {/2Payull + evs)Ys-" Oy — Payull + e7s)Par* Cup} + h. ¢. 


by exactly the same way as before. From this we get, in the same approxi- 
mation as before, 


i 4 (g2\ M, Ps-e { 2 Peo 3) 
ay ea : : 9 il ‘ 
(9) TS - 3 (=) M=z h is ; pe a Myc? 


a 


From (8) we get, if we assume that the same universality can be extended 


Canal 


to the decay of & and take g-=9,, 
(10) tq = 2.2-10-% 8. 


The universality suggested here, which asserts that the coupling constants 
of the weak interactions between pion and baryon are all the same, may be 


(5) D. A. GrasEeR: Report of 1958 Annual International Conference on High Energy 


Physics at OBRN. ’ 
(*) These two cases can he discriminated from the angular distribution of the 


emitted pion. In the first case, n+ in Ut—n + 7 is emitted in the S-state and 7 in 
>-+n-+7- in the P-state. In the latter case, this is reversed. 
(**) From (8) we get at once 


T=0/Ta- == 2. 


This may be used as another test for the AI= } rule. 
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regarded as an analogue of the global symmetry of GELL-MANN (°), which 
asserts that the coupling constants of the strong interactions between pion 
and baryon are all the same (*). 


(°) M. GELL-Mann: Phys. Rev., 106, 1296 (1957). 

(*) This universality has been supposed by several authors (’). The emphasis of 
this note is that it is made more clear by taking into account the Clebsch-Gordon 
coefficient explicitly. 

(7) For example, H. Umezawa: Prog. Theor. Phys., Suppl. no. 7, 67 (1959). 


RIASSUNTO (*) 


Se si assume la regola A=} e si fanno ulteriori plausibili ipotesi, si possono deter- 
minare le interazioni di decadimento per le A e le &, fatta esclusione per le costanti 
di acecoppiamento g, e gy. Le ga e le gs sono state determinate dalle vite delle A 
e delle %, e si & trovato che esse concordano entro i limiti degli errori sperimentali. 


(*) Traduzione a cura della Redazione. 
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A Method for the Measurement 
of the Nuclear Transversal Relaxation Time. 


G. Boner, L. Curopr, L. Grutorro and G. LANZI 


Istituto di Fisica dell? Universita - Pavia 


(ricevuto il 29 Maggio 1959) 


Summary. — A method for measuring transverse relaxation times in 
liquids is described. The method is based on the observation of the decay 
of the nuclear magnetization when it precesses in a plane perpendicular 
to the constant magnetic field. This condition is realized by stopping 
the variation of the constant magnetic field during a fast adiabatic passage 
at a proper time. The constant magnetic field is modulated with a saw- 
tooth current from a relaxation oscillator and an amplifier. When the 
voltage induced by the nuclear precession reaches a fixed value the 
relaxation oscillator is stopped with a delay such that the constant field 
stops its variation at the value for which the signal has the largest 
amplitude. Measurements have been made on some pure liquids and the 
preliminary results indicate that the values of T’, are very close to those of 7. 


1. — Introduction. 


Various methods have been used previously in nuclear magnetic resonance 
to measure the nuclear transverse relaxation time T,. 

If the constant magnetic field H, is sufficiently homogeneous and T, is 
sufficiently small, it is possible to deduce the value of 7, from the line-width 
of the signal. The value of 7, is in general too large in the case of liquids for 
this method to be applicable. 

A well known method is that of « spin echoes » due to HAHN (#). It consists 
in applying to the sample two brief and intense r.f. pulses so that the first pulse 


a 


(1) E. L. Haun: Phys. Rev., 80, 580 (1950). 
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brings the nuclear magnetization into the vy plane, normal to the direction 
of the constant magnetic field, and the second pulse causes the nuclear mag- 
netization to turn of 180°. If 7 is the time interval between the two pulses, 
after a time t from the second pulse one observes an « echo » signal due to the 
fact that the nuclear magnetizations of the various parts of the sample have 
become in-phase again. Increasing the time t between the pulses one obtains 
a sequence of echo signals whose amplitude decreases exponentially with 
time constant 7,. In the case of liquids where 7, is quite large, measurements 
of T, with Hahn’s method can be affected by self-diffusion phenomena. 

Some considerable improvements to the spin echo method have been intro- 
duced by CARR and PURCELL (2). They take into account self-diffusion pheno- 
mena and are able to measure indirectly the diffusion constants of some 
liquids. 

A further improvement was made by MeErsoom and Gru (*). The pulse 
sequence is identical to the one proposed by CARR and PURCELL, but the r.f. 
of the successive pulses is coherent and on the first pulse a phase shift of 90° 
is introduced. With this method quite large values of 7, can be measured. 

Measurements of 7, by the spin echo phenomena have been also carried 
out by SoLomon (4) and by POWLES and CUTLER (°). 

Two other methods to be recalled are due to TORREY (*) and GABILLARD (7). 
Torrey’s method consists in submitting the sample to a sharp-fronted pulse, 
which remains constant during the time of the observation of the signal. The 
signal looks then like a damped oscillation, due to slow changes of the nuclear 
magnetization about the effective field H,,, (RABI, RAMSEY and SCHWINGER (§)). 
At the resonance condition the time constant of the decay of the signal is 
given by 2[1/7,+1/7,]"* and when 7, is known, T, can be determined. 
Torrey’s method is limited by the inhomogeneity of H, and of H, (rotating 
field) and is applicable in practice only when 7,<10~? 

Gabillard’s method is based on the observation of transient phenomena. 
When one passes through resonance in a time short compared to 7, and T, 
and with small oscillating fields, one observes damped oscillations of increasing 
frequency called « wiggles », studied by JACOBSOHN and WANGSNESS (°). If the 
constant field H, is very homogeneous the « wiggles » decay exponentially with 


om 
iw} 
— 


H. Y. Carr and E. M. Purceti: Phys. Rev., 94, 630 (1954). 
S. Merpoom and D. Ginx: Rev. Sei. Instr., 29, 688 (1958). 

I. Sotomon: Phys. Rev., 99, 559 (1955). 

J. G. Powrzs and D. Curier: Arch. des Sci., 11, 209 (1958). 
M. C. Torrey: Phys. Rev., 76, 1059 (1949). 
Raw, 
al 
B. 


on - eo 


ee ee 
[--) 
~~ we ewe wy we wa 


a 


ABILLARD: Compt. Rend., 283, 39 (1951). 
I. Rapi, N. F. Ramsey and J. Scowincrr: Rev. Mod. Phys., 26, 167 (1954). 
A. JAcOBsoHN and R. K. Wanasness: Phys. Rev., 78, 942 (1948). 


oe 
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time constant 7T,. When one passes again through the resonance condition 


before the signal has decayed completely, the amplitude of the signal will 


increase to decay again with time. GABILLARD has shown that the ratio of 
the amplitudes before and after resonance is given by exp[t,/27,], with 
tm = period of the sweep modulating the constant field. From this T, can 
be easily obtained. Because of the self diffusion of molecules in liquids Ga- 
billard’s method is limited to values of 7, less than 0.18. 

Another method similar to Gabillard’s method has been developed inde- 
pendently by BRADFORD, CLAy, StRicK and CraArrT (™). Methods based on 
transient phenomena to measure 7, have been also used by GOODEN (*') and 
SALPETER (!”). 

In the present paper we describe a method for measuring T, which consists 
of stopping a rapid adiabatic passage while the nuclear magnetization is pre- 
cessing in a plane perpendicular to the constant magnetic field H,. We observe 
then a signal which decays exponentially with time constant T,, under certain 
conditions rather easy to realize in practice. The main advantage of this 
method ig that, if H, is large enough, a small inhomogeneity of H, does not 
greatly affect the measurement of 7,. Furthermore the measurements of 7, 
in this case are not affected by self-diffusion phenomena. 

Another way of bringing the nuclear magnetization into the xy-plane in 
order to measure 7, consists in applying to the sample a pulse of 90 degrees 
with a phase shift of 2/2 with respect to the radiofrequency, which produces 
the field H,. This method has been recently used by SOLOMON Cs 

Before we describe in detail the method we propose for a measurement 
of T,, we recall the conditions under which a rapid adiabatic passage takes 


place: 
dH. 
(1) ae) <a 
H, dH, H, dH, 

@) 7<| ene re nar 
from which follows 

iy if 
(3) — < vy, ; cio yH, : 

1 


Let us consider a system of cartesian axes a’, y', #, (2 = 2), rotating with 


(°) E. Srrick, R. BRaDrorD, C. CLAY and A. Crarr: Phys. Rev., 84 363 (1951). 
(1) J. S. Goopen: Nature, 165, 1014 (1950). 

(2) E. E. Satpeter: Proc. Phys. Soc. (London), A 68, 337 (1950). 

(33) I. Sotomon: Compt. Rend., 248, 92 (1959). 
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the same frequency as the field H, (*). With respect to such a reference 
the effective magnetic field H,,, whose components are H,, 0, H)—o/y, 
reverses during the passage through 
resonance. Since in the adiabatic 
rapid passage the magnetization is 
always oriented parallel to H,,, also 
it is reversed and its modulus is 
unchanged. 

The signal observed is propor- 
tional to the component of the ma- 
gnetization along #’; so one finds 
directly the equation given by 


Uj 
| 
| 
| 
! 
| 
| 
t 
t 
| 


fi 


Fig. 1. — Full line: signal due to a 
rapid adiabatic passage. Broken line: 
decay signal when the passage is stopped 


at resonance. Buiocu (14) for such a passage: 
1 yH,— ow 
M e t — ——S— — 0 e 
et) = aa where é Scie 


The signal reaches its highest value at resonance (6=0) and has the 
shape indicated with a full-line in Fig. 1. 


2. — The stopping of a rapid adiabatic passage. 


Let us see what happens when one stops a rapid adiabatic passage, stopping 
the variation of the magnetic field H, when it reaches the value H,(t')=H’. 
Let us suppose in general H'~ H*, where H* = w/y 
is the resonance value. 3 aM,: 

The effective field and consequently the ma- 
gnetization M will stop in a direction forming 
with the 2’ axis an angle 


: HH. 
(4) 6’ = are es a : 


: ; Fig. 2. — If M is pointed in 
It can be easily seen that after the stopping tho direction of Hy, velaxa- 


of the passage the effect of the relaxation will be tion effects cause only chan- 
to change the modulus of the magnetization ges of its modulus. 
and not the direction. 

For this reason the rate of change of M is (see Fig. 2) 


dM (dM, VAM; Se. 
“ar = (az) c080'+ (S37) sino", 


(4) F. BLrocu: Phys. Rev., 70, 460 (1946). 
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where 
aM, 1 dM, 1 
ae EN a a 


are the components of the rate of change of M far from resonance. Noticing 
that M,—=M sin6’ and M, = M cos 6’, the above expression can be written: 


* 9 A! : ' 
ede +o 


1 | Va 
“dt T, T, — T M, cos 6’. 


1 


The general solution of the above differential equation is: 


(5) M(t) = A exp ° (7, sin? 0’ + + cost a‘ i= 0| ne 
ns iT; 
: (1/7,)M, cos 6’ 
" (1/72) sin? 6’ + (1/7) cos? 6!” 


In particular, if the magnetic field is stopped at the resonance for which 
6’ = 90°, the component of M along 2’ is 


M(t) = M(t) = M(t’) exp[— (¢—#)/T] 


and the signal approaches the value 0 with time constant T,. 

This result could have been easily predicted from the fact that the mag- 
netization at the resonance lies in the plane wy and will be affected by the © 
transversal relaxation only since it must stay on that plane. 

The nuclear signal one obtains in this case after the adiabatic rapid pas- 
sage has been stopped is represented by the broken line of Fig. 1. This por- 
tion of the signal (decay signal) makes it possible to obtain directly the value 
of the transversal relaxation time T,. 

Equation (5) indicates that generally, when the magnetic field H, has been 
stopped at the value H’, the modulus of the magnetization approaches the 
limiting value 


(1/74) M, cos 6" 
~ (1/,) sin? 0’ + (1/71) cos? 6" ’ 


(6) M, 


with time constant 7 given by 


1 
T; 


1 
sin? 0’ + re cos? 6’. 
1 


Ry) 


(7) 
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The limiting value M, will be called « residual magnetization ». It can be 
easily seen that the vector M,, as the angle 6’ varies, describes an ellipse passing 
through the origin, whose major semiaxis, oriented 
along the 2’ axis, has the value M,/2 and whose 
minor semiaxis has the value (M,/2)(7./7,)? 
(see Fig. 3). 

If we project M(t) given by equation (5) on the 
x’ axis we obtain in the general case, the shape of 
the nuclear signal after the field has been stopped: 


“3 (8) M(t) = M(t) sind’ = 


oR 

Seal — A sin 6’ exp[— (t—v')/T]+ M, sind’, 

Fig. 3. — Residual magneti- 

zation as a function of 6’. where A= M(t')— M,. 
The signal will approach a limiting value h,, 

which we will call the «residual signal », with time constant 7 given by equa- 

tion (7). The residual signal h, is proportional to 


(1/7,)M, cos 0’ sin 0’ 
(1/72) sin? 6’+ (1/7) cos? 6! ° 


(9) Mra = 


If we put cotg@’= 6 into equation (9), we obtain: 
(10) Mi al, ih te 
Tf) hom 7 62k TUE. . 


M,, varies with 6 as indicated in 
Fig. 4 and assumes the extreme values 
a (M,/2)(T2/T1)* for 6=+ (7,/T.)* (*). 
We have drawn by a broken line in 
Fig. 5 and in Fig. 6 the decays of the 
signal in the cases when the field is 
stopped before resonance (6 > 0) and 


after resonance (6 < 0) respectively. Fig. 4. — Residual signal as a function of 6. 


(*) It can be noticed that equation (10) coincides with the expression for the 
component of the magnetization in the ay plane, given by Brocn (14) for the case 
of a slow adiabatic passage under conditions (3). 

This coincidence is not surprising because, when the oscillating field is strong 
enough, a slow passage can be regarded as obtained by a succession of small rapid 
variations of the magnetic field H, in which the magnetization reaches its equilibrium 
value after every small variation of the field. 
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In principle it is possible to measure separately 7, and 7, stopping the rapid 
passage out of resonance. In fact the shape of the decay signal gives the 
value T of equation (7). Furthermore if we compare the value h, of the re- 


Fig. 5. — Full line: signal due to a rapid Fig. 6. — Full line: signal due to a rapid 

adiabatic passage. Broken line: decay adiabatic passage. Broken line: decay 

signal when the passage is stopped be- signal when the passage is stopped after 
fore resonance. resonance. 


sidual signal with the value h, the signal reaches in a normal rapid adiabatic 
passage when M has reached its equilibrium value M,, we obtain from equa- 
tion (9) 

| Viet ce (1/7) cos 6’ sin 0’ 


oo ho M,  (1/T,) sin? 6’ + (1/T,) cos? 6’ ° 


When one passes periodically through resonance with periods not very great 
with respect to T,, one can still calculate h, from the value of the signal h,, 
smaller than h, (15). Finally, noticing that the value h’ of the signal at the 
time the field is stopped is proportional to 


M,(t') = Mit’) sin 6", 


we can obtain 


' (fee M,,(t’) hr 
(12) gin 0! = MCE 


From equations (7), (11) and (12) it® is then possible to obtain 6’ and 
both relaxation times 7, and T,. 

It must be pointed out, however, that the procedure described above does 
not allow great precision and requires a knowledge of hj. It seems better to 
make use of two records, one in which the passage is stopped at resonance, 


the other with the passage stopped out of resonance. From the two decay 


(5) G. CutarottTi, G. CRISTIANI, L. Grutorro and G. Lanz: Nuovo Cimento, 
12, 519 (1954). 
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signals one can obtain 7, and ZT, without knowing h, and h,. However it is 
still preferable to obtain 7, separately with a different method described else- 
where (1%). 


3. — Limitations to the use of the method. 


To apply successfully the method described it is required that H,, be 
homogeneous in the sample. This is the case when the oscillating field is uni- 
form in the region of the sample and when the condition 


(13) | H, > AH, 


is satisfied, where AH, is the inhomogeneity of the constant magnetic field 
in the region of the sample. 

To measure 7, in pure liquids the method described seems preferable to 
the method of spin-echoes, since it is not limited by self-diffusion phenomena. 

Condition (13) may not be difficult to satisfy. It is always easy to check 
if condition (13) is satisfied. In fact let us suppose that condition (13) is not 
satisfied and let us imagine separating the sam- 
ple into three equal parts,,.each of which is 
subjected to a uniform magnetic field H, — AH,, 
H,, H,+ AH, respectively. Let us suppose we 
stop the passage when the signal has reached 
its highest value. At that time the positions of 
the three magnetization vectors M,, M,, M,, 
corresponding to the three parts of the sample 
are those represented in Fig. 7. After a time 
long with respect to 7, and T,, M, will become 
6 while M, and M, will have become M,, 
Fig. 7. — Simplified model of and M,, respectively. The residual signal will 


the behavior of the nuclear be equal to 0 also in this case as when 

magnetization of the different AH, < H,. 

parts of the sample after the 
stopping of passage. 


However the presence of appreciable in- 
homogeneity can be detected by starting 
again the passage through resonance. 

No signal takes place if the inhomogeneity of H, is negligible; an « exit 
signal» takes place when this is not the case. The exit signal is due to the 
fact that. M,, tends to orient itself in the positive direction of the 2’ axis and 


M,, tends to orient itself in the negative direction of the 2’ axis when one goes 
out of resonance. 
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In practice one can consider that condition (13) is obeyed when, stopping 
the passage at resonance, and starting it again after a time long compared 
with T,, no exit signal is observed or the height of the exit signal is less than 
1/20 of hy. 

However it is not convenient to use very strong oscillating fields, since 
the value of 7, can be dependent on H,, when this is of the order of the local 
field errr), 


4. — Experimental apparatus. 


The principle on which the present device is based is that of using the 
nuclear signal due to a rapid adiabatic passage to stop the passage when the 
nuclear magnetization precesses in 
the xy plane, perpendicular to the di- 
rection z of the constant magnetic 
field. Precisely, let us consider a 
nuclear signal due to a rapid adia- 
batic passage as indicated in Fig. 8 
(full line). When the height of the fee ee 
signal has reached a certain value h* At 
a special discriminator connected to Fig. 8. — Full line: signal due to a rapid 
the vertical deflection plates of the adiabatic passage. Broken line: decay 
oscillograph gives a pulse. The pulse signal. 
is delayed by a time At by a delay 
circuit and sets a special device to stop the variation of the current in the 
modulating coils. The delay time At is determined in such a way that the 

modulation current is stopped at re- 


gonance or eventually before or after 
reaching the resonance. The block 
diagram to illustrate the experi- 
mental apparatus is given in Fig. 9. 


Fig. 9. — Block diagram of the experi- 
mental apparatus: A) high frequency 
generator; B) r.f. head; @) r-t. ampli- 
fier and detector; D) d.c. amplifier 
(including the d.c. amplifier of the oscil- 
loscope); EH) oscilloscope; F) discriminator; @) delay circuit; J) generator of the 
modulating current with stopping device 1); L) modulating coils. 


(6) A. G. REDFIELD: Phys. Rev., 98, 1787 (1955). 
(7) N. BLomMBERGEN and P. Soroxin: Phys. Rev., 110, 865 (1958). 
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The transmitter with the phase shifter, the radiofrequency head and the 
magnet are similar to those described in another paper (’). The only signi- 
ficant difference concerns the modulating coils which are now placed on the 
walls of the radiofrequency head in order to obtain a modulating field in 
phase with the modulating voltage. We describe here in some detail the other 
parts of the experimental apparatus. | 


4°1. Receiver. — The receiver consists of two r.f. tuned amplifying stages, 
a diode detector and a d.c. amplifier (Fig. 10). 

The coil L;, variably coupled to the coil L,, allows a positive or negative 
feedback to the second 6AK5 tube. A microammeter measuring the diode 
current is used to tune the amplifying stages. When it is aligned the micro- 
ammeter is used to regulate the level of the leakage in the receiving coil in 
order to avoid saturation in the first rf. stage. The output of the detector 
is directly connected either to a d.c. amplifier or also directly to the d.c. ampli- 


> fier of the ¢.r.o., when the signals are quite strong. 


We may also connect the detector output to a two stage a.c. amplifier. 
The latter is preferred, out of practical convenience, in checking operations, 
principally in order to facilitate the regulation of the phase of the leakage in 
the receiving coil. 


4°2. Nuclear signal recording. — The horizontal sweep of the ¢.r.o. can be 
driven by a voltage delivered by the modulating current generator itself. In 
this manner the observation of the rapid adiabatic signals becomes quite easy 
and the discriminator and the delay and stopping device of the modulating 
current can be easily adjusted as desired. The nuclear signals can be recorded 
with a photographic apparatus or with a high speed pen recorder. 


4°3. Modulating and stopping devices. — A first attempt to stop the pas- 
sage at resonance has been made modulating the constant magnetic field 
with an electrolytic bridge analogous to the one described and used in the 
measurement of 7, (7°). 

Actually we adopt a modulating device, in which a relaxation oscillator 
is used. The saw-tooth generator indicated in Fig. 11, allows to obtain sweep 
periods between 0.2 and 80 seconds. To stop the variation of the modulating 


‘magnetic field the charging of the condenser ©, of the relaxation oscillator 


can be stopped at the proper time by a relay NS. 

An electromagnetic relay can be used if the relaxation times to be measured 
are sufficiently long. To measure small values of 7, the electromagnetic relay 
should be replaced by a special electronic relay. 

The modulation coils are connected between the cathodes of the power 
stage and a potentiometric circuit. In. this way we can adjust the potentio- 


9 - Il Nuovo Cimento. 
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meter so that the modulating current at resonance is very small in order to 


avoid inhomogeneities of the constant magnetic field due to the modulating 
current. 


+450 reg. 


+150 reg. 


O 6/5 


O 

aoe 

rag hs! 

nae Be 

fs O | 

aa y R, 
VR75 
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Fig. 11. — Cireuit diagram of the. modulating current generator. 


i 


R,- 2.7MQ BR, 232 ko Bax. § 2000 
R,- 3.9MQ RB, 47k Rese lowe 
R;- 8.2MQ R, -10kQ Ry- 100kQ 
R,-1T) MO Bel IEG CO, sor 
R;-35 MQ Ry- 402 Oye 1uF 
CO; — 10000 pF 


S relay (see Fig. 12); 1 to modulating coils; 2 to horizontal deflection amplifier of 
the c.r.o. Heating supplied by a 6 V storage battery. 


4°4. Discriminator and delay circuit. — Let us describe now the discrimi- 
nator and the delay circuits (Fig. 12). The grid of a thyratron V, is con- 
nected to the vertical plates of the c.r.o. through a buffer stage V,. The re- 
sistor &, increases the input impedance so that signals on the c.r.o. are not 
distorted by the discriminator. The potentiometer R, regulates the firing 
potential of the thyratron V,. The thyratron V,; is connected in series with 
the electromagnetic relay S which stops the relaxation oscillator. V, is trig- 
gered after a delay with respect to V,, which depends on the values of R, 
and R, and of C, or ©, or C; and also depends on the voltage from the bat- 
tery B;. 

With the values of B,, R;, Rg, Ci, C2, Cs; indicated in Fig. 12 it is pos- 
sible to control the delay time in the range between 3 and 10-*s. 

To avoid disturbance of the signals on the c¢.r.o. it was found convenient 
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to supply this device with separate batteries. It is also convenient to sta- 
bilize the voltage of these batteries in order to obtain delays independent of 
the conditions of the batteries. 


Fig. 12. — Diagram of the discriminator and delay circuit. 
R,- 1.5 MQ R,-50 KQ B,-12 V 
R,—39 KQ R,-50 KQ B,- 6 V 
R,-18 KQ C,- 0.1 uF B, — 67.5 V 
R,-12 KQ O,- 0.3 uF V,— 6C4 
R;- 1 MQ Ot uk V,— PL2D21 


V, - PL2D21 


8 relay (see Fig. 11); 1 to vertical deflection plates of the c.r.o. Heating supplied 
by a 6V storage battery. 


45. Some improvements introduced in the device for the measurement of T,.— 
For a correct interpretation of the record the strong magnetic field should 
remain rigorously constant after the stopping of the passage. In practice the 
constant magnetic field can change slightly after the stopping because of the 
following two effects. 

A first cause of instability of the constant field after stopping can be a small 
spontaneous discharge of the condensers used in the relaxation oscillator. The 
spontaneous discharge can be easily observed and controlled on the oscillo- 
graph and can be compensated delivering to the condensers a very small 
current: this can be done with a very high variable resistor in parallel with 
the relay contacts. We have used a resistor variable between 7-108 and 10% Q. 
This resistor consists of a dise of nylon sponge between two metallic electrodes 
one of which is convex. The variation of the resistance is obtained by means 
of a screw which varies the distance between the electrodes. 
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There ig another cause of instability of the magnetic field after stopping, 
which may be more important. It is due to the fact that not all the lines of 
force coming out of the system of the two modulating coils close themselves 
in the air gap but a part of them cross 
the iron of the electromagnet. This 
part of the flux follows the modulating 
current with a certain delay so that, 
when the modulating current is stopped, 
the magnetic field still varies in the 
same direction. The effect on H, can be 
appreciable even a few seconds after 
the variation of the modulating current 
has been stopped and may cause re- 
markable deformations on the decay 
signal. The delay by which that part 
of the flux through the magnet follows 
the modulating current is due mainly 
to the current induced in the energi- 
zing coils of the magnet. — 

This inconvenience can be reduced 
by increasing the distance between the 
modulating coils and the pole: faces. 
This can be done but there are practical 

: 2 : limitations. An artifice which has been 
Fig. 13. — Experimental arrangement for found very effective consists of pre- 
checking the decoupling coils. A) modu- 
lation current generator; B) field coils; Venting the modulating flux from pas- 
C) decoupling coils; D) r.f. head with sing through the magnet, with the use 
modulation coils H; F) c.r.o.; G@) field of special decoupling coils C placed on 

coils power supply. the poles (Fig. 13). The decoupling 

coils are connected in series with the 

modulating coils in the r.f. head so that the modulation current flows through 

them in the direction opposite to that of the modulating current. The num- 

ber of turns of the decoupling coils is found by trial so that if an a.c. flows 

through the system formed by the modulating coils, an oscilloscope connected 

across the terminals of the energizing coils of the magnet detects a negligible 
induced voltage. 


g VA 
y y 
A Z 
g y 
y Z 
Z % 
G j 
y y 


5. — Some experimental results. 


We have recorded a large number of nuclear signals after stopping a rapid 
adiabatic passage near the resonance. The main purpose of these records was 
to test the experimental apparatus and to confirm the prediction made in the 
second part of the present paper. 


3036 


A METHOD FOR THE MEASUREMENT OF THE NUCLEAR TRANSVERSAL ETC. 133 


In a previous paper (1°) we described the various aspects of the signal 
obtained in a rapid adiabatic passage. In particular with a sinusoidal sym- 
metric modulation of the constant field with respect to the resonating field, 
one obtains a succession of signals of the same amplitude and alternatively 
up and down. 

However, if the modulating current generator consists of a relaxation oscil- 
lator followed by an amplifier and the recorder runs with the proper speed 
the return signals are so fast that they cannot be detected. For this reason 
with ‘a saw-tooth modulation of H, we obtain a succession. of signals of the 
same amplitude and all at the same side. 

In Fig. 14 we reproduce three typical records obtained with the saw-tooth 
generator, with the device to stop the passage used with three different delays. 
Each one of the three records 1, 2 and 3, contains the signal of a regular 
adiabatic rapid passage. 


i C 
B H 
; | 
A G 
\ 
S D 
2 u 
A c 
| \ 
B 
3 : D 


Fig. 14. — Decay signals in three typical cases. 


This signal reaches its maximum in A). After this signal we can observe 
in the three records the signal of an adiabatic rapid passage stopped in (). 
Between the two signals there should exist in B) a return signal which is not 
visible however. In record 1 the stopping of the passage at () is made before 
reaching the resonance; in record 2 the stopping takes place at resonance; 
in record 3, some time after the resonance has been reached. 

Ag predicted in Section 2 of this paper, in 1 the decay signal tends towards 
a positive residual signal; in 2 the signal tends to zero; in 3, to a negative re- 
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sidual signal. At D) the passage starts again. We can then notice a rapid 
disappearance of the residual signal. In 1 the disappearance of the residual 
signal is preceded by a quite large signal due to the fact that the passage had 
been stopped before reaching the resonance. 

Even in 2 there is a small exit signal due to the inhomogeneities of the 
field, as discussed in Section 8. 

Some preliminary results have been obtained for the longitudinal and 
transverse relaxation times of some liquids. In particular we have obtained 
for water T.—3.1s at a temperature of about 20°. This value of T, coin- 
cides within the experimental error with the value which we found for 7, at 
the same temperature (18). We also find values of 7, coinciding with values 
ot T,, within the experimental error of other pure liquids, in agreement with 
the more recent developments of the theory of relaxation in liquids (*°°?****) 
and with some recent experimental results obtained by SOLOMON (?*). 


* KO 
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RIASSUNTO 


Si descrive un metodo per la misura del tempo di rilassamento trasversale. I1 metodo 
é basato sulla osservazione del decadimento della magnetizzazione nucleare quando 
essa precede in un piano perpendicolare al campo magnetico costante. Questa 
condizione é realizzata bloccando, al momento opportuno, la variazione del campo 
magnetico costante, durante un passaggio veloce adiabatico. Il campo magnetico co- 
stante é modulato con una corrente a dente di sega, generata da un oscillatore a rilas- 
samento seguito da un amplificatore. Quando la f.e.m. indotta dalla precessione nucleare 
raggiunge un valore prefissato, l’oscillatore a rilassamento viene bloceato con un ritardo 
tale che la variazione del campo magnetico costante sia arrestata al valore per il 
quale il segnale ha la massima altezza. Sono state eseguite varie misure su aleuni 
liquidi puri ed i risultati preliminari indicano che i valori di 7, sono molto prossimi 
al valori di T,. 
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A. H. KLOTZ 
Rutherford College of Technology -Newcastle wpon Tyne 


(ricevuto il 1° Giugno 1959) 


Summary. — A unified field theory is developed from a generalized metric 
involving skew symmetric tensor elements. The field gravitational equa- 
tions of an empty world together with the set of Maxwell’s equations 
independent of electromagnetic vector potentials are derived from 
modified affine relations based on the geodesic equations. The invariants 
suggested by the above are used in an action integral variation similar 
in form to Infeld’s and Plebanski’s (1) to obtain the most general relations 
consistent with their work on electrodynamics without vector potentials. 
Invariant equations resulting from a contraction of these offer a pos- 
sible empirical test of the action invariants used in unified field theories. 


1. — Introduction. 


Binstein’s Unified Field Theory (2?) was shown by M. IKeEp4 (*) to yield 
equations of motion of a test particle which were independent of the electro- 
magnetic tensor gy, to the first order of small quantities. To remedy this defect, 
G. STEPHENSON and C. W. Kitmister (‘), proposed adoption of the metric 


ds = — A,, da + V Guy dct da? , 


with symmetric metric tensor g,, as the starting point of a new Unified Field 
Theory. (mj c?/e)A, is to be identified with the electromagnetic four vector 


) 
(2) A. Einstern: Meaning of Relativity (1954), App. IT. 
(3) M. Ikepa: Progr. Theor. Phys., 7, 127 (1952). 
(4) G. SrePHENSON and C. W. KILMISTER: Nuovo Oimento, 10, 230 (1953). 
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potential so that the theory depends on its use a priori. Thus it appears to 
exclude the work of INFELD and PLEBANSKI ('), on electromagnetism without 
potentials. In the present work I shall endeavour to construct an analogous, 
affine theory which avoids this difficulty. 

Our point of departure is in the assumption that the fundamental metric 
relation should depend explicitly on the skew symmetric part of the metric 
tensor. The latter takes then, necessarily, the form 


(1) ds? = a, dx" da” + @,,d,8"” , (4, v= 1,2, 3.49 


where 4, = + 4,19 Puy = —Pyi, d,s” is a skew symmetric, infinitesimal tensor 
whose character as a second order quantity is indicated by the suffix «2». 
This element may be regarded as a two dimensional area associated uniquely 
with any two given world points. A physical interpretation of it appears pos- 
sible in three dimensional space with separate (not to say absolute) time scale. 
Since geodesics are to represent paths of material particles the usual Principle 
of Uncertainty will apply. Instead of a sharply defined path of a test particle 
between two points of the world A,, A,, we should obtain a bundle of pos- 
sible tracks surrounding A, and A, as a tube. Any cross-section of this tube 
will serve our purpose. «d,s» thus appears as a four dimensional generali- 
zation of this concept. 


2. — Geodesics of the world. 


The geodesics joining any two points A, and A, of the world are obtained, 
in the usual way, from the variation 


pas =, 


the integral being taken from A, to A, along the curve, and the metric (1) 
is used. In integration by parts, the integrated terms will be assumed to 
vanish at the boundaries. 

The variation gives 


eh et Sat d,84” — d@yy 0,8” 
0 = [0 ds {(- [ur, AJ a Ong B*) +5 (ons 7 ae a sai } 9 


where d,s” is written for d,s”’/ds and [uy, 4] are Christoffel brackets of the 
first kind formed from a,,. Since Sx is arbitrary, the differential equations 
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of the geodesics become 
(2) ert {? | amar + av’ Fp, oP = 0 ; 
aad 


where $4” = 0,5""/dx? in 


ey, ayy Ly 
F,, Tee (Puv,6 8a Puy. d 53) : 


If Fz, is identified with the electromagnetic tensor, the equations (2) yield, 
in the absence of gravitation characterized by the potentials @,,, the Lorentz 
equations of motion of a charged particle. 


3. — Field equations. 


We obtain the field equations in the way similar to that in which Hinstein 
formulated both the theory of general relativity and his unified field theory. 
Accordingly we adopt as field equations, at least of an empty world, the 
vanishing of contracted, generalized « curvature » tensors. Geodesic equa- 
tions (2) suggest the following form for the relationship analogous to the affine 
equation: 


(3) §At=— [4 At da” — FU A* ds , 


where ao Ey and A, is any vector. Indeed, if J’, are assumed to be 
symmetric it is possible to identify 


Consider next the difference 


A= dasa*— sad", 


where «d» and «5» are two distinct operators of parallel transfer (¢.g. (ye 
If we let «d» refer to differentiation with respect to a and «5» to differen- 
tiation with respect to x” we obtain 


Ae, Be he Le Vip et dat 8a" 1 


LY, % 


a? 


+{— Fe 4+ 08 Fe ln FP} A¥ da” 3s + Pi, Pebat le F*} A" da"ds , 


having assumed that dda*= dda", d3s—3ds. Thus sufficient conditions of 


(5) T. Levi Crvira: Absolute Differential Calculus (London), (for general reference). 
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integrability in our world are given by two tensor equations: 


(4a) BY Sel el ee ee ee 
(4b) Be Ee a pee Os 


The conditions are also necessary providing 3s does not vanish with da”. This 
is contingent on the particular interpretation of the area element d,s”. The 
field equations become 


(5a) R,, = Digee o 
(5b) Fe =oliv Be 0, 


Since the covariant derivative of a,, with respect to Christoffel brackets of 
the second kind vanishes identically, equations (5b) may be written in the 
form 


(6) Wipogeer = 21 


They are, thus, identical with the second set of Maxwell’s equations in the 
absence of current, while equations (5a) are, of course, the well known gravi- 
tational equations of an empty world of Einstein. 


4, — Hamiltonian theory. 


The foregoing interpretation of the generalized world geometry suggests 
that the two fundamental invariants to be used in the Lagrangian are 


R=a"R, and F=—}F Fe, 


of Weyl-Eddington theory. INFELD and PLEBANSKI introduce electrically 
charged matter by defining the four current vector as 


je == 0.4" pas dfoabs ‘ 
In the world with metric given by (1) 


d,s#” 


1L= yy LEG” ie Pw “ds?” 


es; 
Saget? +p, say. 
é 


Hence the charge density, 0,, is given by 


on) al ie Cape Bae 
° 1l—p dil=p © 
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Tf we assume, with them, that the magnitude, of 0, is proportional to the 
material density 


gg E'8Y,,, F734 
Lea ea “ 


We assume now that the Lagrangian invariant 2 is a function of R, F and a, 
so that the action principle becomes 


ey ee 5 gar =| V— 40th, F, ode =0, 


where dr is the four dimensional volume element and a= det {a,,}. 

In carrying out the variation we shall neglect dp which refers to the change 
of electromagnetic terms in the metric equation. This is equivalent to postu- 
lating high neutrality of macroscopic matter (¢.g. (°)). 

We have 

% — 022 
0 = O3V—a Val 


ene oR) 
oF tt +30 Pel 


ee 


whence, neglecting integrals over three dimensional domains, 


[oear =[arv—aPapbart —|dev— aQug dl = 0. 


where 
0Q 102 rt 
Pap = ap os 9 aie tS ap ter Eke + 
eQ tr eG ee eee k 
sa Cog WO) Slime 078 er ce Fv k 
4 aa. VIB Ht Aap P) 0 + 3 | 00 mage & b] 0 ‘ape 
and 
102 foQ kia 
fa oe —t— Joes 
Vag 90F “ot 159 0 ) 8 
Equating to zero the coefficients of sax? and SF*’ we obtain two sets of 
equations: 
0Q 102 


(8) eg Rap — 5 Map 2 + 5 alo Mio + Moy Boo BP + 


es ae ae ti, ot ; (20) ee 
ta, (iain + Sen tv i") 56 +3 M00 ie a he. Leber aala) saa 


(6) A. 8S. EDDINGTON: Relativity Theory of Protons and Electrons, (Cambridge, 1936). 


< 
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and 
R OD. 7 Nees feQ ks. | 
* ane [ee eu (Bee fa" 


Equations (9) have been obtained by INFELD and PLEBANSEI (*). Hqua- 
tions (8), on the other hand, are the most general field equations of a unified 
field containing charged matter. Contracting those equations we obtain 


02 022" 3 “02 
eee 2 + 2B = ees 
(10) Rx Q Po aa a Hv (A, .—A,,) =9, 
where 
C2 kG 
ee 


For different functional forms of 2, the equation (10) provides the general 
relation between the curvature invariant R, the electromagnetic invariant 2 
and the density of charged matter o. 


5. — Conclusions. 


The essential features of the theory presented above are as follows. I have 
introduced an area element to make the metric depend explicitly on a skew 
symmetric tensor essential in the description of the electromagnetic field. An 
attempt was made to interpret this as a link with quantum mechanical un- 
certainty by analogy with the case of absolute time. The field equations for 
a world void of matter are derived from a generalization of the affine relation- 
ship. This makes it possible to develop a simple form of unified theory without 
an a priori use of electromagnetic vector potentials. In ref. (1) a further link 
is established between such a theory and nuclear fields. Thirdly, the La- 
grangian function of ref. (1) is generalized to include curvature invariant of 
general relativity. This leads to the most general set of equations of a unified 
field, involving classical equations only. Indeed, matter is introduced in this 
way. Since 0, F and RF are all of dimension of density providing velocity of 
light, ¢ is taken as numerical unity, Q must be a homogeneous function of 
these variables. For example, if (ref. (+)), 


Q=o+Ff+R 
then 


lise a AA A, s 
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and equation (10) becomes 
0 = 2(4F— Rf). 
A relation such as this should be amenable to verification on cosmic scale, 


providing suitable units are used, as a suggestion we may take Eddington’s 
«natural units» with c=1 and yhi=a/2, where y is the gravitational con- 


stant and h Planck’s constant, with reference to density as scale variable. 


* OR OK 


I should like to express my gratitude to Dr. C. GILBERT of King’s College, 
Neweastle upon Tyne, for helpful discussions. 


RIASSUNTO (’) 


Si sviluppa una teoria unificata del campo partendo da una metrica generalizzata 
concernente elementi di tensori antisimmetrici. Da relazioni affini modificate basate 
sulle equazioni delle geodetiche, si deducono le equazioni gravitazionali del campo per 
un universo vuoto, e l’insieme delle equazioni di Maxwell indipendenti dai potenziali 
vettori elettromagnetici. Gl invarianti proposti sopra sono usati, in una variazione 
dell’azione simile formalmente alle variazioni di Infeld e di Plebanski (*), allo scopo 
di ottenere, senza ricorrere a potenziali vettori, relazioni pit generali in armonia 
con i lavori di detti autori sull’elettrodinamica. Le equazioni invarianti, risultanti da 
una contrazione di tali relazioni generali, offrono la possibilita di una riprova empirica 
degli invarianti di azione usati nelle teorie unificate del campo. 


(*) Traduzione a cura della Redazione. 
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N. DALLAPORTA and T, ToYopDA (*) 


Istituto di Fisica delV Universita - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 18 Giugno 1959) 


Summary. — By extending the procedure outlined in previous papers of 
grouping several baryon states to form many-component spinors obeying 
symmetry properties which are not apparent for the separate states, a 
general Dirac equation satisfied by a 32-component spinor including all the 
known baryon states is proposed and its properties are discussed. The 
baryon states, apart from the normal space time co-ordinates, are described 
by two kinds of independent internal parameters: the isospin variables and 
the hypercharge variables. The K interactions are expressed by two 
independent terms with two different interaction constants F and F’, 
each of which is invariant for rotations in a 4 dimensional hypercharge 
space, and the pion interactions by the usual expression invariant for 
rotations in a 3 dimensional isospin space, quite independent from the 
hypercharge space; and finally electromagnetic interactions are formulated 
by the combination of two terms which allow to obtain the experimentally 
known charge labellings of the different baryon states when a two step 
separation process is applied to the equation, which leads for the K tran- 
sitions to selection rules expressing naturally the conservation of hyper- 
charge or strangeness as it is formulated in the doublet approximation. 
The combination of the two K interaction terms allows further to obtain 
two kinds of coupling constants +f’ and F — F" for the different inter- 
action terms, disposed in such a way as to explain the observed different 
self masses of the baryons. It is further shown that the 32-component 
equation is invariant under boson, spinor and charge conjugation ope- 
rations separately, which are rigorously valid even when the different 
baryon masses are included. Finally some aspects of the y; transfor- 
mation properties of the equation are discussed. The present approach 
seems therefore adequate to unify under few common points-of-view the 
treatment of the baryon states and to put into evidence some general 
invariance properties which otherwise should not be revealed. 


(*) Now at Rikkyo University, Tokyo. 
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It is generally believed that the most characteristic features of the inter- 
actions to which the different particle states are subject are their invariance 
properties; and after the great advance accomplished recently in their under- 
standing for weak interactions, the same problem related to strong interactions 
has now become one of the main points on which physical interest is concen- 
trated. It appears, however, that the usual way of representing baryons is 
not always the most suitable to put into light these invariance properties and 
therefore the problem of referring to the spinors adequate to this aim has 
already been considered in some aspects. Thus, SCHREMP (’) and on the same 
line, Girsny (2), have shown that, by representing nucleons with 8-component 
spinors which are mixtures of the definite charge states, i.e. proton and 
neutron, one may write for them a wave equation, invariant under an extended 
y, transformation (*) and under the Tovopa (4) and PAutt (°) transformations, 
into which isotopic spin formalism and charge independence are naturally 
included. On a somewhat different line, the present authors (*°) have shown 
that by taking instead an 8-component mixture of baryonic states with op- 
posite electric charge or/and opposite hypercharge, such as p=, or n S° or 
ytd, one satisfies with them a modified wave equation which, when mass 
differences between baryons are neglected, offers the right behaviour for the 
operations defined and termed as boson conjugation and spinor conujgation 
by Bupinr, DALLAPORTA and FonpDaA (’) and for their product which is normal 
charge conjugation. These two examples seem therefore to show that, by 
combining together different baryons or, which is equivalent, by increasing 
the order of the spinors describing them, one may be able to put into evidence 
properties which are not apparent when the charge states are considered se- 
parately. 

Thus, one could hope that, by pursuing this process up to the limit in 
which all different states should be unified into a single physical entity, the 
baryon, it would be possible to attribute to the equations obeyed by this 
unique entity all the properties observed to be singly verified in the different 
partial attempts. 

Up to now, only two 4-component spinors were unified into a single 8-com- 
ponent system; while according to our present knowledge of the baryon charge 
and hypercharge states, four of such 8-component systems should exist, 
wichever way of grouping the separate particles has been chosen. Therefore, 


(1) E. J. Scuremp: Phys. Rev., 99, 1603 (1955). 
(2) F. Gtrsey: Nuovo Cimento, 7, 411 (1958). 

(3) B. TouscHeK: Nuovo Cimento, 5, 1281 (1957). 
(4) T. Toropa: Nucl. Phys., 8, 661 (1958). 


) 
) 
) 
5) W. Pautr: Nuovo Cimento, 6, 204 (1957). 
) N. Datuaporta and T. Toyopa: Nuovo Cimento, 12, 593, (1959). 
) P. Buprni, N. DALLAPORTA and L. Fonpa: Nuovo Oimento, 9, 316 (1958). 
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the last step we have just considered should imply to gather these four 8-com- 
ponent states into a single 32-component one, including all the charge, hyper- 
charge and spin states of the baryon, which should combine the properties 
which were present in the partial groupings of the Schremp-Girsey (SG) type 
or of the present authors (DT) type. 

Such an attempt will be discussed in the present paper: first a free particle 
equation for a 32-component baryon will be considered which shall be con- 
structed by gathering two separate 16-component groups, and some of its 
properties will be investigated. The main purpose of the paper, however, is 
to study the way to insert in this formalism the different types of strong inter- 
actions and to determine the invariance properties to which they obey. From 
the known elementary properties of the three main groups of electromagnetic, 
pion and K phenomena, it will be easily recognized that only the K interac- 
tions are such as to require a 32-component representation as they are the 
only ones to cause transitions between the two 16-component groups; and this 
in some sense gives to the K interactions a kind of priority in order to under- 
stand the general structure of the baryon. The insertion of electromagnetic 
interactions will allow, at the same time, to partly differentiate the charge 
states. The first separation of states from the original mixed one, due essen- 
tially to K interactions, will be obtained with a (DT) type of transformation 
and this will lead to a twofold degenerate 16-component system. 

The further separation of these double states is then obtained by intro- 
ducing the pion interactions and by completing the electromagnetic diffe- 
rentiation of the states; and this is given by a second transformation of the 
(SG) type. One thus arrives to the well-known interaction equations for the 
different charge states according to the so-called doublet approximation scheme 
proposed indipendently by Ti1omwo (8), one of the authors (°) and PAts (?°) 
and the equivalence of this system with the initial one will prove that all the 
properties valid for the original system are also valid for the doublet approx- 
imation. 

A result of particular interest of the present approach will be that the 
mass differences between baryons may be interpreted not as due to a secondary 
perturbation but to the fundamental form itself of the K interactions and 
most of the transformational properties of the system will be shown to hold 
rigorously even when these mass differences are considered, according to a 
general idea outlined by one of the present authors (1%). 


(*) J. Tiomno: Nuovo Oimento, 6, 69 (1957). 

(°) N. Datitaporta: Proc. Intern. Conf. on Mesons and recently discovered Particles 
(Padua-Venice, Sept. 1957), V, 3; Nuovo Cimento, 7, 200 (1958). 

(1°) A. Pais: Phys. Rev., 110, 574 (1958). 

(7) N. Dattaporta: Nuovo Cimento, 18, 159, (1959). 
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| 2. — In both the previously quoted attempts (?*) the 8-component free 
particle equation was written as 


(1) (7 : as Im) gta) <= Oe, 


OX 4 


_ where m is the bare mass of the baryon and the J”s are reducible 8-component 
Dirac matrices given as (*) 


\ 0 i a ’ 0 \ 
@) beet i rn=| : ). 


ye De 


Now, the two different interpretations given in the two papers (?) and (8) for 
the 8-component spinor may be unified, if we extend our framework to the 
following 16-component Dirac equation: 


t 


(3) (r x fe Fim) Xe 20, 


Cn 


where 


0 /R2 ; Se Re: ) Vs 0 
(4) ’ r; a Ts ’ Pes : 
“0 Yaar et 


The 16-component X“® spinor represents now a mixing of either the two 
_ nucleon and the two & states, or of the four Y hyperon states. 
Let us apply a separation transformation defined analogously to the 8-com- 


ponent case by 


B A | 
(5) ho B= ie fie ) 
Ab 
where 
(6) Bee), Beil, 


“to eq. (3) and denote a first partially separated 16-component spinor Byes 


(8)\ 
=sym=s(): 
yz) 


" 77°(8) 
a 


@) x0 = 


(*) In the present paper we shall adopt the conventional Hermitian representation 
for all y,; then the i in front of the mass term in our previous paper (6) is dropped. 


10 - Il Nuovo Cimento. 
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The first separation corresponds to the (DT) operation (8) in (6) so that Y% is — 
a mixture of the two nucleon states only and Ya mixture of the two & states — 
(correspondingly for the hyperon states a second 16-component pair may be 
separated in a ¥Y, state mixture of &* Y and a WY, mixture of Z°D ). 

The further separation of (GS) type (see Girsry (?) eq. (15)) may now © 
be obtained for each of the Y,, (n = a, b, c,d), by applying to them the trans- | 


| 4 
formation s = : sf (with «=3(1+y5), B=4(1—ys)), 
ee 
.:) () aces ° 
(8) Ln = 8~n) = go? 


which operates the complete separation of all the double mixtures (proton — 
and neutron, 2° and & and so on). 

So, starting from a 16-component representation would be sufficient if — 
we should only wish to achieve these separations. However, K interactions 
are causing transitions between the two 16-component groups just now defined, 
so, in order to introduce them, we shall need to extend the Dirac equation to 
a 32-component representation. The simplest way of doing this is then obvi- 
ously to write: 


5 
Ge __ 1. Gs) X@?) — 0) 
(9) 20, St | 
where 
t hate a!) Tb 0 
(10) a = an Sa ne 
0 ig 0 r; 
Two other possible types of vector matrices which will be used later on are: 
tg i 
0. 6PT, , To 000. alee 
(10a) with t= Tl = | 
T’Ts 0 0 Vee 0 I® 
Gi = 
Ue god Be Bs 


Although such an extension looks like a trivial unification of the two inde- 
pendent 16-component equations just by putting them in parallel in the case 
of no K interactions, it already involves some transformation properties which 
will be later considered. Writing ae a solution of eq. (9) by using the 
8-component spinor notations X\° a 


xX® 
(8) 

(11) yon _ % 
xo}? 


x 
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y; invariance may be obtained with the following two independent transfor- 


- mations 
La? BX? | 
AX AX® 
(12) xe mS) or X89 > ke 
Pr c DprA ws 
pAX? PBX 


where p, and p, are arbitrary numerical factors. 

Two other possible transformations obtained from these by just inter- 
changing the A and B factors are discarded, according to the discussion in 
a preceding paper by one of us (1'). Therefore, it is in general possible to con- 
struct a 2-parameter transformation or projection by combining the two rela- 
tions (12), under which eq. (9) is invariant, that is: 


(yr + s)B 


(13) X82 > rX (3?) + gs X32) — J + aA XeeN 
; ; rp,B + sp,A 


rp,A + sp,B 


(r and s arbitrary parameters). 

We shall now considerer the geometrical structure of the 32-component 
spinor space and we shall assume that it consists in a direct product of three 
physical spaces 


hypercharge spin space isospin space an spin space' 
x ; 
4 dimensions 2 dimensions 


4 dimensions 

A similar interpretation has already been suggested and developed by 
Tromno (8). In order to avoid confusion, we shall always use Greek indices 
to label 4 dimensional space time coordinates, small Latin letters for the 3 
dimensional isospin space and capital Latin letters for the 4 dimensional hyper- 
charge space. : 

Of course, the geometrical properties of these spaces can be understood 
only through their invariances. Usually, one derives some quantum numbers 
from the non-interacting system which in invariant with respect to some 
groups in these spaces. However, in our opinion, if the interactions are very 
strong, we may start from the invariant interactions. Then, it may happen 


to find the free-system to be non-invariant as will be shown later. This fact 


may be interpreted as some kind of violation of the symmetrical interaction 
form. 
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We shall now introduce for 32x32 Dirac matrices which will rule the 
transitions in the hypercharge 4 dimensional space, as direct products of 8x8 
unit matrix elements, each of which is disposed in the familiar way of the 
4x4 Dirac y matrices: 


(18) 2Q,= 2,xI, 
where 
0 10, 0 iw, 0 We pe te 
PR ia; OT? a aoe ear a | — dey. Ov) 1a S 


a Wes + for {K =1, 4 
2,08 = * Stor | K = 2357 
a. for | K Pn} 
92,82, + 82,82, = 2dx,, Q,.4; SES te GS soe aealen . 
If one writes G“ and G, as 
o, 0 re 
(20) = (; x= 12,01", G> —i10,0,x1", 
Oy 


Eq. (9) may be rewritten in such a way as to manifest in a familiar way its 
transformation property in the hypercharge space: 


- 


(21) (— 12,2, x I" Ont! 


4 iD,2, xI'm) Yon 9, 


Although eq. (21) is not invariant with respect to the rotation group in 
the hypercharge space, it is invariant under the transformation: 


(22) XO? Oe. 


with 


— [6 0 
2, = Q: x 1 ® = FOP ORO O Rey ke 9 
Qeeaa 


as well as under the Lorentz transformation in space time. 
From the 2 matrices we may now build a pseudo-hypercharge spin vector 
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Ul ° . . . 
Q', which has the same commutation relations with G” and @; as Q,. 


r : r 0 er 
Q) = — 10,2, = 2,« TI? = ‘ 0 Say bes 
OP) 


; : : QO. ay 
Dae = 1Q,Q, =- ox Be 0 al 


— 


(23) 


Q), = — 19,2 QYx Ts = : | 
a eee 8 % 8 
3 TTT 3X iI 0)? ae 


= 


' : ; 0 —®0,; 
Boas + 12,2; = AS ee == x [8 


— Ms 0 
All the Q), anticommute with each other as do the Q,: 


210) 4+ QO! = 25,,. 
We have further 


(Q, or Q,)Q; = — Q;(Q, or 2°), 


(24) y IT / I 
Q'Q2'2'2' — Q,. 


3. — The framework now developed (with a few other additions of already 
well known elements of the isotopic spin formalism) will be now used to intro- 
duce and describe the three main types of strong interactions into eq. (9). 
We assume as fundamental complete equation: 


(25) ae + Gm —4 > [FQ + PP QL) pe — 
7 K 


_ te qe eh Gui’ hae Gg i TUL | Xe) — 0. 


In this formula, the y, are four real scalar functions in the space-time 
space and form a four vector in the hypercharge space which will be used to 
describe the K field, according to a later definition: the Q, and Qi’. are the 
two sets of four vector matrices in the hypercharge space as discussed in the 
previous paragraph, and F and F’ are two different interaction constants; 
further the A“ are the four vector components of the electromagnetic potential, 
Gi" and @” the two 32 X32 matrices defined by (10a) and ¢ the electric charge; 
- finally z; is the isospin vector pseudo scalar pion field and 7; the well-known 
isospin matrices defined by 


(26) PTS ny 


3053 


150 N. DALLAPORTA and T. TOYODA 


where 


) a= } 


+1 


hes 


and g the interaction constant for the pion interactions. 

In the K and pion interactions, the supplementary (/%)*+1 and (1%)? factors 
weighing differently the field components are introduced in order to obtain 
definite charge state for the mesons in the final results. 

We shall now discuss the physical properties implied by these interaction 
expressions and we shall first show by separation of the definite charge states 
that equation (25) is equivalent to the doublet approximation scheme. 

If we apply successively the two transformations (7) and (8) extended to 
32-components with 


B Ar 
Aas 
(27) Sites eee og aa 
Ble 308 
thie oh 
; bk 
(28) s =I x P 
pa eae 


and define the K field by: 
(29) gitig, = Ke, g—ip,= Ki, (s+ iga=K,, Ps— a= 1G 


K, destroys K* and creates K-, K,, destroys K® and creates Ko, 
K* destroys K~ and creates Kt K* destroys K® and creates K® 
Then the first separation (7) gives us: 
| () 1e f | 
ce ap gy tT SAL ig ee — 
aye 


4 (P4P)P KY, —(F+ FP IK, Y=, 


{r, Es eS yg )4,| 4 mI, + gt;X I” mya] Vege 


(FP) KW, — (F— Bb) eke, =0; 
(30) 


st at 
IF " E ane r)4, + mI, — gts x 10 rye Vy — 


—(P—P) PK, + F +P) RY, =o, 


ny. 
+> Flag] + aD + am xT} Ys ~ 


+(FP+ FP) KRY, + (FF) PR, , = 0. 
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‘By applying now the second separation and further defining the pion field as 


z destroys x* and creates a 
(31) gt, — it, = 1, Keb tty = 7 , x* destroys a and creates 2”, 
m3; destroys and creates 1 


we obtain for the complete separate set of baryon equations: 
a 


+ (F + FE") y (Kop — K,%~)=9, 


0 Ee S 
{vt One =r m Pa t+ 9s (a*p 4 — As Pa) — 
ris (F i F')y,(K.Pp— Kno) =0; 
F : 
{v" an. ss mh Yat 9s (TP 2 + Ts) z) — 
LM 


on (F — F')y.( Kyo =r Kirn) a= /Q ) 


) f bs he 
{rr err ieA, i m Pa— G(R" Ys — 3s) + 
OL, 


+ (F— F')y;(KePo ne Kx) =0, 
(32) 


ae ¥ 
\v" ( vk ied) a m Po “ay 9 (TPo =f Tes") o) se 
UL 
— yf (F — FP) Kye — (F + FP) Kny} = 0; 


{y ie = m Wo Si W3(%" Wo = raPo) = 
Uh 
+ yf(F — F')K ps — (F + F')/Kxp.} = 9, 
, 2 ; 
ite On. +- Me Po + gy3(TW af Its p) — 
LX 


4 y{(F + F)Kty, + FP) Kops} = 9, 


0 > x , , 
\? (a as ied, a m Dinas IV ("Po — Tsp) <= 
ub 
* — ys {(F + PKG, + EF — FP) Kapa} = 05 


These are the equations satisfying the doublet approximation if we make the 
following identifications: 


® (33) } 
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which result first from the sign or the absence of the electromagnetic inter- 
action terms (12), while the display of the K interaction transitions shown in 

Fig. 1 reproduces the well-known 
0 selection rules which are generally 
expressed with the concept of stran- 
geness conservation. 

A very similar description of the 
K interactions in a four dimensional 
space has already been proposed by 
TIOMNO (°) who has used for the inter- 
action term matrices analogous to 
the @, set. Further, these Q, ma- 
trices are also strictly connected with 
the ¢, and w, (K=1, 2) isospin ma- 
trices, which were used in a formalism 
developed by one of us (°) for the de- 
scription of the charged and respec- 
tively neutral K’s interactions consi- 
dered as independent transitions. 

Moreover, the third components 
of these two partial isospins ¢, and m, are the same as the quantum numbers 
S, and S, introduced by Pars (1°). Thus it seems that these two partially 
independent groups of transitions are now unified by the aid of the concept 
of 4-dimensional hypercharge space. 

However, the most important new feature of the K interactions depends 
on the fact of having expressed them in eq. (25) as a combination of two terms 
with coupling constants F and F’, the second of which, owing to the factors 
I® and 2; it contains, may be considered as pseudoscalar in respect to the 
first, both in normal and hypercharge spaces. 

This amounts to assuming that K interactions are obtained as a combi- 
nation of different individually parity non-conserving expressions and this, 
as was already shown in a previous paper (1!), leads to different coupling con- 
stants #+ F’ or F—F’ (and therefore different self-masses) for the different 
baryon states. It may be easily recognized that the actual form of the inter- 
action succeeds in attributing the right separation for the masses, as in fact 
both nucleon states are coupled only through + F’, both & states only through 
F' — F', and the four hyperon states through a mixture of both F+F’ and 


) = 


=| a 
O = electric charge U = hypercharge 


Eig: 


(*?) We have been privately informed by Dr. H. P. Dire that a very similar treat- 
ment of the electromagnetic interaction is given in a preprint Zur Theorie der Elemen- 
tarteilchen by Dizr, HeiseNBERG, MitTER, SCHLIEDER and YAMAZAKI. 
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F—F', which makes rather plausible for them an intermediate mass value 


in respect to nucleons and &’s. 


Thus if the previous assumption for the K interactions is true, the dif-: 
ferent mass values for the baryons acquire a fundamental meaning instead 
of being, as was thought before, only a simple secondary disturbance in an 
otherwise symmetrical scheme. 

The choice we have made leads us to pseudoscalar K interactions in the 
final form (32) for the equations. Should we have written in eq. (25) the 
interaction term as 


(35) (FQ,+ PI-Q,)I*)*¢* , 


we should have obviously obtained scalar K interactions; and other mixed 
possibilities might also be easily taken into account. This arbitrariness leaves 
us free to adapt the present interaction form to the future experimental results 
concerning the relative parity of K-mesons and hyperons. 

For what concerns electromagnetic interactions, it may be remarked that 
the different charge labellings are obtained by the interference effects of two 
different kinds of vector couplings represented by the matrices G’” and @”". 
From the point-of-view of the individual states of the whole. set, this inter- 
ference may be considered as a kind of mixing of different apparently parity 
non-conserving terms, as is most obvious in the intermediate representation 
stage given in eq. (30) where all electromagnetic interactions appear as con- 


taining the factors 1+J;. There is therefore a great similarity of formu- 


lation between K and electromagnetic interactions, still increased if one con- 
siders that the cancellation of electromagnetic interaction in some states as 
the neutron, the 4° and so on is only due to the fact that the coupling con- 
stant e is assumed to be exactly the same for the two couplings G'“ and @"". 
Should we have assumed also = F’ for K interactions, we should have ob- 
tained the disappearance of the interaction for the & states in exactly the 
same way. Under this aspect the only difference between K and electro- 
magnetic interactions depends on the fact that, while for the forraer we must 
have F + F’, there is only a single value for the electromagnetic constant- 

Turning now to the pions, in order to obtain a uniform self mass contri- 
bution due to them as seems up to now required by experimental evidence, 
a single conventional pion interaction term has been introduced into (25). 
One could not exclude, however, some very small mass splittings (let us say 
between =+ Y and Z =) which could be introduced by the addition of a 
second type interaction with a very small constant g’ analogous to the second 
term in the K and electromagnetic cases. Here also it may be remarked that 
the choice made for the y,; factors of the different pion components is such as 
to obtain pseudoscalar coupling in the final form (32) as desired. 
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4. — We shall now examine some of the transformation properties of eq. (25). 


a) Let us first begin with those concerning rotations in the isospaces 
which result from the form itself of the interaction terms. Thus, it may be 
easily shown that the two K interaction terms are invariant under the proper 
rotation group in the hypercharge space (*). Moreover, if y, is such that 


(36) 250, = agi Px 25 


then the K interaction terms turn out to be invariant also with respect to 
an 9, transformation, as was eq. (9). However, it should be noted that in 
the absence of the interaction term, the system is not invariant with respect 
to the rotation group in the hypercharge space. This means that one gets 
the most conspicuous features of the K-interactions which depend on the com- 
bination of the two coupling constants Ff and F”’ by violation of the symmetry 
of the total system in the hypercharge space. 

For what concerns pions, the interaction term is invariant for three dimen- 
sional rotations in the isotopic spin space (as already shown in (?)) that is 
pion interactions are charge independent. 


b) As a second point, we shall examine as was done in our first paper (°) 
the behaviour of eq. (25) under the operations of charge conjugation and of 
boson and spinor conjugations (7). 

To this aim, let us first define the adjoint of X by 


(38) YO® _ tenga | 


With our choice of representation for the y“ matrices, this gives us for the 
adjoint equation: 


(39) Xs {4 x. — Gym +74) (FQ, 4 FPI'Q,)(2) 9, + 
KE 
bis se A GA, 4+ 9 Ds Try) a) 
4 j 
We now define the boson, the spinor and the charge conjugate states as: 


(40) Xe2 = BX™, X88?) = SOS re JE _ EXT 


(*) This point will be investigated more closely in a forthcoming note by DaAtia- 
PORTA and DE Santis to be published in Nuovo Cimento. 
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in which the matrices 4, %, @ are given by: 


(41) 


8) 
98) 
G3) — 
98) 
y8) 
g8) 
8) 
SFR = | 
gf) 
g(8) 
®) 
8) 
E32) 
GoD 
oe) 


Of course, the relation 


(42) 


(43) 


the main commut 
commutation; [ ], anticommutation; [ 12, [ | comm 
commutation with transposition: i.c. [7G], = PA Bh ee 


[#G"]_=0 
[BG, |-=0 
[ Fe), = 0 
[Ba")},= 0 
(MT, L=0 
[AT, ].=0 
[AT; ]+=9 


| QQ I 
ys) — 

Ee 0 

mt) c| 
(8) — | 

|¢ 0 

bona. 8 | 
ci | 

0 C 


and ¢ is the normal 4x4 charge-conjugation matrix. 


B= 


holds. If, as usual, we assume: 


Uy ha? ? 


[#Q,]|-= 9 
[F2.],+= 0 
[F2s]+= 9 
[#Q.]-= 0 
[PQ,].= 9. 
[#Q,]-= 0 
[FQ,|-= 0 
[FQ,j.= 0 


17a" =0 
[SG 2 = 

[PG" = 0 
(ran =0 
pari 
ee 
EAnl=° 


ye Be J 
Cys = Vs» 


[PQ] =0 
[FQ] =0 
[72a 0 
[SQ] = 9 
[72,0 
[FQ = 

[SQ4} = 0 
[72,17 =0 


[eG" 7 =0 
(eG, = 0 
[ea"}" = 0 


[eam] = 0 
[@T, c= 0 
[@, f= 0 
(GT, '=0 
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ation properties are found to be the following: {[ |_ means 
utation respectively anti- 


[CStal ==) 
KA 

[G25] = 

[GQ,]7 = 0 
[FQ = 0 
[¢Q,/7 =0 
[GS =O 
[2,7 = 0 


(46) 
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Now, by applying the three operations 4, /, @ to eq. (25) and to the trans- 
pose of eq. (39) we get the three transformed equations: 


G Sil 4 md, —i{[ FQ, — F'TQ1] yp, —[ FQ, — FQ Tp, — 
—[ FQ, — FQ] p, + [FQ — FPR gs} + 
+25 (a +4 @")A,—9(Tixt, — Tim — Ty 7,)| X49 = 0, 
C ok mG, + i{LFQ, — PTR! \g, + (FQ. — FPR Tg, — 
OW 
(45) _[ FQ, — F'T'Q!]p, —[ FQ. — FT RQ Pgg — 


< (Ce aia A Wp ge Tee ) xX? =0 ° 
Gi — 4+ m@, + i{[ FQ, + FIO: 9, —[ FQ, + FTL py, + 
+ [FQ, + FQ) y, —[ FQ + PQ Tp.) + 


+- = (Gi! ae "") ON UR = TIT 7, = T 373) Xt= 0. 


From: these we conclude that in the three operations the following transfor- 
mations occur: 


Cpr FF F>—F' Pi ttP.—> Y1— 1M. Ps t+19,.—>— (Ps— 1, 
Boson conj. : F 
G9 Tips ta oe gg 


ese FoF FoF 9,4im orig: o3t+in > —erig 


Spinor conj. , : 
9>9 (M+) > (m,+170,) My > — Te 


BiG cre P>— i) Qi +192. P1— 192 Pst1qia—> (Cs— 1. 
Charge conj. . ; 
9>9 (m+ 7) > (%— Wa) M3 > Ts. 


In order to discuss the physical meaning of these relations, let us first re- 
mind that, according to the definitions given in our earlier papers (°’) boson 
conjugation is expected to reverse the signs of the electric charge and hyper- 
charge both of baryons and of mesons without touching the spinor structure 
of the baryon (i.e. it changes proton into &), while spinor conjugation re- 
verses the sign of nuclear charge (that is makes the transition from particle 
to antiparticle) without changing the electric charge and hypercharge (i.e. it 
changes proton into & = (H)*), while the charge conjugation reverses the signs 
ot all quantities (i.e. it changes proton into antiproton). Now, this behaviour 
is quite apparent here in all meson fields, whose sign is reversed (for both 
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electric charge and hypercharge) by boson and charge conjugation but not 
by spinor conjugation, and for the electromagnetic term which was already 
discussed in (*). The most interesting feature is given, however, by the K 
interactions; here we see that the transformation properties of the two con- 
stants F and F’ are different, / transforms as a nuclear charge and F' as a 
hyper or electric charge. This ensures that, while #+F’ remains invariant 
for charge conjugation (so that proton and antiproton have the same mass), 
it goes into F — Ff’ for both boson and spinor conjugations; these two ope- 
rations are able therefore to transform the mass values of the baryons and 
are rigorously valid for eq. (25) even when we take into account the different 
baryon masses: the nucleon mass is transformed into the E mass by both 
boson and spinor conjugations, while it does not change for charge conjugation. 
This main result obtained with the present Hamiltonian (25) differs from 
the preceding ones given in (°) and (7), where boson and spinor conjugations 
were studied in the assumption of equal masses for all the baryons. 
For what concerns pion interactions, it is seen that the g constant does 
not transform under any of the three operations discussed. One may remark, 
however, that should we have adopted a pseudovector form of type either 


Ort; 

ee a oe 

(47a) f p3 ya 2a, 
or 

: On; 

47b a hagas es 

(476) dT: 0, 


the situation should have been rather different. In effect, if we insert these 
two terms in eq. (25) and proceed to study their conjugation behaviour for 
all the cases we have now examined, in the same way as was done for the other 
terms, we find for them the following properties 


for boson conj.f—> f f'>-—f + int, > Ty — We, Mg > — Ts y 
(48) for spinor conj.f>—f f'> fi mtin> m+ im, W>—MTMs; 


for charge conj. f >—f fiz—f mt, + ity > — th, Wye Ts- 


Thus the interaction constant for the first choice (47a) of pseudovector 
coupling behaves under the different conjugations as a nuclear charge, while 
in case of the second choice (47b) it behaves as an hyper or electric charge. 
As up to now the question concerning the real form (pseudoscalar or pseudo- 
vector) for pion interactions cannot be considered as settled, these different 
transformation properties of the two cases May be of interest in order to 
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understand the real physical meaning of the interaction constants and the 
true interrelation between the different meson fields. 

In this connection, it may be generally observed that the present scheme 
does not require the introduction of an hypercharge as a real physical quantity . 
(as a source of a field in the sense of SCHWINGER (!*)) in order to justify the 
empirical fact of strangeness conservation, because strangeness is automatically 
conserved by the natural display of the properties of the matrices, which allow 
only some definite transitions between baryon states to take place. This, by 
the way, could explain why strangeness should play no role in any kind of 
interactions not ruled by matrices of the kind of the Q’s as may well be the 
ease for weak interactions. However, the fact that F’ and perhaps f’ have 
the transformation properties required for a hypercharge may induce to con- 
sider these constants as possible sources of parts of the K and pion fields and 
thus provide some physical insight to the concept of hypercharge. 


c) As a third case, let us finally consider briefly the y, transformation 
properties. 

While the free particle eq. (9) has been shown to be invariant under ap- 
propriate y, transformations such as (12) or (13), it may be easily seen that 
this invariance does not hold any more when complicated K_ interactions 
as given in eq. (25) are introduced. ‘However, an approximate y; invariance 
may be obtained for a particular case which, owing to the rather peculiar 
physical situation it leads to, may perhaps be worth while to be pointed out. 

According to the spirit of a previous paper (1), form (13) was proposed 
as the most general solution of eq. (9), expressing y, invariance properties. 
Now let us specialise this general solution by taking 


Ki Ses Pi = Pro = 2 


thus obtainng X¥@2 + RX» 
Pane Ws x 0 


2 
0 [o#) 


(49) with R = 


where J°® is a 16X16 unit matrix and @, is defined by (19). Now it may be 
easily shown that (*), provided = F’, the transformation (49) leaves inva- 
riant the K interaction term of eq. (25). 


(7%) J. Scuwineer: Phys. Rev., 104, 1164 (1956). 
(*) For example, let us commute with R the first component of the K interaction 
term. By using the well-known formulae 


103 = — 1W» , M203 = 10, , 
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Thus, if /#=F' were the case, we could correlate y; invariance with the 
assumption of taking two different interaction terms ruled by two different 
matrices Q, and Q', for the K interactions. However, F= F' would mean 
that the = states not only do not interact through K interactions but if solu- 
tion (49) is adopted, do not exist at all, so that F =F” is an essential condition. 
Thus, one could conclude that rigorous y; invariance for the K interactions 
could be achieved only in the case of so extreme N—E mass difference that 
the 5 states become inexistent. This point is probably related with the diffi- 
culties concerning the true meaning of the interaction constants and cannot 
be discussed in a phenomenological approach. 

We would like to sum the results obtained in the present paper by saying 
that the gathering of all baryon states into the description of a single 32-com- 
ponent spinor leads us to express the strong interactions in such a way as to 
allow to put into evidence many important transformation properties, and 
that these properties are compatible with the different values of the baryon 
masses, which result as a natural consequence of the fundamental form adopted 
for K interactions. 


we get 


(50) (COPE Me F'a'x I), R= 


0 iFo,xI® + F’o,xI® 
= F ! All | ge 
—i( = ) ove + ( oA) wor 0 
r+ All ! 
sca yy) -\ ayeserts 
a! 0 i( F Jovel +( . ower 
—iFo, x I+ F'o,xI° 0 


which is 0 provided F= F’. 
A similar derivation may be given for the other components. 


RIASSUNTO 


Estendendo un procedimento, gia descritto in altri lavori, consistente nel raggrup- 
pare diversi stati barionici per formare spinori a piu componenti che obbediscono 
a proprieta di simmetria non apparenti per gli stati separati, viene proposta e discussa 
una equazione di Dirac soddistatta da uno spinore a 32 componenti che comprende 
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tutti gli stati barionici finora noti. Gli stati barionici, a parte la normale dipendenza 
dalle coordinate spazio-temporali, sono descritti da due specie di parametri interni, le 
variabili di spin isotopico e di ipercarica. Le interazioni K sono espresse mediante due 
termini indipendenti con due costanti di interazione F ed F’, ognuno dei quali risulta 
invariante per rotazioni in uno spazio di ipercarica tetradimensionale, e le interazioni 
pioniche dalla espressione usuale invariante per rotazioni nello spazio isotopico tri- 
dimensionale, che é del tutto indipendente dallo spazio di ipercarica; infine le interazioni 
elettromagnetiche sono formate tramite la combinazione di due termini che permet- 
tono di ottenere i valori sperimentali della carica elettrica per i diversi stati barionici 
quando viene applicato all’equazione originaria un processo di separazione a due tappe, 
processo che porta per le transizioni K a regole di selezione che esprimono natural- 
mente la conservazione dell’ipercarica o stranezza come risulta formulata nella « appros- 
simazione di doppietto ». La combinazione dei due tipi di interazione K permette final- 
mente di ottenere due tipi di costanti di accoppiamento F+F’ e F — F’ per i diversi 
termini di interazione disposti in modo tale da spiegare le note differenze di massa dei 
barioni. Si fa inoltre vedere che la equazione a 32 componenti é separatamente inva- 
riante per le operazioni di coniugazione bosonica, coniugazione spinoriale e coniuga- 
zione di carica e che queste sono rigorosamente valide anche quando si tenga conto 
delle diverse masse dei barioni. Per finire, si discutono aleuni aspetti della invarianza 
per le trasformazioni in y; delle equazioni. La presente formulazione sembra quindi 
adatta ad unificare notevolmente il trattamento degli stati barionici sotto un numero 
ristretto di punti di vista ed a porre in evidenza alcune proprieta di invarianza che 
altrimenti non apparirebbero. 
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On the Dielectric Constant of some Aqueous Solutions. 


A. CARRELLI and L. DELLA CAGGIA 


Istituto di Fisica Sperimentale dell’ Universita - Napoli 


(ricevuto il 20 Giugno 1959) 


Summary. — Measurements of the dielectric constant of some aqueous 
solutions have been made, at a frequency of 8 MHz. After a description 
of the method and of the device used in the measurements, it is shown how 
it is possible to calculate the number of water dipoles blocked by each 
ion in solution, taking into account the variation of the dielectric constant. 


This note is a report of the measurements carried out to determine the 
dielectric constant of aqueous solutions of salts. High frequencies were used, 
that is, currents having frequencies of »= 8 MHz. The device used is the 
one described in a previous note (1). It is 
based on the phenomenon of the resonance 
in an oscillating circuit (Fig. 1). LZ is a coil 
allowing an inductive link with an oscillator 
that is not represented. The cell containing 
the solution, of which we want to determine 
the dielectric constant, is represented by the 
capacity O,; Rk is a resistance connected in 
parallel. By causing C to vary, a maximum 
of current is obtained, in resonance condi- 
tions, in the circuit. Each solution placed 
in the cell represents a particular value of Fig. 1. 
the capacity 0, and of the resistance R and 
therefore, particular values are obtained for the capacity C and for the 
- maximum of the current. 


(1) A. CaRRELLI and M. ReEscieNo: Nuovo Cimento, 9, 1 (1952). 


11 - Il Nuovo Cimento. 
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In order to carry out the measurement, a series of solutions of acetone in 
water, having a known dielectric constant K, is placed in the cell C, and, for 
each solution, a series of resistances R are shunted at the electrodes so as to know 
for each single value of the capacity C, and of the resistance R the position D, 
of the condenser C at the maximum of current D, (read on a galvanometer 
set in series with FR) in resonance conditions. 

By plotting the values of D, and of D, on a diagram, two groups of curves 
are obtained; the first are those concerning a constant R and a variable C3 
the second are those concerning a constant OC, and a variable R. The curves 
thus obtained may be termed iso-ohmie and iso-faradic. 

Having plotted this network of curves (calibration network), a salt solution 
of known concentration may be placed in the cell. The figurative point of 
this substance (ordinate D,., abscissa D,) shall appear on one of the iso-faradic 
curves directly plotted during the calibration, or on one of the curves that 
may be obtained by interpolation of the given ones. 

The value of K belonging to this curve gives the dielectric constant of the 
solution. 


1. — Description of the apparatus. 


The apparatus we made use of for our measurements consists mainly of a 
high frequency generator, a resonating circuit in which the cell containing the 
liquid is inserted, a device which makes the measurement of the resonance 
current in the testing circuit. 

The whole is enclosed in a single block containing also the feeder for the 
high frequency generator. 

The circuit of this oscillator has a high stability of frequency and this is 
necessary in order to avoid errors due to variations in the generated frequency. 

In order to obtain such a result it has been considered advisable to follow 
up the oscillating stage with a duplicator-separator stage. This stage is ob- 
tained by employing the anodic circuit of the same 5763 tube of the high 
frequency generator by inserting a resonating circuit tuned to a frequency 
double of the one generated by the oscillator. 

The coupling between the two stages is, thus, purely electronic and has 
excellent stability. 

In this way the variations of the load effected on the testing circuit do not 
influence the circuit of the oscillator and do not displace the pre-established 
frequency. 

The frequency that can be produced by the oscillator may vary from 
3.5 to 6 MHz and consequently, in view of the presence of a duplicator stage, 
the circuit may be tuned at frequencies from 7 MHz to 12 MHz. The frequency 
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of the oscillator and the tuning of the anodic circuit are controlled by means 
of two variable condensers. ; 

The coupling of the testing circuit to the radio frequency generator takes 
place through a variable inductive coupler. 

It gives the possibility of transferring to the testing circuit a quantity of 
energy that can vary according to the requirements. 

The testing circuit is formed by an inductance of about 3 henry and by 
‘the capacity of the cell set in series with a variable condenser. The instrument 


_ for the measurement of the resonance current in the testing circuit is constituted 


by a high frequency transformer having a toroidal iron nucleus that transforms 
the resonance current of the circuit into voltage that, having been rectifled 
by a germanium diode of the OA-70 type, is conveyed to a milliammeter. 
The preliminary operation consists in the construction of the calibration 
network formed by the two groups of curves: the iso-ohmic and the iso-faradic. 
We therefore made 


_ use of substances hav- 20 60 70 80__DC 


resistance: 50, 75, 100, 


mean the possibility 


ing a known dielectric 
constant, specifically 
solutions of acetone in 
water. Thus was ob- 
tained the network of 
Fig. 2 in which the 
full lines indicate the 
iso-faradic curves that 
correspond to the va- 
lues of the dielectric 
constants: 81.0; 73.9; 
67.7. 

The dotted lines 
represent the iso-ohmic 
curves concerning the 
values (in ohms) of the 


200, 250, 300, 500. 
The reliability of 
the results depends, 
before all, on the sta- 
bility of the calibra- 
tion network. 
By stability we 


to reproduce, at a lat- Fig. 2. 
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er date and under different circumstances, the same calibration network. 

To obtain this, we acted as follows: having plotted a certain number of 
networks, we remarked that only in appearance they were different because, 
indeed, it was only question of a rigid (that is, without any deformation) dis- 
placement of the same network. This observation gives the possibility of sim- 
plifying in a remarkable way the research by making the calibration once only, 
and by returning always to the first network with few operations. Specifically, 
having placed in the cell any one of the solutions used during the calibration 
and having set the variable condenser in the position corresponding to the 
figurative point of the initial diagram, the eventual difference in the current 
is compensated by varying the position of the inductive coupling. Thus, were 
determined the values of the dielectric constant for the aqueous solutions of 
the following salts 


mono-monovalent KF — KCl —.-KBr — KI. 


bi-valent CuSo, — MnSO, — MgSO, . 
mono-bivalent K,CO;, — K,SO,. 
mono-trivalent KAEO,= 

mono-tetravalent K,Fe(CN),. 


The values of the dielectric con- 
stant K thus obtained are plotted as 
Sioa ee function of the molecular concentra- 

Ke tion ¢ and, as may be seen in 
75/4 KF Fig. 3, 4 and 5 for our range of con- 
centration, for all salts there is a dimi- 
10 mol. fire — nution of K, as C increases. 
Mu a of se oe It is obvious to think that the 
Fig. 3. diminution of the dielectric constant 
of water produced by a ion is due 
to the presence of its electric field attracting a certain number of dipoles. 
Let us now consider the behaviour of KF: the ions Kt and F~ having an 
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equal radius (1.33 A), shall surround themselves with an electric field that may 
be considered as being equal, thus they block the same number of dipoles. 
It may therefore be believed that the diminution of K is due for one half to 
the ion K* and for the other half to the ion F-, and therefore, if dk /dC stands 
for the diminution of K relative to a unitary variation of the concentration, 
we have 


fy dk\ _ (ak aie (4K) _, (ak 
ac ee aC } + 10; dO) q+ < male 


For KCl we similarly have: 


* & dk\ jd 
(2) i aa és" ae 


from which, having obtained from (1) the value for (dA /dC),, and having 


substituted it in (2), the value of (dK/dC),- is obtained and, in the same way, 
the dK/dC connected to the various ions may be obtained. 
The experimental values thus obtained are reproduced in the Table I. 


TABLE I. 
Ions dk /d0 Radii (A) (') Ions dK /a0 Radii (A) (*) 
sy 0.42 1.33 Mg*+ 1.54 0.78 
cr 0.28 1.81 Sr++ 0.73 1.27 
oe 0.13 1.96 Batt 0.59 1.43 
1 0.01 2.20 
Zn++ 0.59 0.83 
Lit 1.00 0.78 Ca++ 0.19 1.03 
Nat 0.74 0.98 
Le 0.42 1.33 
() Phys. Chem. Tabellen, vol. IV. 


It is to be remarked that for ‘ions having equal charge a greater drop in the 
dielectric constant is found, as the radius decreases. 

This is to be expected because a diminution of the radius calls for an 
increase of the electric field around the ion. Indeed, if the charge were uni- 
formly distributed on a sphere having its radius equal to the radius of the 
ion an inverse proportion should be expected between the dkK/dC and the 
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square of the radius, the electric field being given by e/7*, 2e/r? for ions that 


are monovalent, bivalent, ete. 

Let us plot on a diagram (Fig. 6) the results obtained; a remarkable in- 
fluence of the electrical structure of the 
ion on the diminution of the dielectric 
constant is to be noted. 

Tn fact, in Fig. 6, it appears that the 
curve (the shape of which is nearly 
rectilinear) joining the points concerning 
halogens presents a deviation when from 
halogens we pass over to alkali metals. 

As to bivalent ions it is to be no- 
ticed that the diminution of K due 
to Zn++ is less than that produced 
by Mgt+. This behaviour may be 
justified as follows: they both have 
equal charge and their radius is nearly 
the same (respectively 0.83 and 0.78 A), 
they should therefore cause the same 
diminution of K, however Zn** has 18 electrons more distributed over the M shell, 
similarly Cd++ has 10 electrons more than Sr++ distributed over the WN shell. 

For these ions, therefore, the presence of a greater number of electrons over 
an external shell appears to reduce the action of the central charge. The 
experiments we described above may also be used to determine approxima- 
tely the number of dipoles blocked by each ion. 

With reference to the Debye equation: 


Als 


lonic radii A 


Fig. 6. 


(3) 


ee eee we 
Kio. 4 Me ger) 


it may be believed that when ions are dissolved in water the number of di- 
poles of water that orient themselves under the action of the external field 
is N’< N because N — N’ dipoles are held back around the dissolved ion; 
(3) therefore becomes: 


1 ae N' 2 
(4) — sg Nol oct peat.) 5 
K’t2a 3 
in which K’ is the value of the dielectric constant of the solution. From the 
equations (3) and (4) we can obtain the ratio N’/N and by means of this ratio 


we can calculate the number of dipoles blocked by the ions. These numbers 
are reported in Table II. 
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Other authors (2) have obtained (by means of various methods such as the 
study of compressibility, mobility, diffusion) values that are not in very good 
agreement with each other. 


TaBLe II. 

Tons Blocked dipoles Tons Blocked dipoles 
ne 13 K+ is 

(Olle 5 Megt+ 40 

Br- 1 Sr++ 20 
ie 1 Ba** 13 | 
Lit 30 Zntt+ 15 

Nat | 20 Cd+*+ 2 


Generally, it may be said that the number of dipoles blocked by the ions, 
calculated by our method, is greater than the others. 


(2) BARNATT: Quart. Rev. Chem. Soc. London, 7, 84 (1953); H. Remy: Zeits. 
Phys. Ohem., 89, 469 (1915); R. A. Rosrnson and E. H. Sroxzs: Electrolyte Solution 
(London, 1955). 


RIASSUNTO 


Sono state fatte misure di costante dielettrica di soluzioni acquose di vari sali, a 
frequenza di 8 MHz. Dopo una descrizione del metodo e dell’apparecchio usati, 6 mo- 
strato come dalla variazione della costante dielettrica si possa risalire al numero di 
dipoli dell’acqua bloceati da ciascun ione in soluzione. 


tiaialinall 
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On the Problem of Causality (°). 


G. WANDERS 
Max-Planck-Institut fiir Physik und Astrophysik - Miinchen 


(ricevuti il 20 Giugno 1959) 


Summary. — The possibility of formulating the causality principle in 
terms of observable transition probabilities is discussed. It 1s found that 
only a very weak asymptotic condition can be plausibly deduced from 
the causality requirement. This condition implies regularity of the for- 
ward scattering amplitude S(p) in an infinitesimal strip of the first quadrant 
along the real p-axis. Singularities of S(p) located at a finite distance of 
the real axis have also observable effects, but they cannot be interpreted 
as obvious acausalities. 


1. — Introduction. 


The condition of local commutativity, according to which two field ope- 
rators @,(#,) and ®,(#,) have to commute (or anticommute) for space-like 
separations (7, — #,): 


(1) [D,(x,), B,(a2)], = 0, (a, — %,) space-like 


is one of the basic axioms of quantum field theory implying analytic properties 
of transition amplitudes. These properties are, in some cases, equivalent to 
dispersion relations. Local commutativity is usually interpreted as a causality 
condition, and it certainly leads to a causal theory, as is appearent from the 
fact that it allows any transition amplitude to be expressed in terms of vacuum 
expectation values of invariant retarded products of field operators (1). How- 
ever, condition (1) itself has no clear physical meaning, in spite of its mathe- 


(*) Work performed under a grant from the Swiss National Fond for Scientific 
Research. 


(**) Present address: Institut fiir Theoretische Physik der Universitit Hamburg, 
Hamburg. 


(?}) H. Lenmann, K. Symanzik and W. ZIMMERMANN: Nuovo Cimento, 6, 319 (1957). 
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matical simplicity. This arises mainly from the fact that the fields ®,(7) and 
@,(x) are, in general, not observable. Thus, strictly speaking, (1) cannot be 
interpreted directly as a causality condition (?). On the other hand, the re- 
maining axioms (Lorentz invariance, asymptotic condition, positive energy 
spectrum) have all an immediate physical significance. Thus local commu- 
tativity is a weak point in the system of axioms of field theory, in the sense 
that it is a postulate on the mathematical structure of the field cperators, 
rather than a physical hypothesis. 

Therefore an alternative formulation of the causality principle in terms 
of observables would be desirable. If we adopt the point of view of the pure 
S-matrix formalism, in which only transition probabilities are observable, we 
have to look for the direct consequences of causality on transition probabi- 
lities. We call macrocausality that type of causality, which can be expressed 
as a property of transition probabilities. Our main point is to illustrate that 
this concept of macrocausality 
is not a sharp one, and that 
there is little hope to deduce 
from it consequences as strong 
as dispersion relations. 

In order to point out the 
difficulties, let us consider qua- 
litatively the scattering of two 
particles, that is, a transition 
(Pp, x) > (H's x); P(@) and xz) 
are the wave packets of the 
incoming particles, g’(v) and 
y' (x) those of the outgoing ones. 
We assume that these packets 
are all confined, for finite times, 
into narrow space-time regions; 
g and x overlap in a domain 
D, gy and x’ in D’. Clearly, 
the process.is causal if its tran- 
sition probability Pq’, x'/¢; 7] 
is great only when D’ lies in the 
forward light-cone of D (Fig. 1). (We assume, of course, a short-range inter- 
action.) However it is impossible to put this condition in the strong and 
simple form: Plq’, x'/y, 7] = 0 unless D’ is in the forward cone of D. This is 


Fig. 1. - Example of a causal transition. 


(?) If, according to R. Haac (Varenna Lectures, 1958), one assumes that O[g|]= 
= | (dx)* g(x) D(a) defines a « quasi-localizable » state @[g]|0>, g(w) being a smooth test - 
function, causality implies only: (0| [®1(%), ®,(ar2)]|0> = 0 for (% — %2)” > — oo. 
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so because of two reasons: a) there exists no wave packet with sharp fronts, 
i.e. vanishing exactly outside some space-time region, b) the interaction of 
the particles does not, in general, vanish outside its range. a) results from 
the fact that every admissible wave packet has a spectrum containing only 
positive frequencies (m<@< oo). Therefore the lines limiting the wave pa- 
ckets in Fig. 1 indicate their half-widths rather than their fronts, and the do- 
mains D and D’ are not well-defined. Causality requires only that the tran- 
sition probability has to be small if D’ is outside the forward cone of D and 
no general principle prescribes how small it should be. 

Thus the situation is quite different from classical dispersion theory, where 
signals with sharp fronts can be constructed and where the causality condition 
is a strong requirement of the type «No output for «>t if no input for 
x >t». In quantum theory, the concept of macrocausality is intrinsically 
unsharp and has only relatively weak consequences. There is no way of intro- 
ducing unallowed frequencies, of filling up the « unphysical region » —co<w<m 
in order to obtain wave packets with sharp fronts, which does not alter the 
physical content of the theory. 

In order to avoid unessential mathematical complications, we shall con- 
sider only scattering processes in a two-dimensional world (one space co-ordi- 
nate, v, and one time, t). Section 2 introduces the quantities which are con- 
venient for a quantitative formulation of the previous, qualitative, discussion. 
In Section 8 we propose an asymptotic causality condition and examine its 
implications on the analytic properties of the forward scattering amplitude 
S(p). This investigation is incomplete and suggests that asymptotic causality 
implies regularity of S(p) in an infinitesimal strip of the upper half p-plane, 
along the positive real axis. Therefore, singularities in the first quadrant of 
the p-plane are not excluded, as is the case when microcausality is required. 
However, this does not mean that such singularities have no observable effects 
on the transition probabilities. This is shown in Section 4 for the special case 
where S(p) has only a single pole in the first quadrant. 


2. — The method of displaced wave packets. 


For the sake of clarity, we consider first the elastic scattering of a scalar 
particle of mass m by a fixed scatterer. The in- and outgoing states are then 
completely defined by the wave packets (x, t) and g’(#, t) of the in- and out- 
going particle: 


1 Lag . . 
dp @(p) exp [ipa —iw,t]; o,= Vp? +m 
V20, 
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In the one dimensional space, energy conservation allows only forward 
and backward scattering (p >p and p —> —p) characterized by the scat- 
tering amplitudes S(p) and R(p). As we wish to obtain restrictions from 
macrocausality on the forward scattering amplitude S(p) alone, we have to 
choose gm and g’ in such a way that forward scattering alone contributes to 
the transition g >’. This is the case if both m and g’ contain only positive 
momenta (¢(p)='(p) =9 for p< 0). The transition amplitude A[p’p] is 
then given by: 


(2.2) A[q'/¢] = angen S(p)p(p) - 


It has been assumed that the scatterer is such that the asymptotic con- 
dition holds and therefore (2.2) is valid. It is useful to introduce, as a com- 
parison element, the amplitude A,[¢y'/y] which one would observe in the ab- 
sence of the scatterer (S(p) — 1): 


foe] 


(2.3) Alyy] = [arg ain : 


tt) 


At this point we have to decide which quantities we consider as observables. 
We assume the idealized situation where the in- and outgoing states are pure 
states, i.e. both the apparatus preparing the ingoing particle and the detector 
analyzing the scattered particle correspond to well-defined and known wave 
packets m and g’. Therefore A,[¢' /p| can be calculated for each experiment, 
and is known. On the other hand all the experimental information on the 
scattering yg’ is contained in the measurable transition probability 
P[¢'/o] =|Ale’/y]?. Therefore P{¢'/g] and A,[¢'/y] are our observables, and 
macrocausality has to be formulated as a property of these functionals. 

We take advantage of the particular structure of the functionals A[¢’/@] 
and A,[q'/y| by introducing a monoparametric family of wave packets Pes 
obtained from gy’ by spatial translation: 


(2.4) (a, t) = p(w —&, 1). 


The substitution y' > %: transforms A,[g’/g] in a function of &: 


o 


(2.5) -Ag(£) = Aol yt/p] =| dp Av(p) exp [ime] 5 Ap) = @*(p) GP) » 


0 
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and A[q'/p] becomes a &-dependent functional of A,(&) 


ioe) 


(2.6) A[Ap, £] = Algo] =| dp Ao(p) S(p) exp [ipé] . 


0 


Ags we loose no information about the scattering amplitude S(p) in going 
from the correspondence <A,|q'/g] + A[g’/gv] to A(é) > A[Ao, &] we may con- 
fine our further investigations to the latter one (*). 


Fig. 2. 


(*?) It may be shown that the knowledge of the correspondence A,(&)—A[Ap, &] 
uniquely defines S(p). 
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We get a qualitative understanding of the restrictions on the relative 


behaviour of A,(é) and P(é)=|A(é) |? (4) resulting from causality by consi- 


dering an A,(é) having a sharp maximum at €=0. This means that m and Pe 
overlap strongly for §~0 only (Fig. 2). Tf the corresponding P(&) has a 
maximum for a positive and very large value & of & (large compared to the 
width of A,(é) and the range of the scatterer), the scattered particle leaves 
the scatterer much earlier, in the mean, than the incoming particle reaches 
it, and this is presumably an acausality. Thus we see that causality may 
impose restrictions on the relative behaviour of A,(€) and P(&) for very large 
and positive values of ¢. The following sections are devoted to an investi- 
gation of the possible nature of these restrictions. 

The method of displaced wave packets works also in the case of the scat- 
tering of two particles: y, % >’, x7’. Let M be the mass of the y-particle 
(M+Am) and: 


(w, t) = 1 fac 2 
(2.7) oe 8m) /2.Q, 


DGG) aaa: 


1(q) exp [ign —iQ.t]; Q2= Ve+M, 


al 


It is easy to see that, if ¢(p)=9'(P) = 0 for p<0 and y(q)=x(q)=9 
for q> 0, the scattering occurs through forward scattering only. From rela- 
tivistic invariance, the forward scattering amplitude is a function of (p, q)= 
== 0, 2,—pq, and the transition amplitude is given by: 


foo) 0 


(2.8) Alo’, x'/y, x1 =| 4p | dg" (p)Z'*(q) S(@p Qa — PDP(P)LD) - 


0 —-o 


A,l¢’, x' ly, x] 18 obtained from (2.8) by putting S=1. Introducing as 
above the translated wave packet Ves keeping zy and 7’ fixed, one gets: 


A,(é) = Aol ge, x'/P: x1 = | dp Ay(p) exp [ipé] , 
(2.9) <> a 
A[Ap, £] = Alois x'/os x] =| ap o(p) S(p) exp [ire] 


0 


(4) For shortness, we write A(é) instead of A[ Ao, &]. 
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where: 
A,(p) = G'*(p) tn) | aay He) ‘ 

(2.10) co : 
a> -1 
5 (p) = fora S(o,2,— 20 20) faa azo] 


The interpretation of the relative behaviour of A[A,, &] and dA,(é) is similar 
to the preceding one. In particular, if y=’, one gets the situation of 
Fig. 2, the fixed scatterer being replaced by y. 


8. — Asymptotic causality. 


For definiteness we consider again the case of the scattering of a particle 
by a fixed scatterer. We first remark that, according to (2.5) and (2.6), the 
spectrum of A,(#) and A(x) contains only positive p’s. Therefore these functions 
never have sharp fronts, and the causality condition cannot be: A(#)=0 
for «>, if A,(w7)=0 for x>a,. Moreover, A(#) may well be advanced 
against A,(#) without violation of causality because the interaction with the 
scatterer can be attractive (*). Then the particle is accelerated inside the 
scatterer and leaves it earlier as if there were no interaction, or only a repulsive 
interaction. The detailed structure of this possible advancement depends on 
the particular nature of the scatterer, and one has no feeling how to charac- 
terize it in general. However, it is evident that a scatterer of finite range 
and finite strength, as we assume it, will produce an advancement whose 
effects are limited to finite values of x. More precisely, we are certainly allowed 
to require that asymptotically, for «—> + co, A(a#) has to be retarded against 
A,(“). Remembering footnote (°), we propose to formulate this condition in 
the following way: 


| da P (a) 
(3.1) lim sup | -———_ | <1 
ee | fama) 


(°) Retardation of A(x) against A,(x) ean be characterized, in spite of the impos- 
sibility of sharp fronts, by the condition: fda|A(a)|?< fda |A,(«) |? for every x). Ar- 


Sor Xo xq ‘s 
guments similar to those of VAN K AMPEN (Phys. Rev., 91, 1267 (1953)) show that this 
condition implies analiticity of S(p) in the upper half-plane. Therefore strict retardation 
excludes the occurence of poles on the positive imaginary axis, due to bound states. 
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where P,(#)=|A,(x)|?. We call this requirement the condition of asymptotic 


causality. This is of course a very -weak condition, but, in our opinion, it is 


the sole condition which is immediately accepted and recognized as a direct 
consequence of macrocausality. Any stronger condition would fail to have 
this high degree of plausibility which basic assumptions should have. 

Now the question arises if our condition of asymptotic causality implies 
some analytic properties for S(p). As it will be made clear in the following 


_ section, singularities of S(p) in the upper half p-plane never affect in a signif- 


icant way the asymptotic behaviour of A(a). Therefore asymptotic causality 


- ig correlated with the analytic structure of S(p) only in an infinitesimal neigh- 


bourhood of the real axis, and we suggest that the condition of asymptotic causa- 
lity (3.1) holds if, and only if, S(p) has an analytic continuation into an infinr- 
tesimal strip S of the upper half plane, along the positive real axis (0 <Imp <é, 
Rep >0, € arbitrarily small). 

We have no complete proof of our last statement, but we will demonstrate 
in the following two theorems which exhibit its plausibility. 

S(p) is separable into two terms, S.(p) and S_(p) which are boundary 
values of functions which are analytic and regular respectively in the upper 
and the lower half plane: 


S(p) = Si(p) + S-(p) 5 


eo 


(3.2) cap) = i= lim (p+ a) a’ b— 2 


Dp €—> 0+ 


S(p') 
+ te)(p'+ 4) 


0 


where gq is real and positive (the integral converges, because |S(p) |< 1 from 
unitarity) (°). 

Thus we claim that S_(p) has an analytical continuation into the infinitesimal 
strip %. Now our first theorem reads: Suppose S_(p) to be continuous and infi- 
nitely often continuously differentiable in the interval (p,, Pz), except at the point 
Po (Pi< Po< Pz) where some derivatives are discontinuous or unbounded, then the 
condition (3.1) of asymptotic causality is violated for some Ao(x)’s. For the proot 
of this theorem, we choose an A,(7) whose Fourier transform A,(p) has the 
compact support (p1, P2) (Ao(p) # 0 for p,<p<P2 only), and is indefinitely 
often differentiable with bounded derivatives (| (d*/dp") Ao(p) |< On < 00 for 


| every p and every ). Then A,(“) decreases faster than any power of 1/x at 


infinity. The decomposition : (3.2) of S(p) induces a decomposition of A(«a): 
(3.3) A(a) = A,(x) + A-(@) A, (p) = S.(p) AolP) - 


(5) Si(p) are uniquely defined up to a constant, 1.¢., the substitution q > q' leads 
to S.(p)>S(x) + const. bx 
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We ean also write: 


(3.4) g(a) =] dar E,(@ — 2!) Ay (a) , 
where 

ali : 
(3.5) 24(@) = a S.(p) exp [ipa] . 


— oo 


As a consequence of the analytic properties of S_(p), X,(”)=90 for x20. 
In order to get information on the asymptotic behaviour of A4(#) it is 
convenient to introduce the functions: 


+o 
a ‘ ‘: 
| 2, (@) = =| dp - ee we exp[ipx]; uw real, > 0, 


(3.6) _% 
sn =ile8) ae 
Then 
(3.7) A, («) = [av 24 (@—a')A(a’), 


—-@o 


(x) is square integrable (which has not to be the case for 2'.(x)) and 
A,(v) still decreases faster than any power of 1/7. Schwarz’s inequality gives: 


0 foo) 


(3.8) | Ay (x) )it< faa’ Ee ') 21 da’ | Ay (a) |2?< = xf |Ay(x")|?. 


-@o x 


As the remaining integral decreases faster than any power of 1/# for 7 ++ co, 
the same is true for A(z). 

From the assumed properties of S_(p) follows that the derivatives of A_(p) 
are not all bounded at p=. Therefore, the integral 


ie | dv] A_(a) [2% = ap SSA) 


dp” 


Py 


diverges for some value N of n and converges forn< N. This means that 
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|A_(w)| behaves as some finite power of 1/« at infinity: 
peas.) 8+ 1 : 1 
A_(#)~ C43 Ngee Ne 


On the other hand an argument similar to that on A,(xv) shows that A_(x) 
decreases faster than any power of 1/x for « —— oo, so that for “7 —-+ oo 


1 
(3.9) | | A(x) |~|A_(x)|> Ca Oi a <= 20; 


and (3.1) is violated. 

The relevance of this theorem is that, if we make the physically reasonable 
assumption that S(p), and therefore also S_(p), is piecewise continuous and 
infinitely often differentiable, it implies that S_(p) has to be continuous and 
infinitely often differentiable on the whole positive real axis. This is of course 
an essential condition for the possibility of a continuation of S_(p) into some 


~ domain of the first quadrant. Our second theorem asserts that the existence 


of an analytic continuation of S(p) into the infinitesimal strip Y of the upper 
half-plane, along the positive real axis is sufficient for the validity of (3.1) 
for a special class of A,(«)’s defined by 


Dy 


Ay(%) = i dp f(p) exp [— g(p) + ipa] , 


Py 


(3.10) 
By Bs 
Wo Di) . (D2 — p)™ 


g(p) = | 


a, and a are real and positive, 
B, and ~, may be complex, with 
Re f,, Ref. > 9, f(p) is analytic and 
regular in some domain Z containing 
the interval (p,, p2) (Fig. 3). 

The particular form of A)(#) 
permits (with the aid of the sad- 
dle-point method) an evaluation of Fig. 3. 
the asymptotic form appearing in 
(3.1). The term exp [—g(p)+ ipx| has two saddle-points, 


iat, B, 1/(1+ 04) 
Py ee on a 
Gi = Px ( a 
(3.11) Oty Py\ Metta 
2 = Pr ie : 
% 12 - Il Nuovo Cimento. 
on. 
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They lie in the upper half plane if # > 0, and are inside Y for w sufficiently 
large. Therefore the path of integration can be replaced by a path passing 
through the saddle points, and if «,<«, the asymptotic form of A,(#) re- 
sults from the contribution of q,: 


1 : 
(3.12) A(x) ~ ef(p1) gia XP [— ba* + ipa] for «%—--+0o, 


where a, b and ¢ are some constants (a real, Reb > 0). 

As for sufficiently large values of # the saddle points g, and q, are also inside 
the strip into which S(p) is supposed to have a continuation, the asymptotic 
behaviour of A(#) can also be calculated by the saddle-point method, and 
one gets 


(3:13) A(x) ~ S(p,)Ag(#) for 7 ++ 0o 


As |S(p,)|<1, the condition of asymptotic causality (3.1) is verified. 

Tf we consider the mutual scattering of two particles, instead of the scat- 
tering of a particle by a fixed scatterer, it is still justified to require the con- 
dition (3.1) of asymptotic causality to be fulfilled. The resulting analyticity 
in the strip Y holds now for S(p), defined in (2.10). It will be shown in Ap- 
pendix A that analyticity of S(p) in Y implies analyticity of S(p) itself in the 
same domain. . 

It is known that in potential scattering, S(p) has an analytic and regular 
continuation into the first quadrant of the p-plane (Re p> 0, Imp >0) if 
the potential decreases as some finite power of 1/x at infinity. The first 
quadrant contains of course our infinitesimal strip %. A potential with slower 
decrease leads in general to an S(p) having no regular continuation into the 
first quadrant. However, such a potential corresponds to a very extended 
scatterer for which it is not legitimate to require (3.1) to hold. 

In the field theoretical case S(p) has been shown to be analytic and reg- 
ular in the first quadrant whenever one has succeeded to prove a dispersion 
relation for S(p). | 

Therefore we may conclude that the regularity of S(p) in the strip Y 
seems to be equivalent to the condition of asymptotic causality (3.1) and that 
it is not in contradiction with known consequences of the usual condition of 
microcausality. Of course, regularity in Y is a very weak restriction on S(p), 
which is far from leading to a dispersion relation; it mainly predicts the rela- 
tive behaviour of its real and imaginary parts in the neighbourhood of eventual 
points of discontinuity, corresponding to thresholds. 
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4. — Observable effects of a pole of ‘S(p) in the first quadrant. 


In the preceding section, we discussed a general and quite plausible asymp- 
totic causality condition, which seems to imply only very weak consequences 
for S(p). It is an open question if there exist stronger conditions, which still 
can be recognized as causality conditions and which lead to further restrictions 
on the possible singularities of S(p) in the first quadrant of the p-plane. As 
one has no direct feeling how to formulate such conditions, the most instructive 
thing to do is to consider an S(p) with given singularities in the first quadrant 
and to investigate the specific consequences of these singularities on the be- 
haviour of P(«#). We restrict ourselves to the simplest case, where a pole is 
the unique singularity of S(p) in the first quadrant: 


i a 
Qin p — x 


m (4.1) S(p) | Rip), 


where x=p-+iv (u,v> 0) and R(p) is regular and bounded in the first quad- 
rant. We write: 


fee) x 


y ~ k ; f 
Ci | dp —*— Ay (p) exp Lipo] = 2f de’ exp [ix(n— aN Ay le), 
(4.2) mee. A 


A,(a) =| dp R(p)A,(p) exp [ipa] . 


tt) 


From the fact that the spectrum of A,(%) contains only positive p’s, re- 
sults that (7): 


+0 

| a 

[ow pes Ae) Ze CO. 
ce ee 


— © 


Therefore A,(7) decreases at infinity more slowly than exponentially, and 
A, (e) never behaves asymptotically like exp [ixs]. Therefore it is impossible 
to infer the existence of the pole p= of S(p), and more generally of any 
singularity in the upper half-plane from the asymptotic behaviour of A(z) 


(7) Cf. Theorem XII, p. 16 in PALEY and Wiener: Fourier Transforms in the Com- 
plea Domain (American Mathematical Society, 1934). 
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for 7 —>-+oo. This fact leads us in Section 3 to suggest that asymptotic causa- 
lity implies regularity of S(p) in an infinitesimal strip only. 

Nevertheless it may be that |A(w)| behaves fairly well like | exp [ixa#]|= 
= exp[—va] in some finite, but large interval (a,, 7). In order to see this, 
we introduce a function 6(#, y) which measures the deviation of |A(«)| from 
the exponential in the interval (x, x+y) 


2 


(4.3) O(@, y) =|-55 —___—— exp [— izy] | —1 . 


For practical convenience, we take: 


1 
(4.4) A,(«) = ‘leaders? 
with a real and positive. After some lengthy calculation, whose principal steps 
are indicated in Appendix B, one gets an upper bound for 6(a, y): 


») ‘a2 
(4.5) 6(@, y) < 4 |e ee tg 6 (sin 0)2"-! exp [au] 


14+R|* 
a 


cos | : 


if 
Ee ss K-aen and (#+y)-< es “+ : log K. 
v yp v 
6=argx=tg-»/u and R is an upper bound of 2z|R(p)| in the first 
quadrant. (n has been assumed large and some factorials have been ap- 
proximated according to Stirling’s formula.) Putting w=2n/y and K= 
= exp [2c/nan] (c > 1) (4.5) gives: 


2n 2 
— Qn — ra] 
(4.6) 6 | =i ") Py ae =i exp [ (2 — 1) log (sin 9) + Oy/zn]- 


‘te 6 exp [ap] 1 +R < 
a 


cos | ; 


for y < 2c(\/xn/v). This shows that, by choosing nm large enough 6((2n/y), y) 
can be made arbitrarily small, for y < 2¢(/zn/v) and as long as 064 7/2. On 
the other hand, one finds that if the pole x is on the imaginary axis («= 1), 
6(2n/v, 2c\/xn/y) has a finite lower limit: 


(4.7) (2, be ee vt) > 20-1) + 0(Z). 
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Therefore, we have found an experimental test distinguishing a pole in 
the first quadrant from a pole on the imaginary axis. (Of course, the experi- 
ment in question is an ideal one). Choosing A,(w) according to (4.4), with 
n sufficiently large, |A(«)| fits the exponential exp [— «v] arbitrarily well in 
the arbitrarily large interval ((2”/y), (2n/r) + 2e,/an/v) if x is in the first 
quadrant. If x is on the imaginary axis, such a good fit will never be obtained 
in that interval. However, as one has no convincing physical argument against 
a quasi-exponential behaviour of | A(a)| in some interval, it is doubtful if 
there exists a plausible condition of macrocausality excluding a pole of S(p) 
in the first quadrant, as microcausality does. Therefore, one gets the impres- 
sion that macrocausality is intrinsically a much weaker concept than micro- 
causality. 


* kK * 
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APPENDIX A 


Remark first that: 


0 


(A.1) Wy Op 


0 
S(w,2, — pa) = Qa a4 S(w,2,— pq) . 


Therefore, according to (2.10): 


= 0 
dS(p) _ EE epee Lic a 
(A.2) og = 0 | dq, x" (DX) 3 8(@,8a— pd) = 


-—o 
0 


= d my l® 
= MOZ'*(0)7(0) S(Mo,) — of a a5 (%'* (a) x (4) Qa) S(@, 2. — 4) » 


nt ED) 


0 


feo) fo) = 0 and 0 =f da7'*(@) 200 


— oo 


Choose now y; and y, in such a way that V(g)%.(@ = (d/dq) (x (q) 7 (q)Q2,). These 
wave packets define a new function S,(p) and a new constant C,, and (A.2) 
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gives: 
&, = S C = 
(A.3) MCz™*(0)7(0) S(Mo,) = 0, se +- a Sp}. 
A 


As S(p) and S,(p) are assumed to be regular in the strip Y, (A.3) shows 
that the same is true for S(Mw,). 


APPENDIX B 


x in the first quadrant. 


According to (4.2) and (4.4): 


eS ae » exp [tue] 
(B.1) A, (#) = x ae rear 


0 


The path of integration can be shifted on the positive imaginary axis, if 
one takes into account the residue at # = a#-+ia. This gives: 


(B.2) A,(“) = Bia) + Bia) , 


with: 


(an 


B Ly) SS 24 he 
(a) Uetog (on — 1) 


, exp ax| exp [ix], 


exp [— xu] 
[a —a+ ia?” 


foe) 
B (2) = ivf 
0 


One has: 


r exp[— up] | | 
(B.3) | B'(x)|<|a| | dw rae a hel uate 


A,(x) is given by: 


© 


ied R (p) p23 exp [— wp + ipa | < 


0 


oI 
(B.4) A,(%) = (Qn — 1)! 


After shifting the path of integration on the positive imaginary axis, one 
gets an upper limit for | A,(«)|: 


(B.5) |A,(a) |< R 
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One has now: 


(B.6) A(a) = Bix) +- B, (a), 


with B,(a) = B'(«) + A,(2). According to (B.3) and (B.5): 


(B.7) al< 2. R A) 
& \ 


|a|} a 2n ~ 


- From (B.2) and (B.7) one can deduce that: 


PO ise, a) i : 
(B.8) Tw Re ete ein gye OP a] RG] ane 


if (2n/v) K-42" < @ < (2n/y) +(1/y)logK. The upper limit (4.9) follows directly 
from (B.8). 


% on the imaginary axis. 


We write: 
(B.9) (2, Y) = | \1 + 4(2, y) ae 1 lf 
with 
Neston, A(x + y) exp [vy] — A(2) 
(B.10) a ae 
One has 


dar! exp [vx] /[x-+ a” +ia]" + (1/«) (exp [vy] A2(@+y) — A,(a)) 


(B.11) n(&, i = 
fhe exp [— va’ ]/[v — #' + ta +(/a) Aal@) 


Using the same method as above, one gets an upper limit for the deno- 
minator of (B.11): 


se saline Bo 


1 
(B.12) |Den| <-—- ( 9. fn ta GE 


Tf « is large enough, the integral in the munis of (B.11) can be evaluated 


“in the gowns way: 


(B.13) ie exp [ va" ] 
: [a+ o'+ia]” 
0 


7] 
y 2n 
dx’ P | sa al = 5 [do exp [ antes GS Rs ; 
* ts, aide he n 70) aon 
0 


0 
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the last inequality holding if # > 2n/y. On the other hand: 


(B.14) E (exp [vy] Aalwe + y) — Aala) 


Rolf exp[y] 
“Jal a la + (y/a))* 


Rai 2n n 
Se ae a4 are. 
< jam ||(> y+ ty 


the last inequality holding if «> 2n/y and y < 2¢(\/zn/p). 
From (B.13) and (B.14) one gets: 


+1]< 


a 7 ees # = (exp[ae?]+1), 


(B.15) | Num |> = (y — i (1 + exp (xe) ’ 
aoe a 


as long as y> (R/|«|(1 + exp[ae?]). (4.7) follows from (B.10) and (B.15). 


RIASSUNTO (*) 


Si discute la possibilita di formulare il principio di causalita in funzione delle pro- 
babilita di transizioni osservabili. Si constata che dall’esigenza di causalita si pud 
dedurre, plausibilmente, solo una condizione asintotica molto debole. Questa condi- 
zione implica regolarita dell’ampiezza S(p) dello scattering in avanti in una striscia 
infinitesima del primo quadrante lungo Vasse reale p. Le singolarita di S(p) situate 
ad una distanza finita dall’asse reale, hanno anche effetti osservabili, ma non possono 
essere interpretate come ovvie acausalita. 


(*) Traduzione a cura della Redazione. 
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Regularization and Renormalization. 
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B. R. CAIANIELLO (*) 


Istituto di Fisica Teorica dell’ Universita - N apoli 
Scuola di Perfezionamento in Fisica Teorica e Nucleare del O.N.R.N. - Napoli 


(ricevuto il 3 Luglio 1959) 


Summary. — The analysis begun in Part I of the conditions under which 
the regularization, performed by the adoption of the modified integrals 
introduced there, acts as a renormalization is completed. The « conditions 
of the second type » announced in I are formulated and discussed; a quan- 
titative analysis may give results different from the standard requirements 
for renormalizability: as an example, it is shown that the neutral scalar 
meson theory is not renormalizable, contrary to current belief. The Lie 
equations of the renormalization group can be derived without difficulty, 
and their integrability conditions investigated. Finally, it is shown that 
using our modified integrals amounts to solving the differential branching 
equations for kernels under the condition that the solutions belong to 
a certain well-defined mathematical class #. In this way, ultraviolet in- 
finities never appear, and the search for the renormalizability conditions 
becomes a search for the self-consistency of a theory, which need be made 
once for all and cannot cause inconvenience in computations. The result 
is a rigorous mathematical formulation of the renormalized theory, which 
avoids all mentions of « bare particles », is completely rid of ambiguities 
and is suited both for practical computations and for the study of funda- 
mental questions. The unphysical splitting of processes into Feynman 
graphs is avoided; the troubles due to overlaps are shown to have a trivial 
origin and are altogether eliminated; all vertex-part contributions vanish 
with this method, at least in electrodynamics, since the cancellation of 
them against electron self-energy contributions occurs prior to actual 
computation. These criteria will be applied in a forthcoming work to an 
exhaustive study of electrodynamics; they are expected to play a relevant 
role in a search for consistent theories of elementary particles. 


(*) The research reported in this document has been sponsored in part by the 
Office, Chief of Research and Development, U.S. Department of Army. 

(**) Part of this research was performed at the Institut des Hautes Etudes Scien- 
tifiques, Paris. The author takes pleasure in thanking its Director, M. L. MoTCHANE, 
for the kind hospitality extended to him. 
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1. — Introduction. 


11. — The present work continues and concludes some considerations recently 
published (1), the purpose of which was to understand the mathematical origin 
of the so-called ultraviolet divergencies of field theory and to attain a rigorous 


mathematical formulation of the problems presented by their renormalization. 


We have stated in I that a regularization procedure acts as renormalization 
provided it satisfies conditions of two sorts: a first set (conditions a, b, ¢, d 
of I) of a very general character, which are clearly necessary in order 
that the theory be mathematically meaningful, and guaranty also that all 
combinatorial problems are dealt with correctly (this is the hardest, and the 
most important aspect of the question); a second set, which depend speci- 
fically on the theory which is being studied. 

All requirements of the first type have been studied in detail in I, where 
they are shown to be equivalent to a single, very simple mathematical con- 
dition given by formula (I-46). As matter of fact, (I-46) (which is required 
to be true only for symmetric integrands) imposes very severe restrictions on 
the prescription; although it may be satisfied by an infinite number of pre- 
scriptions (to within, that is, a finite renormalization), we do not expect that 
these, different as they may be as regards formal appearance or ease of com- 
putation, have substantially different contents. We shall have, time and 
again, the occasion of using (I-46) to deduce results very relevant for our 
purposes. 

In the present work we study the second set of conditions, which will gua- 
ranty, without the need of further checks, that all the divergent parts sup- 
pressed by a regularization procedure which satisfies them (and (I-46)) are 
formally identical with those that the customary counter-terms would have 
produced; this suffices to prove that the procedure is actually a renormal- 
ization, in the standard sense. 

We obtain, actually, much more than this. First of all, this treatment is 
entirely rigorous from a mathematical point of view (e.g. it contains, as a 
by-product, a strict proof of the often stated fact that renormalization of a 
perturbative expansion in a renormalizable theory can be carried through 
consistently to all orders) and totally rid of ambiguities (individual Feynman 
graphs, which are the main sources of them, are never used; overlaps are auto- 
matically taken care of; all divergencies due to vertex parts disappear in electro- 
dynamics, because they cancel against the corresponding electron self-energy 


(*) E. R. Catantetto: Nuovo Oimento, 18, 637 (1959), referred to hereafter as I; 
see also all references quoted there. 
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parts prior to computation; etc.). Furthermore, it leads, quite naturally, to 


- the formulation of the differential iie equations of the renormalization group 


(i.e., for any fixed prescription, to the differential equations of the transfor- 
mation that carries unrenormalized into renormalized parameters). The in- 
tegrability conditions of these are easily written; it turns out that they are 
satisfied in the case of electrodynamics and of pseudoscalar meson theory, 
but not of neutral scalar meson theory: the latter is, therefore, not renormalizable, 
contrary to current belief. (Dyson’s conditions, which are known to be not 
necessary for renormalization, are thus seen to be also not sufficient; they 
give very useful indications, but are not the substitute for a rigorous ana- 
lysis). 

We do not give here a full treatment of any specific theory, because each 
case presents its own peculiarities and is better treated apart; we give, rather, 
a complete account of our method in the case of electrodynamics (with a finite 
photon mass), where, however, on the one hand we accept without criticism, 
for the sake of brevity, the usual arguments to discard contributions which 
are not gauge-invariant, and on the other hand we assume that the divergent 
parts (which turn out, from actual computation, to have in this case a re- 
markably simple structure) are of unknown complexity. This will permit, in 
future works dedicated to specific theories (including, possibly, theories deemed 
thus far to be not renormalizable) to proceed with a minimum effort, all 
relevant points being already contained in the present discussion. A complete 
study of electrodynamics is not made the subject of this paper because it would 
raise other, minor but lengthy, questions (e.g., renormalization changes also 
the gauge), and also because the simplifications that occur in that case might 
hide important aspects of the problems; we differ this discussion to the near 
future, and ask the reader’s forgiveness if he is begged, at one or two points, 
to accept the result of calculations not reported here in detail. 


4°2. — After all proofs are given and identification with the current formulation 
and terminology is completed, one finds an extremely simple conclusion: that 
a rigorous, consistent and entirely unambiguous renormalization is obtained 
ipso facto if one changes, throughout in the perturbative equations and in 
the branching equations, the customary ordinary (Riemann or Lebesgue) 
integrals into somewhat different operations, denoted by us with the symbol ys 
which generalize (and include) principal-value integrals, Hadamard’s finite 
parts, Riesz’s u-parametrized integrals, etc.; different definitions of such ope- 
rations give results which differ by a finite renormalization. All one has to 
do, to find whether a regularization prescription is acceptable as a renormal- 
ization, is to check whether it fulfils condition (I-46) and to perform the few 
calculations which are necessary to test whether the conditions given in the 
present work are verified. 
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Tf one takes this point of view, the formulation given by us is only a re- 
statement of the problem of renormalization with a different technique. This 
identification is indeed very important, because we would have, otherwise, 
no justification for dropping the infinite quantities that our re-defined integrals 
suppress. Once this is proved, though, one is tempted to go some steps 
farther. 

First, no mention need ever be made, from our point of view, of infinite 
quantities (of ultraviolet origin): in a theory which fulfils our requirements 
and is written throughout in terms of af integrals, they have been already 
renormalized away in a consistent manner. A finite renormalization will still 
be necessary (cf. I); but this means simply that the parameters of the theory, 
which are indeterminate to begin with, can only, and must, be determined 
from experiment. We can eliminate all mention of infinities from our discussion, 
by requesting, instead of the usual conditions, that a theory be self-consistent, 
i.e. that, by expressing its parameters (finite in number) in terms of exper- 
imental data (as calculated from the theory) one obtains always consistent 
results, regardless a) of the number of the experimental data which are com- 
pared (this presupposes of course that the theory be physically correct to 
begin with!), b) of the particular prescription which has been adopted for the 
calculation of the integrals. This requirement is clearly equivalent to that of 
renormalizability: in either case, we have to ask that the numerical deter- 
mination of any element of the S (or U) matrix be left invariant by the pre- 
scription adopted. The analysis that follows can be interpreted in this fashion 
without any change, since passage from a prescription [ to another [” has 
the same properties as the passage from i} to it integrals, except that the sub- 
tracted parts are now finite. Clearly, a theory which is not self-consistent is, 
at best, only a fragment of a self-consistent theory. 

Finally, the question poses naturally itself, whether our integration pre- 
scriptions are just a mathematical disguise for hiding in a new way infinities 
which have an essential physical meaning (cf. I), or whether they can be 
simply understood in terms of the mathematical nature of the problem. We 
shall see that the latter alternative is the correct one: redefined i integrals 
must necessarily be used if the systems of coupled hyperbolic equations of 
field theory are to be handled correctly and unambiguously. Infinite ultra- 
violet quantities are automatically suppressed by a rigorous mathematical 
treatment: they arose only as correctives to inadequate mathematics. 

The search for renormalizable theories becomes thus a search for self- 
consistent theories. This yields a classification which, at a crude estimate, 
coincides with the customary division into renormalizable and non-renormal- 
izable theories, but may well give different, non-conventional results after a 
rigorous study, which appears now possible. 
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2. — Analysis of divergencies; a erude estimate. 


9°1. — For the sake of concreteness, we shall refer throughout to the par- 
ticular prescription for the calculation of [ integrals which is specified at the 
end of I-42, based on Laurent (or allied) expansions of the integrands around 
points of confluence (this is always possible: obviously for perturbative expan- 
sions, by recourse to the branching equations in more general cases). We 
impose also that a integrals coincide, by virtue of their definition, with ordinary 
integrals whenever the latter are convergent; this criterion, which is desirable 
mathematically (principle of permanence), is clearly satisfied by our present 
choice; it may be relaxed if it is so desired (the discussion in I is independent 
of its validity), but we need not concern ourselves with this possibility here, 
our present aim being only a consistent elimination of infinite quantities. It 
is important to remark, though, that different questions may be advantageously 
studied with different, suitably chosen prescriptions. In order to show the 
full equivalence of our analysis with the classical treatments of renormalization, 
it is convenient to begin with a study of perturbative expansions; the formal 
identification of the divergent terms suppressed by the use of § integrals with 
the contributions that standard counter-terms would produce is made thereby 
perspicuous. After this is done, it will be a simple matter to recognize that 
the procedure is actually independent of perturbative techniques and of special 


methods of approximation. 


2°2. — We have to find, as was indicated in I, under which conditions for- 


mula (I-47): 
UF ty eee ) => 


1 4) vy Vs eee vy, 
= K 
(1) aa 
Ce) Wk 
en) * Dy y” De. DEKO 


Yy Yo «+ Ux, 


jf Ree ee cree 


reduces to formula (I-49): 


g [Pres re — = of Dae ay S 
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Yi Bact YN, 
This is necessary in order that replacement of | with Al may yield a correctly 
renormalized theory (cf. I). Passage from (1) to (2) vill be the starting point 
of our discussion and will set the pattern for other such calculations. 
The equivalence of (1) and (2), when it holds, can be proved by using for- 
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mula (I-19) at r.h.s. of (1), and then the combinatorial lemmas proved in 
I-2°5 (formulae (I-26) to (I-31)). (I-19) serves to bring the divergencies which 
arise from é-confluences of any order owt of the kernels K® which appear at 
r.h.s. of (1); the discussion would be clearly impossible otherwise. One finds: 


fa) cm vy eee Uy, oO Hie f ; , r 
(3) aA t, ae te eo de 3 947". Dz ee i) 


h+1 (ht +1)/2] ay a\cie eh 
‘es DC aera Ae [Su ++ Sul 
r=0 D=0 of of % KosenGel 


= i Foes Ge H ... Uy,| © ° 
- KS) Sr vee Ew ty. te} 
oan GABA me 


where: &...E, + é is a combination of éé,...€ with h,<..<h; 
h<...<h,; likewise for indices k and 1; r+ s=20+o0=h +1; p(h, k) is the 
parity of the permutation h,... h, h, ... h, with respect to k,... k, k,...k,. We 


use henceforth ¥ for ¥, >,, thus including in } summations over combi- : 
(aye Co 0 C, f 
nations of both row and column indices. 


Formula (3) has two remarkable features: the first is that it factors, as 
was wanted, all €-divergencies out of each term; the second is that the kernels 


Cif coer Sly tne | ; 


are infinitesimal of order s — 4 for s >5 (with four-component spinors) when 
&,&...&, coincide with & The latter property, which is clearly due to the 
exclusion principle, is not used in the present work; it is recorded because 
of its importance in a study of the behavior of non-renormalizable spinor 
theories. 
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2°3. — To obtain the wanted formal identification of the divergent parts D 
(to be dropped by adoption of i instead of i ) with the standard divergent 
terms, we must rearrange the terms at r.h.s. of (3) as follows. First, we set 
apart the first term of > (h=0); it gives no contribution to ) because we 


r 


define (£) = 0 (Heisenberg’s prescription; see also later). Then, we consider 
separately all the contributions coming to 0K,,/0A from different values of 


o (and all h >1); these we denote with (0K, ,/0A), with reference to (4). 
Thus: 


OK y ' Hy Ac Ly ; s 
(5) - = [aso Et, ts) uy. (“a ; 
Yy oe Yn, € S.c>0 fa 
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In the rigorous study of a given theory, all terms (CRYO) have to be 
calculated, or at least estimated; this is a painstaking, but less forbidding task 
than it may appear. In the case of electrodynamics, to which the present 
work is restricted (see Introduction), a preliminary crude estimate of the order 
of the infinities contributed by them to (5) suffices to show, luckily, that only 
a small number of such terms is actually non-vanishing. We show, accordingly, 
firstly how this reduction obtains, then proceed with the consideration of the 
surviving terms; the latter will serve as a pattern for similar analyses, which 
may. be required by more complicated theories. 

The (ultraviolet!) divergencies are at their worst when all variables &, 
coincide with é, and all possible cancellations among different terms (¢.g. Furry’s 
theorem) are ignored. Since they arise from four-fold integrations, a confluence 
of order h in (3) cannot cause infinities of order greater than that of 


e e Sx sai Ey 
2 faefae,fasaen( J al 
Sar E 
(é) ; 


; 
w o() Poa ee 


where w(é) is some suitable infinitesimal region of volume 0(e*) around the light- 
cone of &. 
With 

j een~ oe), 


(7) 
| [ee] ~ ole) , 


for 2 €', 


it follows that divergencies may arise from (6) for h-fold confluences only if 


(8) Cus gih-fr—be 4 : 
(a finite value might indicate a logarithmic divergence; the integration over &, 
when it gives a divergent result, does so for reasons which have nothing to 
do with ultraviolet infinities - cf. I). 

Since: r=h+1—s, 20=h+1—o, we conclude that divergent terms can 
(but need not) occur in (3) only if 


b \ b 
jthoca(tty—4) tits, 


which is the familiar result. The reader will notice by himself the conceptual 
difference between this derivation of (9) and the standard treatments. Clearly, 
(9) is sufficient, but not at all necessary to obtain estimates of the maximum 
permissible order of infinity; it does not suffice in any case to prove the exis- 
tence of a transformation which brings unrenormalized into renormalized 
parameters (cf. Section 4). 
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2°4. — In electrodynamics (f = 3, b= 2): 
(10) 38 ho SAS: 


By virtue of this estimate it suffices to consider explicitly, in (5), only the 
terms which satisfy (10): all others are identically vanishing. 

The terms with s=0, o=1,3 are zero because of Furry’s theorem: this 
can also be proved directly with simple algebraic considerations (?). 

The term s=0, o=4 is always neglected on the grounds of gauge in- 
variance; we accept this result here for the sake of brevity and differ a thorough 
study of this and related questions to a future occasion. We are left with 
only four cases for which a detailed analysis is necessary: 


a) |e o =i, 
b) &== 0), ee 
c) Saari, o=0, 
d) t= 1, G =a 


The divergencies are (at worst), respectively, of order 4, 2, 1 and logarithmic. 
They are analyzed in the next Section. 


3. — Analysis of divergencies; conditions of the second type. 
31. — In view of the character and of the results of the present analysis, 


the traditional nomenclature (« self-energy » and « vertex » parts) is inappro- 
priate. It is convenient, for our purposes, to define instead the quantities: 
v ieee Ute 


E W, nee °, = 
le} 
i byttha., €8j iki 


3 SD Dk ee ' ).es Ey Oy Wey 
M(p+1) . Uni uaste (Oy &&, see ae) 


I 


which have the same formal expansions and properties as the kernels, except 
that | is replaced with D,; then, to define the corresponding « divergent cores » 


(2) E. R. Caranretto: Nuovo Cimento, 11, 492 (1954), Appendix III. 
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of rank n, p: 


ie) ie) 


t — Uy Un€ | ’ 
Dy... Wp = | a dyn : Ey... Wp). 
De Oye 


1 


le} 
@icsse Dy, 


(we shall drop henceforth the superscript A). 

(12) contains, summed to all orders, all and only the divergent terms 
arising in Z from confluences in a single point &, when » ingoing, n outgoing 
fermion lines and p boson lines concur all in & because of the confluences, and 
the resulting expression is integrated over all space-time. 

Actual computation of (11) and (12), when infinities are somehow regularized, 
is a far simpler task than the evaluation of the kernels K,,,. A complete ana- 
lysis of renormalization requires also the consideration of pte similar quan- 
tities 


° o} 
Wy st tnk : : 
Lp Ww. Wp), etC., 
fo} 2) 
V1 ne 


and of the corresponding « divergent cores ». We forego the obvious extension 
of (11) and (12) to such eases and refer for comments on this point to Sections 4 
and 5. 

We consider next cases a), b), c), d) of Part I-3. 


32. — Case a): s=0, c= 0. 
We obtain here immediately: 


a ey" 5 lass y! Dh... D fis . [E&, « Sul 
oo Vee Wt ree Ye ae rs 1 99 S| — 
OA 0,0 ua! &&, OO Ey 


= Coo’ Ky,p, ’ 


with ©, given by (12), and K®, = K,,,, [dé:={dé,, because & is not con- 
tained in Ky,,,. F 


Sria—_Case b): ¢=0, ¢= 2. 
We find: 


g 
(14) (=a) i Y—, | dé ey yey... y" De... DE: 
0,2 
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13 - Il Nuovo Cimento. 
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K® at r.h.s. of (14) (and similarly for the other cases) can be analyzed by 
means of the perturbative expansions or of the branching equations, with 
identical results. The former method is simpler. Denote, to avoid confusion, 
with primes all integration and summation variables which appear when K® 
is expanded in power series: 


Vy eee Ly, 


(Py) 


(15) wo 


3H fy t, sre i) == py mJ dé; .. : af déx: 
Yi «+ Yn, 


Hy .- Vy, of 
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Substitution of (15) into (14) and use of Lemma (I-26) and of (11) yield: 
OK y,p,\ An Grae Bh 
16 —") => — ]d Aa Ms Reece fea ers sn 
(16) ( a4 \ wile fy | Ex YY 
é é 
He Di Sis Dg Oey ols By 
22 L E Um? Um" [Wen male Um'e| , 
Or E < ’ S 


Uy a Yipes eect 
where 27+2=P,+N; u,,, wu, are t,...t, &...€,, with the definitions and the 
conditions which go with (I-26). After (I-28) and (12), (16) becomes: 


OK 5» (6) AX t if e 
L7 “ —— ; aa eee 1 
(17) ( ss Ne wil ae : 


2s C (thn Um") 
Cr 


, 
Wy weg Gy hce ae 
[Um ++ Une] - 
T / 
Yi eee Yn, & eee Ey 


(17) yields the first of the conditions of the second type which are wanted to 
secure that regularization is actually a renormalization. Such conditions will 
be listed in this Section as they are met, and discussed together in the Section 4. 
This conditions is (as the reader will find evident from the sequel), to within 
a change of gauge (see Introduction: gauge properties will be studied in a 
future work): 


oo 


(18) C(xy) = Coa-[xy] + Cor: sea lal 


Co» and CO? are (divergent, or ambiguous) functions of 2, m,, m,. Then 
Lemmas (I-27) and (I-28) and (I-11) yield, finally: 


OK y,p, 
OA 


— (2) 0 
ae Co. 2 0(m?) 


(19) ( Ne = 3 PCBs Kan, +5 108 aie 
0,2 
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S4e— Case c): 8=1, c= 0. 
We have: 


OK xr\° Au 5 Mu Mu 
(20) (a) => aS mM! dé 2 yy" oe Y D: one Dz s 


1,0 M(1) 


LEE, ... Ew] > pred ee) ® iz 2 KO i Uy ooo Ua, 
Op Ey eee Ey! Expr V1 ia Ym 


1 Tt: 


bik ) ! 


The discussion is entirely similar to that of case b); lemmas (I-29, 30, 31) 
are now used. One finds that, provided (neglecting questions of gauge: see b)): 


ar o(3)= 08% (ay) + 09, 2 , 
y om 
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' (20) reduces to: 


(22) (a) (1) OK yp, 
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Somes Case 6): -8=1, o= 1. 


We have: 
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Arguments similar to those already given show that, if: 


(24) C (: i =0y4 | as » (@&)y= (Ey)[ Et] ’ 
then : a 
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4, — Renormalization. 


41. — The results. obtained in the preceding Section permit to study the 
conditions under which use of our aif integrals is equivalent to a consistent 
infinite renormalization of the standard type. This can be done by means of 
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the differential equations of the transformation connecting the old to the new 
parameters, which derive from a comparison between (2) and (26) below (and 
between the similar equations which originate from the derivatives of the 
kernels with respect to the other parameters of the theory—of which we shall 
not need, though, the explicit expressions for our present purposes). Different 
prescriptions lead to renormalizations which differ by finite amounts; they 
yield differential equations of the same structure, but with different coefficients: 
in this sense, more generally, such equations are the Lie equations of the re- 
normalization group. If one studies the transition between different prescrip- 
tions if Ts .., the Lie equations have finite coefficients; in the transition 
from | to iE which is considered here, the coefficients are infinite or inde- 
terminate, and all proofs must be understood as involving suitable auxiliary 
regularizing devices, aS was already stated-in I. 

Our purpose is not the complete study of any specific theory, but rather 
a thorough analysis of the means which will permit, in any given instance, 
such a study; hence the criterion, mentioned in the Introduction, of considering 
only the significant parts of electrodynamics, without however exhibiting their 
structure explicitly. 

Once one is assured that the Lie equations of the renormalization group 
(that is, for any given prescription, the differential equations of the renor- 
malizing transformation) are integrable, and that the appropriate reality con- 
ditions for the parameters are satisfied, the proof is complete: concrete cal- 
culations can be made directly with if integrals, disregarding all the divergent 
parts thus suppressed. This part of the investigation offers no special diffi- 
culties and gives the conditions which are necessary and sufficient for a theory 
to be renormalizable.. This was beyond the.reach of the customary methods: 
the classical distinction between renormalizable and non-renormalizable theories 
cannot be accepted any more a priori as valid, so that a separate study appears 
to be necessary for each theory. As an example, the neutral scalar meson 
theory is shown to be non-renormalizable. 


4°2. — We have found that conditions (18), (21) and (24) are necessary for 
our prescription to be a renormalization. The actual calculation of the r.h.s. 
of those formulae, which we do not report. here, shows that (18), (21) and (24) 
are verified in electrodynamics, to within a gauge transformation. 

A complete study of this question is in progress and will be published soon; 
it appears already that the ambiguities caused usually by non-gauge invariant 
terms are eliminated by this formalism. 

Another result, the proof of which we postpone to that occasion, is that 
in electrodynamics, C,,=0. It is interesting to discuss it here, because it 
shows some of the implications of the condition (I-46) in electrodynamics. 

The thing is at first surprising, because one would traditionally expect non- 


3100 


i 
4 
4 
* 
4 


REGULARIZATION AND RENORMALIZATION - II 197 


vanishing divergent contributions due to vertex parts: the reason is that (I-46) 
is not valid, in general, for non symmetric integrands. It is typical of a vertex 
part that the first integration is convergent, the second (is logarithmically) 
divergent: 


Fig. 1. Fig. 2. 
e.g. BY applying DJ 43 to the integrand (see Fig. 1) 
F nf 


(#3) y3(31)y' (12) y?(2y)[23][1¢] , 


one finds first Jas = | d3, and then the usual divergent contribution, denoted 
1 


by D{; by applying, instead, fa2d; one finds zero: (I-46) is not valid, nor 
should it be in this case. If, however, one considers all contributions of that 
order, the integrand is symmetric and (I-46) is valid; but then, there are also 
contributions such as 


(w3) y3(31) y2(12) y2(2y)[31][2¢] , 


which are typical electron self-energy terms (Fig. 2). 

The validity of (I-46) for our prescriptions, which leads to C,,, =0, implies 
that with our method divergent vertex parts need not be introduced at all in 
electrodynamics: the cancellation of them against electron self-energy contri- 
butions, which is proved to occur, with the standard procedures, after their 
computation, is automatically secured by our requirements prior to compu- 
tation; nor, in our whole treatment, there is any need of considering them. 

By splitting our symmetric integrands into graphs, and by applying our 
arguments in reversed order, one would find, conversely, a rigorous proof of 
the statement just mentioned that, to all orders, the divergent vertex-part 
‘contributions cancel against corresponding electron self-energy parts. In the 
electron self-energy contributions, as caleulated from (21), this cancellation 
is already taken into account. : 

This is just one more instance that illustrates the inconvenience of using 
- Feynman graphs (except of course, with due care, as computational tools) in 
‘the interpretation of physical processes: the whole is simpler than one of its 
parts. 
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We shall continue our discussion under the assumption that (18), (21), (24) 
are verified, and that we ignore the functional dependence of the coefficients 
OC on the parameters A, m;, m,. We have in mind, doing so, more general 
cases than electrodynamics; in order not to complicate the language, we speak 
in the sequel only of m, and m,, with the understanding, though, that similar 
things should hold for what parameters a theory may have, in any number; 
the extension to other cases will not be difficult, after the pattern set in this 
work. The conditions (18), (21), (24), and the analogous ones which derive 
likewise from a study of the derivatives of the kernels with respect to m,, mj, 
require careful calculations for their verification. The remaining conditions 
«of the second type», which are necessary for the integrability of the Lie 
equations and for the reality of the physical parameters after~the renormali- 
zation, must be considered specifically for each theory; they require, however, 
very little computational effort. The discussion of this Section is intended 
to provide a pattern for analyses of this sort. 


4°3. — We proceed now with the study of eq. (5), making use of relations 
(18), (21) and (24). 
Substitution of (13), (19), (22) and (25) in (5) gives: 


OK 
(26) eRe [Cont 5 P,O8> + NC? 2) Ky,p,+ 
=o Co d K + (Oh c nh +\5 oe ae AO 2 6) c Sais 1 
(m2) NoPo 18 A om NoPo 1,0 1,1) 4 Ay) NoPo 


se ase mare * = 
Yr ++» Yn, € | 


The last term of (26) is the same as the first term of (5) because of (I-48) 
(see discussion in I). This equation is to be compared with (I-23): 


Giles a : 


the discussion made in I is valid also in this case. 
Write, for short: 


Bet se By, & 


(27) 


=[arsne(™ 


Yr oes Yn, € 


(28) C= 1— 410M — A073 — C11, 
and 


(2) e (2) c 


Q= Cage 2 Bonz)! Ban, 3 
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(26) becomes: 
(30) DKyp,= |Co0+5 P,0%, + N08 8) Kant 
By 1. Uy, e 
+ [as > ik 
Yy --» Yn, & 


We can transform the kernels K, ,, as follows: 


Et, eee | ° 


(31) K 


Po (A, M,,M,) = 


Agen, (A, Mz My) ° oes (A, Ms, My) 5 


where A,,,, is a coefficient, to be determined, which may depend upon the 
parameters A, M;, M.- With (31), (30) becomes: 


(32) [Dog Ay,p,)]-Kxe,+ apa Vee 


1 
= Jee» = reas Oo Aes No ae Ky,p, = 


Hy ove Oy & 
+ Ay it Parl [ ae pS yik Ets <s0 tpg be 
Ya ++ YS 
The requirement: 
ee | Blog Ayyp,) = Cayo +4 PrOor + Mo Ore 


gives, using the standard notation: 


(34) Wp Ae 
where 

(35) Bilog A) = Coos 
(36) (log Z,) = CY 
(37) Plog Z.) = C3, 


and changes (32) into: 


sul | 


We notice that, due to the form of (35), (36), (37), passage from a solution 
of them to another maintains the typical expression of (34). 


ms i ied Wy wee ay, & 
(38) Zz Z5*D Kx,e, = [as > ik 
Yr oo» Yn 
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4°4. — We have thus far only considered eq. (27) (I-(23)); entirely similar 
considerations should be made, as we have said before, starting from eq.’s (I-24) 
and (I-25): f ; 


: Cay te, 
(39) ga 3 =—%4 ven init in) 
ys EY; sat Uw 
2 ay eee Ly, 00 
(40) eee nas ; | doa | Eft, ) 
(ms) Wteoo Yn, 


indeed, in (I-23, 24, 25) all the parameters of the theory are treated on the 
same footing. Working on the r.h.s. of (39) and (40) one would easily obtain 
other conditions of the type of (18), (21), (24) and results similar to (32) and 
its consequences: this we shall not do here, because the thing, although 
straightforward, would not be useful for our present purposes. It suffices to 
know that equations of the same nature as (35)-(36)-(37) and (44), (45), (46) 
below, with Z replaced by other operators ZY’ and Y" and minor obvious 
changes, can‘be obtained with our methods when one works on eq.’s (39), (40) 
as was done to pass from eq. (27) to eq. (26), ete. 
A change’ of parameters: 


(41) pa ; Ms ar m,(A, Ms m;) ’ 


gives 

(42) K (A, m,,.m;) = K(A, m,, m5) , 

and (38) becomes: : | 

(43) = Z3Z>t| D(A) es Zs ‘Gone + QD (me) on ee 
OA om, o(ms) 


Ps, ei Pee aS 

= [as > kK é 
oe Ya vee Yng§ 
that is, it is necessary for the renormalizability of the theory that a transfor- 
mation (41) exists such that, its inverse satisfies the equations: 


(44) | Pa a aang se 
(45) f fi Z(m;) =a 0 ’ 
(46) PRY "hp DSO Mahe 4 
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and the other equations with Z' and 9", here unwritten, which wo uld derive 
similarly from (39) and (40). (27) becomes thus 

Stes 0 : 
and (39), (40) are transformed likewise. 

All such equations are, in general, the Lie equations of the renormalization 
group: the values of the coefficients C which appear in Z, Z', Y" vary with 
the choice of the prescription ik: Since we consider here only one special 
prescription, we shall not be interested in this work in their group-theoretical 
properties; these may be, though, quite relevant in other connections. Our 
only concern is with their compatibility; we shall see below that this can be 
ascertained without actual knowledge of the coefficients C: a pleasing feature, 


of which we have availed ourselves here to avoid the explicit calculation of 
g' and 2B". 


Ir \S See een a3 
(2) a =| aé 7 ( 
' Hy o0e Gx, & 


4°5. — The compatibility of the equations (44) ete., secures the existence 
of a renormalizing transformation; it appears therefore as an additional requi- 
rement for the renormalizability of a theory with a given prescription—or, 
as we prefer to say, for its self-consistency. The present method permits to 
give a simple answer to this question, which can be proposed in two different 
ways: 


1) starting from the differential equations: this requires the explicit 
knowledge of Z, 9’, Y" and is not of much use if their coefficients are infinite 
or ambiguous. Such a study would give, though, interesting information on 
the nature and properties of a theory, if done for finite renormalizations (°); 


2) observing that compatibility can only depend upon the definition of 
the modified integrals ul and upon the structure of the theory: it must be 
possible, therefore, to prove or disprove it merely with recourse to the pro- 
perties of the if integrals, in terms only of finite quantities. 


The second approach is the simpler, and is followed here. We begin with 
the remark that compatibility requires that any iterations among eq. (38) 
and the other two unwritten similar equations deducible from (39) and (40) 
should never give rise to new independent equations. The Z factors which 
appear in (38) etc., are irrelevant in this respect; it is therefore sufficient for 


(3?) N. W. BocotsuBov and D. V. Strkov: Nuovo Oimento, 3, 845 (1956). 
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compatibility that 


2 FU aees 
(47) | as, | as > pr 


Vy sn thn, Si 


Pe ty... 5 =" 


a oe _ [Wy «- By, E15 
(48) | ag, | dé, > yK 


a “) 
Yr ++» Yr, Er bo 
_ [Uy ee Xy, E182 
= [a8 | ae, > vk 
Yr «+» Yn, F182 


— i—- ee fo ee a eee 
(9) | ag, | dé, sr BEt, ts) 2 


ae et, ee OR TT te 


Et see a ’ 
Yves Yn, §1 


- _., PR Eee 
=| 5. dé, «( Wat a ; 
Yr «+» Yn, 1 


These conditions, which could be somewhat relaxed from a purely mathe- 
matical point of view, appear to be also necessary, from a physical standpoint, 
if one accepts the current view that a renormalization is one operation out of 
a group, in which small changes of the parameters are permissible: all they 
imply is that 


ML Et ihe s eS. 


xe 


hires 


02 fist C2 as 
Reo ONE = ee Ky,r, 3 
0A0(mM?) O(ms) OA : 
C2 02 — 
50 SS AS Po 9 
(50) aA om, y, am,01 NP 3 
C2 =a 02 Ze \ 
Biot) ©" ~ Be§)om, 


when one imposes that (39), (40) become 


Pa NE ee ee fe oo 


R _ [§&y .. Vy, 
(51) OK ers 7 i | asx ‘ He 3 
ib Ey, ... Yy, 
: OK ° &y 30. By, | 6 6 
(52) wag -—4 | ae EEL, An) 
z Yo Yn, 


3106 


REGULARIZATION AND RENORMALIZATION - II 203 


in agreement with the requirements postulated in I, that substitution of i} 
with if should change ipso facto all unrenormalized expressions into the cor- 
responding renormalized ones. 

We have already emphasized that orders of if integration cannot be ex- 
changed if the integrand is not symmetric: conditions (I-46) or (I-55) are very 
severe in this respect, as was seen in Section 2. We must therefore verify 
directly whether the compatibility conditions (50), that is (47), (48), (49), are 
satisfied or not by a given theory, in order to judge its renormalizability. 

[dé [aé, involves an actual double limiting process, and therefore a pos- 
sible lack of invertibility, only at confluence of & with €,; the inversion is 
legitimate in all other points, as well as in these parts of the integrands in which 
this confluence does not alter ordinary integrability. Keeping this in mind, 
and considering the actual singularities of the free propagators in electro- and 
mesodynamics, it is not difficult to see that dangerous confluences can occur 
only in eq. (48), and that they are all contained in the first part of the ex- 
pansion of the integrand, with the aid of theorem (I-19), by its arguments 


Ei, 2: 
6, 
& ty eee tp, = y ‘Vek * 
E,b5 
7 Vy eee ty, 
“K 
Yire Ye 
Everything else is either integrable or with out confluences. 
Non-compatibility can arise, thus, only because of a term 


aS ) 


In electrodynamics this vanishes, since, clearly : 


Dy oes Hy, E182 


(53) ¥y yak 


Yy aes Yn, 182 


he a ste 


vy eee Ly, 


(54) —Tr (Gn EENEs.( 


Yi eee Yn, 


(55) ET {L(y8, — MAE — ANy"[(— 7 — mM) AE — Fs) =0- 


To consider scalar and pseudoscalar neutral mesgodynamics, we have simply 
to replace in (55) y” with 1 or y; the term thus obtained vanishes only in 
the latter instance. 

We can conclude that neutral pseudoscalar mesodynamics may be a consistent 
(renormalizable) theory, but no so neutral scalar mesodynamics. For the latter, 
application of the integration criteria given in I gives indeed different results 
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when the first piece at r.h.s. of (53) is substituted at lh.s. and r.h.s. of (48), 
as is easily verified. Neutral scalar mesodynamics, that is, although it has 
only a finite number of typical ultraviolet divergencies, fails to yield compatible 
equations for. the renormalization group; it can therefore be discarded from 
the admissible theories on the ground of this finding, if ordinary beliefs are 
accepted. 


The reasons are sufficiently general to lead us to expect that this result. 


is true with all prescriptions. The well-known fact that both mesonic theories 
require, for their completeness, additional coupling constants cannot affect 
this finding. 

We find, therefore, that the imposition of strict consistency requirements. 
may lead to discard theories accepted before as renormalizable; the opposite 
may also be true. 


4°6. — The compatibility of the Lie equations of the renormalization group 
may be also viewed in a different light. Suppose that these equations turn 
out, in some theory, to be non-compatible: then it may still happen, as is well 
known, that they admit nevertheless of singular integrals; integrals, that is, 
which exist only for specific values of the parameters; these would be in this 
case, in part or wholly, « quantized » to discrete values. We have just proved 
that such a thing does not happen in electrodynamics; whether this may be 
a clue, in a more complete theory, toward an explanation of the observed 
discrete values of some parameters, is beyond our present reach to decide. 
We just remark that a study of this question can only be made starting from 
the differential Lie equations, since then the identification of (47), (48), (49) and 
(50) is not legitimate and the equalities are not. meaningful any more. 


47. — After what we have proved, the actual solution of the differential 
equations is not necessary for our purposes. It is instructive, though, to 
exhibit the form that this solution ‘takes, in a theory (which may be only 
an unrealistic mathematical model) in which the independent equations reduce 
to (44), (45), (46) and (35), (36), (37). The solutions of (44) and of (45), (46) 
are then obtained, respectively, from those of the systems: 


da dm, (m3) sd 


(56) - ei rs 
C tO CR RA 
and 
(87) dA dm, _—_-A(mi) 
| Cee 
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which are clearly compatible, and give: 


A 
_ ZZ. 
{22 aa, 
0 
all CO 
(58) m, => My -| wie da, 


Unless all functions depend only upon A, (58) is still a system of equations, 
the form of which, however, is typical enough to identify the transformation (4), 
as a renormalization without the need of further considerations. It is com- 
pleted by the other equations, deduced likewise from (35), (36), (37): 


A 
bs (1) 
Vie exp| | Gea), 


v 
A 


mete 
[Giaa, 


(59) 4, = Oxp 


The addition of homogeneous solutions would not change the typical form 

of (58), (59): we see thus that the transformation engendered by the change 

>| satisfies the differential equations, and exhibits in any case the ex- 
pected behavior. 


5. — Coneluding remarks. 


51. — We have proved that, under the stated conditions, replacement of 
and if changes ipso facto the formal unrenormalized perturbative expansions 
into the corresponding renormalized expansions; the requirement that the 
indeterminate parameters A, m, m, be adequate to account consistently for 
any number of data calculated from the theory coincides with the usual re- 
quirement of renormalizability. The difficulties of a direct proof were by- 


passed by demonstrating, equivalently, that the equations (27), the gene- 
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rators of all unrenormalized expansions, are changed by our procedure into 
the equations (2), the generators of all renormalized expansions; it was also 
indicated how similar considerations show that equations (39) and (40) change 
then into equations (51) and (52), in agreement with the program enunciated 
in I, that renormalization should amount to changing if into af throughout 
in a theory. The deduction of the Lie equations of the renormalization group 
is a by-product of this analysis. 

We have still to prove that the same replacement changes the equations 
(I-20, 21, 22), or any consequence of them and of the other branching equa- 
tions obtained by means of arbitrary iterations, into the corresponding re- 
normalized equations. A direct proof would be too complicated, since each 
integral would require a lengthy treatment (cf. the deduction of eq. (26)); an 
example of this procedure was given in I-4°3 b). It is easy, however, to con- 
vince ourself of the truth of this statement without any need of further cal- 
culations. 

The interplay between branching equations and perturbative expansions 
has had a significant r6le in our present and past work. Thus, the former were 
derived initially from the latter (‘), and then shown to be valid regardless 
of the convergence of these (°); to do so was not necessary, but certainly con- 
venient from our point of view. It is evident that the very same arguments 
suffice also to prove that the branching equations, written with ie are iden- 
tically satisfied by the perturbative expansions similarly written; the only 
caution which is now required is that of keeping all integrands symmetrized 
in their integration variables, whenever that is necessary. 

If the renormalized expansions are convergent, no more need be said; if 
not, this still suffices to prove our statement, since we know that the intro- 
duction of appropriate cut-offs renders those expansions convergent (*), and 
our handling of infinite quantities requires in any case the use of such regu- 
larizing devices prior to their removal (cfr. Section 41). For all finite values 
of the cut-offs, the fact that the branching equations are correctly renormalized 
by our procedure is thus proved again, through the (then convergent) pertur- 
bative expansions: but this is also the only proof one can offer of the fact 
that the branching equations are correctly renormalized by our procedure in 
any case. A direct proof is therefore not necessary; it might prove at most 
a useful exercise. 

We wish to emphasize at this point that we are not making here any state- 
ment as to the methods which are appropriate for the rigorous solution of the 


(4) Cf. ref. (2), Sect. 4, 1, 2, 3. 

(5) Ib., Sect. 4°4. 

(6) E. R. CatanteLLo: Nuovo Cimento, 3, 223 (1956); A. BuccaruRRi and E. R. 
CAIANIELLO: Nuovo Oimento, 8, 170 (1958) 
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branching equations written in terms of fi integrals: this task is beyond our 
present scope, and falls much more in the province of mathematics than in 
that of physics. We are contented with having given a formulation of the 
problem and of all equations in a form which may finally permit rigorous 
quantitative investigations. 

In conclusion, we are justified in taking the renormalized branching equa- 


- tions as the axiomatic formulation of a theory, just as we did in the unrenor- 


malized case. The renormalized perturbative expansions follow immediately ; 
all questions of renormalization need never be mentioned in actual compu- 
tations, after the self-consistency of the theory was proved once for all. 


52. — It is instructive to recognize how the present formalism compares 
with the standard procedures. A few trivial remarks may be in order, to 
begin with. 

We observe first that in propagation kernels, whether of free or of inter- 
acting fields, variables, whenever they coincide, both in the branching equa- 
tions and in the perturbative expansions, never do so, in the natural deve- 
lopment of the theory, because of some limiting process which takes one into 
the value of the other: the only thing of interest is the value of the kernel 
at the point of coincidence. To fix things, take, as an example, the simple 
branching equations: 


(60) K(") By) — | S (aby | :) ae, 


y 
) = afd [te] yb ty ; dé ; 


| (61) K(i 


it is nowhere required that K ( 


°); which appears in (60), be calculated from 


(61) by taking the limit t > «; K (; 


») is given directly by (61), when t=. 


Hh 
y v) 


The requirement 
(62) lim K (i ) ays ( 


ta 


which is currently understood to hold, is in reality an additional condition 


on the kernels. (60) and (61) originate indeed from the differential equations: 


| | | 
(64) Cami (2|1) =a Dre (f)): 
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the solution of equations of this nature demands the specification 1) of the 
boundary (here, causality) conditions, 2) of the class to which the functions 
are required to belong (e.g., in an ordinary Sturm-Liouville system, where the 
solution is unique if it belongs to the class of functions which are continuous 
with their first derivatives, the situation changes radically if this class is 
changed). 

Clearly, requirements such as (62), which contribute to specify the class 
of admissible kernels, are the cause of ultraviolet divergencies; they have, 
for this very reason, only a formal value. 

On the other side, all propagators are vacuum expectation values of time- 
ordered products of (free or interacting) fields: their values for coincident 
variables (more generally, for coincident times) are not defined by the theory: 
a requirement like (62) is an additional, arbitrary imposition. This is best 
seen in the case of the free fermion propagator (xy); when one uses, correctly, 
properly symmetrized Lagrangians (i.e. Wick products), (vx) is replaced by 
zero wherever it appears (Heisenberg’s prescription): that is, the appropriate 
definition of (vy), as it stems from the best available formulation of field theory, 
requires that 
(65) lim (ay) ¢ (wm) = 0.. 


yr 


If one searches for solutions to the differential branching equations, of 
which (63), (64) are examples (the thing is absolutely general), such that they 
satisfy conditions of type (65) rather than of type (62) (the value zero can 
be replaced equivalently by any finite value - see later) then ultraviolet in- 
finities disappear, k integrals arise naturally, and the proof that i Sal is a 

« renormalization », made a posteriori, serves only to ascertain the self-con- 
sistency of the theory. To achieve a better formulation of this statement, 
we call of class W% all kernels K, solutions to the differential branching equa- 
tions, which satisfy conditions such as (62); of class % all kernels K, solutions 
to the same differential branching equations, such that, if the l.h.s. of (62) 
is for them infinite, they satisfy instead conditions of the type: 


ta 


(66) lim i ( (itz. x (i lr) - = finite , 
Fim 


etc. The actual determination of the finite values at r.h.s. is not relevant, 
and depends upon the choice of the prescription for 1b Cleary if f(x) is of 
class # when « —>0, 


(67) i f(w) 8(@) do = Tien fw) # f(0) 5 
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such functions are « unbounded but finite ». Since kernels appear in any casy 
only as integrands, the use of solutions of class HK instead of % is fully legi- 
timate; passage from class % to class % is, again, renormalization. 

We can see this, quite simply, from eq. (51): for A= 0, it gives 


(68) ad | ca Gyas: 


Om, 


this we may compare with: 


(69) (w&) (Ey) dé . 


4 
Om; 


0(ay) il 

The condition (65) gives, at the l.h.s., zero if we take y=; at the r.h.s. 
we find zero (or a finite value, which amounts to the same) with equation (68), 
a quadratic infinity with equation (69). This fact is, clearly, absolutely general; 
it can be proved to all orders and in any case. It shows that the problem of 
finding solutions to the differential branching equations which belong to the 
class % is solved by the systematic use of [ integrals. A change in the pre- 
scription for the evaluation of i (which, among other things, will alter the 
finite value at r.h.s. of (66)) amounts to a change of the finite quantities 
CH m,,m,): it is therefore an unobservable effect, which is hidden in the in- 
determination of the parameters 7, m,, m; if the theory is self-consistent, 
i.e. renormalizable. 

In this way, we reach a definite understanding of the mathematical nature 
of the ultraviolet divergencies; the reader may see by himself how the re- 


placement, say, of K() “) in (63), which satisfies (62), with K(% °), which 


satisfies (66), is equivalent to the introduction in (63) of the difference between 
the r.h.s. of (62) and that of (66), z.e. to the addition of the standard counter- 
terms (m,—>m,, etc.). In particular cases this will yield field equations re- 
normalized according to Valatin’s prescription (’); the integral formulation of 
the problem, which we have adopted consistently, is of course to be preferred. 

Again, what we have proved is not a departure from, but a re-interpretation 
of, current ideas; kernels of class # are well defined mathematical entities, 
and have a clear-cut physical meaning. Ultraviolet infinities have disappeared 
from the theory, indeterminate parameters have taken their place. 


(*) J. G. VatatTin: Proc. Koy. Soc., A 226, 254 (1954). 


14 - 11 Nuovo Cimento. 
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RIASSUNTO 


Viene completata l’analisi, iniziata nella parte I, delle condizioni sotto cui la rego- 
larizzazione, ottenuta con l’adozione degli integrali modificati introdotti nella parte I, 
equivale ad una rinormalizzazione. Le condizioni del secondo tipo annunciate in I 


sono formulate e discusse; un’analisi quantitativa pud fornire risultati differenti dai — 


requisiti usuali per la rinormalizzazione; come ad esempio si mostra che la teoria 
mesonica scalare neutra non é rinormalizzabile, contrariamente all’opinione corrente. 
Senza difficolta si possono dedurre le equazioni di Lie del gruppo di rinormalizzazione 
€ si puod indagare sule loro condizioni di integrabilita. Infine si mostra che usare i 
nostri integrali modificati equivale a risolvere le equazioni differenziali di diramazione 
per i nuclei con la condizione che le soluzioni appartengano ad una certa classe mate- 
matica ben definita. %. In questo modo gli infiniti ultravioletti non compaiono piu, 
e la ricerea di condizioni di rinormalizzabilita diventa una ricerca dell’autoconsistenza 
di una teoria, che deve essere fatta una volta per tutte e non pud causare inconve- 
nienti nei calcoli. I] risultato ¢ una formulazione rigorosa della teoria rinormalizzata 
che evita ogni menzione di « particelle nude», 6 completamente libera da ambiguitia 
ed ¢ adatta sia per calcoli pratici che per lo studio delle equazioni fondamentali. Viene 
evitata la suddivisione non fisica dei processi in diagrammi di Feynman; si mostra 
che le difficota dovute alle sovrapposizioni hanno un’origine banale e sono comple- 
tamente eliminate; tutti i contributi dovuti alla parte di vertice si annullano con questo 
metodo, almeno in elettrodinamica, poiché si verifica l’eliminazione di essi, con i con- 
tributi dell’energia propria dell’elettrone, gi prima dell’effettivo calcolo. Questi criteri 
saranno applicati in un prossimo lavoro ad uno studio esauriente dell’ elettrodinamica; 
ci si aspetta che tali criteri giuochino un ruolo rilevante in una ricerca delle teorie 
consistenti delle particelle elementari. 
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Experimental Results on Pion Production Compared 
with Predictions of the Isobar Model. 


V. ALLES-BORELLI, 8. BeRGIA, E. PEREZ FERREIRA (*) and P. WALOSCHEK 


Istituto di Fisica dell Universita - Bologna 
Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


(ricevuto il 8 Luglio 1959) 


Summary. — The predictions of the model of Lindenbaum and Stern- 
heimer are compared with results obtained from the analysis of the 
reactions m+p—-7a+z7t+n; m+p—->z2-+7°+p, observed in an H, 
bubble chamber. It was not possible to find any contradiction and all 
results concerning momentum spectra and branching ratios are sufficiently 
well described by the model. In the favorable case: n+p —>x++I > 
—+nt+ (x--+n), the correct Q-value distribution for the isobar is obtained 
and angular correlations in its decay are compatible with a J= 3 for 
the (z~-+n)-pair. 


1. — Introduction. 


The relation between pion-proton scattering and photoproduction pheno- 
mena observed at low energy (the « 3-3 » resonance) suggested that it would be 
of interest to investigate if also at higher energies the observed resonant state 
would play an important role, in particular, for pion production. During the 
last few years a phenomenological model for pion production was developed, 
in which was brought into consideration the possibility of the presence of an 
excited state of the nucleon in an intermediate step of the process, namely 
the 3-3 resonant state. This excited nucleon should be able to decay into a 
pion and a nucleon and is well known to be also responsible for the low energy 
pion-proton resonance. 


(*) On leave from the Comisién Nacional de Energia Atémica, Rep. Argentina. 
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The isobar model removes some difficulties appearing when one compares 
experimental results with earlier models, like Fermi’s statistical theory for 
x-production. Up to now the available experimental material on pion-pro- 
duction in pion-proton and proton-proton collisions was not very extensive (*), 
but the general agreement with the isobar model was fairly good. 

In the present paper we compare the predictions of the detailed isobar 
model proposed by LINDENBAUM and STERNHEIMER (2) with results obtained 
from the reactions: 


(1) tp > nts 4 
(2) T+--p =F 0 ep wer PD 


observed in an hydrogen bubble chamber. 


29. — Predictions of the isobar model. 


We summarize here some conclusions obtained by STERNHEIMER and LIN- 
DENBAUM (?) from their detailed model. According to this model, the reaction : 


(3) n+Nontety 


should take place in two independent steps: 


(4) on | Vonrtlortn,+ ; 


where I stands for «isobar», whose decay products should not interact with 
the «extra-z » of the first step of the reaction. 

There are five reactions of type (4), according to-the different possibilities 
of the electric charge of the isobar and the « extra-z » and the different possi- 
bilities of decay of the isobar, namely the following: 


(b) at tpo atl a ti +p 
(5) (¢) ie oll Wes Tine aid tra hata Pala ge 
(d) So Dee eae rat se 
(e) not+port+P oar t+nr°+n 


(1) See reference (°). 
(2) 8. J. Linpenpaum and R. B. STeERNHEIMER: Phys. Rev., 105, 1874 (1957). 
(3) R. B. SverNHEIMER and 8. J. LinpENBAUM: Phys. Rev., 109, 1723 (1958). 
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Assuming charge independence it is possible to analyse the above listed reac- 
tions in terms of two isotopic spin states (} and 3) for the initial system. This 
analysis is perfomed by STERNHEIMER and LINDENBAUM through two suitable 
parameters o and a,. defined as follows: 


(6) g = 0;'/2-0,', 


where o;' and Oy are the cross sections for single pion production for isotopic 
spin 4 and 3, respectively, and 


(7) x = 2+(0/5)8-cos 


where @ is the phase difference between the matrix elements of isotopic spin 
4 and 3. In terms of these parameters there are several relations between the 
five reactions (a) to (e); in particular the following will be useful for comparison 
with the experiment: 


(8) ()/(@) = &, = (45 + 360 + 90a) /(5 + 169 — 202) , 
(9) — (B)/(@) = £, = (5 + 169 — 20a)/(5 + @ — 5a), 
(10) — ((a) + (¢))/((6) + (4) = R = (10 +179 — 25a)/(25 + 269+ 35a) , 


(11) (e)/((a) + (0) + (e) + (@) +(e) = 8 = (10 + 2@ —100)/45 (1 + @). 


Now, if the numerical values of E,, &, R, and S are fixed (from the expe- 
riment, for instance) then equations (8) to (11) represent linear relations be- 
tween 0 and «; o should simultaneously satisfy (6). This last condition con- 
tains the inelastic +p cross section through the relations: 


(12) Ont = os ee = 2 oy + 4 Oy F 


Clearly all these equations are superabundant and this situation provides 
an interesting check of the reliability of the model. 

Furthermore the isobar model allows one to calculate the spectra of the 
emitted particles if several reasonable assumptions are made, for instance, if 
it is assumed that the probability to form a 3-3 isobar of a certain mass is re- 
lated to the x+-+-p scattering cross section at the corresponding energy (*) (phase 
space factors included). Fig. 1 shows the spectra for the « extra-7 » and for the 
« decay-z » calculated by F. SELLERI (4) for an incident pion K.E. of 960 MeV. 


(4) F. Serieri: Thesis (University of Bologna), unpublished. 
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The peak in the « extra-z » spectrum reproduces, apart from the phase space 
factors, the peak in the x*+p cross section. 


Pion momentum 
From the isobar model 


T+ N + 1 oe 


extra 
La Te decay +N 


Arbitr. z= 960 MeV 
units Z 


Extra-w ae 


The experimentally observed reaction (1) is a superposition of reactions (a) 
and (c) of (5). In favorable conditions it will be possible to deduce the branch- 
ing ratio (c)/(a)—&, from the spectrum of the emitted pions. But it is also 
possible to eliminate €, lumping together the spectra of the pions of both signs. 
The resulting spectrum is independent of 0 and a In the same way the 
momentum spectra of the pions from reaction (2) will give information on the 
parameter &, and again the spectrum resulting from adding both pions is inde- 
pendent of 0 and «. 

Within the framework of the isobar model the correlation between pro- 
duction and decay angles could give a possibility to determine the spin of 
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the «isobar » in a similar way as ADArR (°) proposed for the A°-hyperon in 
the process m--+p—A°+ 6°. The spin of the « second » particle emitted is 
here well known and the argument can be applied as was also observed by 
Morprureo (*). One expects a distribution: 1+-3 cos? 6 for the decay products 
of the 3, 3-isobar. The angle of decay must be measured with respect to the 
line of flight of the incident particles but in the CMS of the decaying isobar (”). 
In the case in which the isobar is produced not merely in s-waves, only events 
produced backwards and forwards should be used. 

In its present state the isobar model gives no predictions on the absolute 
values of the cross-sections, except under particular assumptions as those intro- 
duced by LINDENBAUM and STERNHEIMER (*). The problem is related to the 
states of angular momentum involved in the production process. Some argu- 
ments in this sense could perhaps be obtained from the analysis of the angular 
distribution for isobar production. 


3. — Experimental results. 


The events here reported were obtained in a new scan of pictures of the 
hydrogen bubble chamber of the Columbia University, exposed to the 960 MeV 
pion beam of the Brookhaven Cosmotron. The same film was previously used 


ABEL (). 

Clear elastic events . 521 (417) 
Stops. . a Ts 222 (190) 
Clear n°-+-7r-+p.. 190 
Clear m-+7n+-+n.. 240 
AGS GB KDA Oe toa a eee 13 
Wleavarg seact ese es ky 43 (355) 
Probable x-+7°+7°+p(+ 7?) 8 
Clear modems nt+tp i. kw ts 23 az) 
Strange particles. . hac: 25 

Toto ae LSS (88) 


(5) R. K. Aparr: Phys. Rev., 100, 1540 (1955). 

(°) G. MorpurGo: Nuovo Cimento, 9, 564 (1958). 

(7) F. E1rster, R. Piano, A. PRODELL, N. Samtros, M. Scuowarrz, J. STHINBERGER, 
P. Basst, V. Boreui, G. Puppr; G. Tanaka, P. WALOSCHEK, V. ZoBoLi, M. CONVERSI, 
P. FRANzINI, I. MANNELLI, R. SANTANGELO, V. SILVESTRINI, G. L. Brown, D. A. GLASER 
d GC. Graves: Nuovo Cimento, 7, 222 (1958). 

() S. J. Linpenpaum and R. B. STERNHEIMER: Phys. Rev., 106, 1107 (1957). 

(*) Data between brackets are those obtained by Erwrn and Kopp (°) in a similar 
experiment. They are in good agreement with our numbers. 

(?) A. R. Erwin and J. K. Kopp: Phys. Rev., 109, 1364 (1958). 


an 
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for strange particles experiments (1°). All events observed in a well defined 
region of the chamber were analysed. Of a total of 1285 interactions observed, 
there were found 240 of reaction (1) (neutrons) and 190 of reaction (2) (protons). 
The classification of all events is shown in Table I. Favorable conditicns of 
the chamber allowed a clear identification of nearly all events. The measured 
momenta were first adjusted with a least squares fit (in order to balance mo- 
mentum and energy) and then transformed into the CMS by means of an 
IBM-650 computer. Details of the measurements and computations as well 
as some results not included in this paper will be published separately. 
Reaction (1) is the most favorable case to observe the isobar. The (n--+ n)- 
pair is a pure isotopic spin 3 state, and the isobar model predicts that reaction (1) 


m* - Momentum (coms) 


M+P > T+ W420 


Tr; = 960 MeV 
L40 239 Events 


Events 
25MeVic 
/sobar model 


+30 &,=2.89 


Statistical theory 


0 7) ‘e/ 
(°) F. Ester, R. Prano, A. PRoDELL, N. Samros, M. ScuHwartz, J. STEINBERGER, 
P. Bassi, V. Borexui, G. Pupri, H. Tanaka, P. WALoscHEK, V. Zospou, M. CONVERSI, 


P. FRanzINI, I. Manenu, R: SANTANGELO and V. SitvusTRINI: Nuovo Cimento, 10, 
468 (1958). 
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goes mainly through the channel (¢). The momentum spectrum of the posi- 
tive pions is shown in Fig. 2 together with the spectrum obtained from the 
isobar model. The values of 9 and « used here will be justified later. The 
peak at 400 MeV corresponds to the 3, 3 resonance. The m-spectrum reflects 
the same situation and shows the small effect of the (x+-+p)-isobar (Fig. 3). 


m™ -Yomentum (cms) 


M+p — T+ +n 


T= 960 Mev 
40 239 Events 
Events 
25 MeVio 
30 


400 MeV/c 500 


Figs. 4 and 5 show the results from reaction (2) and are compared with the 
spectra obtained from the isobar model, using the same values of 0 and « as 
before (full line). The dotted curves, which correspond to values of & deter- 
mined from each spectrum as will be shown later, give a better fit. 

As it was remarked before, the superposition of the two spectra of Fig. 2 
and 3 is independent of the initial mixture of isotopic spin states. The same 
holds for Figs. 4 and 5 and also for the sum of all pion spectra. This latter 
is shown in Fig. 6 and it is in agreement with the spectrum predicted by the 
isobar model. 
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In order to get the branching ratios defined in (8) and (9) we first divided 
each experimental spectrum into two regions: region « A » over 325 MeV/e and 
region «B» under 325 MeV/c. Region «A» contains 90% of the extra pion 


tt Momentum (cms) 


T+ P— T+ +?P 


Tyu= 960 MeV 
20 180 Events 


Events 
25 MeVic 


lsobar model 


100 200 300 400 MeV/c 500 


Fig. 4. 


spectrum and 15% of the decay pion spectrum, while region «B» contains 
85% of the decay pion spectrum and 10% of the extra pion spectrum. These 
percentages were obtained from the theoretical spectra of Fig. 1. Now, from 
the number of events observed in «A» and «B» we can deduce the ratio 
« extra-z »/« decay-z » for every spectrum. This procedure seems more reliable 
to us than a least squares fit, since small measurement errors could displace 
some events (in particular from the narrow peak) slightly deforming the spec- 
trum, but the sum of all events contained in « A» and «B » could compensate 
in part this effect as well as the influence of an eventual anisotropy of the 
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decay angular distribution of the isobar which would only affect the form of 
the decay pion part. : 


T™ -—Momentum (cms) 
T+ P — T+ TH +P } 
Tn; = 960 Mev 
180 Events 
20 Isobar model = 
Events 6271.73 vy) 


25MeVic Z 


— 


SES 
SEER 


n 

o 

8 

= 
D 
} 1o} 
Rises 

KV 
Se ee 


0 100 200 300 400 MeV/. 500 


All pion spectra were treated in an identical way, and we obtained: 


= 2.254 0.43 from the z*+-spectrum (n) 
1=2.9840.60 from the ~-spectrum (n) 

& = 1.32+0.27 from the 7--spectrum (p) 

& = 1.25+ 0.25 from the x°-spectrum (p). 
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bo 


The branching ratio R is obtained from Table I: 


R = 0.792'+ 0.077 = protons/neutrons . 


mt -Momentum (cms) \ 
All pions from: tN 
l+p— T+ +p \ 
Nep— Wem 40 | / 
100 T,,= 960 MeV lot 
419 Events ee: 


Isobar model 
=| 


Events _ 
25MeV/c 


50 


100 200 300 Dep, 00MeV/e "500 


Fig. 6. 


The number of «stops» gives an upper limit for the reaction (e) since this 
number contains also the normal charge exchange events. We obtain: 


S < 0.334 + 0.026 = stops/total . 


Before discussing the compatibility between all these numbers, we shall show 
the results of the analysis of the angular correlations. 

We first divided all events into four classes, corresponding to reactions 
(a), (b), (ec) and (d). As « extra-z » the more energetic one was always selected. 
The samples so obtained are contaminated with wrongly classified events in 
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~ 30% for class (a), ~ 10% for class (0), ~5%, for class (¢) and ~ 20% for 
class (d). Figs. 7 to 9 show the angular distribution of the production of the 
differently charged isobars, without any correction for their mutual conta- 

mination. It is clear from these di- 
i stributions that different waves are 
involved in each case, 


Production angle 


(oe) Sees esa 


i) 


Production angle I° 


8 Events 


3 le Events 


+1 0 cos@ cm 


Fig. 7. 


For the spin analysis we first considered reaction (c). As the production 
is roughly isotropic, a first attempt would be to assume that the isobar is 
emitted with 7—0. Thus, all events could 
be used for Adair’s analysis, as is shown 
in Fig. 10. A curve (1+ 3 cos? 6) normal- 
ized to the total number of events has 
been superimposed. The agreement is not 
too good, but it becomes better by selec- 
ting events with a small production angle. 
Corresponding regions are equally sha- 
dowed on the decay angle distribution 
and on the production angle distribution 
(\cosa,,|> 0.6 and > 0.8). The result is 
compatible with the assumed J 2 =, Of 
the isobar, even though the statistics is not 
sufficient for a spin determination. 

The angular distributions for the pro- 
duction of the other charge states of the 
isobar are not so simple and it is possible 
that the limit in the production angle for 
a successful spin analysis is very small. 


Production angle 
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Fig. 11 shows the decay distributions for all events 
and for those produced at |cos«,, |> 0.8. With the 
present statistics it is not possible to reduce any further 
the limit for the production angle and it remains doubt- 
ful if any conclusions could be obtained from this last 
analysis of reactions (a), (b) and (d). 


Adair 
analysis 


TN+p+nsy” 
I+4+n 


Adair analysis 


Tap: =o TE elie 


by 
3] “a 
O° 5% 
YOM, 
atetarenecatets 
DOQOQOOO™ 
0 |cos@,] 1 


Ric LO: 


4. — Discussion. 


As we have shown, momentum spectra and angular correlations seem not 
to contradict the isobar model. We should now analyse the situation with 
respect to the branching ratios defined in (8) to (11). As we already said the. 
parameters @ and « are related through linear equations containing &,, &, R 
S, oy and of. The experimental results on R and &,, define « as very close 
to — 0.2. @ could instead vary between 0.02 and 0.2, depending essentially on. 
the value of o%, (*). We have taken o, =6.3 mb and consequently peg 


&,=2.89, S073) > Sone Wee 0e7 


(") on+ is understood as referring to production of only one pion. 
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as convenient values for the isobar model calculations. For this compromise we 
had to go quite far from the experimentally determined value of &, but, as 


- it was shown on the pion spectra (Figs. 4 and 5), this does not seem to be in 


contradiction with the experimental data (*). 

The number of «stops» corresponding to the reaction (¢) obtained from 
our 9 and « is 140. Our experimental number of 222 should then contain 
82 charge exchange events. Since we have simultaneously fixed o%y-(=o— 6,4) 
one can verify that there is no contradiction in the «triangular relations » 
petween /o%, Vom, and V/20,,..- 

The whole situation does not change very much if we assume any value 
of Ont up to about 10 mb (i.e. taking @ < 0.18). Only if o%. turned out to be 
higher than this upper limit we would find some trouble in fitting the momen- 


tum spectra of the reaction (2) (x-+7°+p). 


5. — Conclusions. 


It was not possible for us to find any contradiction between our experi- 
mental results and the very precise predictions of the isobar model of Stern- 
heimer and Lindenbaum, since the model describes sufficiently well all the 
results concerning momentum spectra and branching ratios worked out from 
the present statistics. With respect to angular correlations, only for reaction (c¢) 
a reasonable number of events is available; although not statistically signi- 
ficant for a spin determination, it gives distributions which are compatible 
with the assumed spin 3 for the isobar. 

Results from x++p reactions will provide a more precise check of the 
validity of the model. 


* OK OK 


We are very grateful to the bubble chamber group of the Columbia Uni- 
versity, in particular to Prof. J. STEINBERGER for allowing us to perform the 
measurements here presented on photographs of their chamber, obtained at 
the Cosmotron. 

The continuous encouragement and interest as well as the valuable sug- 
gestions of Prof. G. PUPPI, which made possible this work, are gratefully 
acknowledged. 

In the first stage of the measurements Dr. A. Mineuzzi-Ranz and Dr. V- 
ZOBOLI collaborated with us. For many helpful discussions we thank Prof. A. 
MinGuzziI, Dr. F. SELLERI and Dr. L. BERTOCCHI. 

(*) To fit &, within one standard deviation and simultaneously £, and R, 9 should 
be taken near 0.05, o%} ~ 3 mb. 
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RIASSUNTO 


Si confrontano le previsioni del modello di Lindenbaum e Sternheimer con i risul - 
tati ottenuti dallanalisi deHe reazioni n+p ——>xn-+nt+n; n+p —>2-+7°+p, osser- 
vate in una camera a bolle ad idrogeno. I risultati sperimentali non sono in contrad- 
dizione con il modello e sono da esso descritti sufficientemente bene. Nel caso favo- 
revole x-+p—+xt+T +xt++(x--+n) il modello da la distribuzione corretta dei ‘valori 
di Y e le correlazioni angolari nel decadimento sono compatibili con un J = 3 per le 
coppie (x-+n). 
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(La responsabilita scientifica degli scritti inseriti in questa rubrica ¢ completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Hypercharge Independence of K Interactions. 


N. Datiaporta and V. DE Santis 


Istituto di Fisica dell” Universi a - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 14 Luglio 1959) 


In a recent paper ('), it has been shown that the properties related to the strong 
interactions of baryons as expressed by the so-called doublet approximation (?*), 
may be derived from the consideration of a general Dirac equation satisfied by a 
32-component spinor, which is formed by a mixture of the whole of the charge 
states of baryons known up to now. In the representation in which baryon states 
corresponding to different hypercharge doublets are already separated, the K inter- 
actions may be derived from an interaction Hamiltonian of the form 


(1) iP (Fox + Fog) XT px¥ 5 


where the index K (K=1, 2, 3, 4) labels the 4-components of a hypercharge space, 
independent from the isospin space related to the pion interactions into which the 
K interactions are entirely displayed, y, are the (scalar or pseudoscalar in space 
time) components of a 4 vector in the hypercharge space representing the K field 
according to the definitions: 


Gi + ip. = K, ; 93 + 1%, = Tiss 
1 — iv, = KE, vs igs = Ky 


K, creates K* and destroys K~; K,, creates K° and destroys K°; A* creates K~ and 
———{ t 

destroys K*; K* creates K° and destroys K°; and the w,x I> and wz Xx I” are two 

groups of 32X32 matrices operating on the whole spinor yw. As I® acts on the 


(@) N. DattaportTa and T. TOYODA: Nuovo Cimento, 14, 142 (1959). 

(2?) J. TromNo: Nuovo Cimento, 6, 69 (1957). 

(3) N. Dauuaporta: Proc. Intern. Conf. on Mesons and recently discovered Particles (Padua- 
Venice, Sept. 1957 V, 3), Nuovo Cimento, 7, 200 (1958). 

(4) A. Pats: Phys. Rev., 110, 574 (1958). 


15 - Il Nuovo Cimento. 
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8-components of every state of given hypercharge, we will be interested in the fol- 
lowing only in the 4x4 @,; and wx operating on the hypercharge indices of the spinor, 
which are expressed as follows (*): 


1 —1 —I1 1 
1 1 . 1 1 
@,=1 [vs 5) Wp = i > O,=1 1 2 Og i - 
ail —1 —l 1 
1 —l1 —l1 ] 
: — | ; —1 } —] ; —l 
,=1 5 Ce oF 5 gt 4 & C= ‘ 5 
—I —l1 1 —1 


The consideration of two different interaction terms with two different coupling 
constants F and J” allows to introduce the baryon mass differences in a satis- 
factory way. 

In the present note, we wish to investigate the invariance properties of expres- 
sion (1) for rotations in the hypercharge space which were not analyzed in detail in (*). 
Let us first consider the case F’= 0 so that the Hamiltonian reduces only to the term 
(3) —iF¥o, xX FoF, 
this is equivalent to assume all baryons as having the same mass. 

We may first build the second order antisymmetric tensor: 


a 
(4) My, = A [@; @;] 


and group these components to form two different 3 pseudovectors, as shown by 
Pais (°) and Tromno (?): 


=a —t 
Vy = (yy eee for OMS dom rel 
2 ‘ 2, 10) ~ 2 2 0 
0 0 
(5) 
1 
1 15 
Ts a ae Man), 0 > 


(*) The present form for these matrices corresponds to the representation through partially 
separated states Y; and is different from the form explicitly given in (2) referring to the com- 
pletely mixed representation X. 

(*) A. Pats: Phys. Rev., 112, 624 (1958). 
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me. 


a 


Me Oe 
HYPERCHARGE INDEPENDENCE OF K INTERACTIONS ; 227 
0 0 
1 1|0 1 1|0 
eee ee le) Hy eae 2g (Mos "a = es 
P| v 
(5) 
0 
i 1 0 
4, = 9 (My. M34) = 2 1 


The components of these two 3 vectors satisfy the commutation relations of angular 
momenta: 


YY, 1,.4;=— tL, (ikl circularly permuted), 


and may be considered as the generators of 3-dimensional rotations in the 4-dimen- 
sional hypercharge space (°). Now, by analogy with the usual isospin of pion 
interactions, the eigenvalues of Y,; may be interpreted as representing the hyper- 
charge of the baryon states N,, V4, No, Ns respectively (*) (we indicate with these 
symbols the doublets pn, H°2, U*Y°, Z°2 ) and the vector Y as an hyperspin 
operating on the hypercharge states. 

Let us now define another set of angular momenta components: 


1 | =a haw 
1 = Se rh see 
(6) OT Ralies wT ian : Us | ? 
1 ) | +1 
satisfying also: 
U; Ue U;, U; = 0 Uy 


This new vector may be interpreted as the hyperspin operating on the K-mesons 
states and we attribute the 4 hypercharge values of Us; respectively to 


Kk, KK’. 


Of course, Y3+ U; will represent the total hypercharge operator: and it is easy 
to verify that all three components of Y+U commute with the Hamiltonian (3). 


‘Thus the vector Y+ U is a constant of the motion which ensures hypercharge inde- 


pendence of K interactions exactly in the same way as does total isospin for charge 
independence in case of pion interactions. 

Equivalent considerations may be obtained when we consider instead the second 
3-vector Z. Let us define as in the preceding case another 3-vector V, related to 


(*) These symbols are the same as those used by Pats in (*). ' 
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the K-meson, as follows: 


i ay 


4 ] 
(7) i ice 


1 
1 214% 
zie oe 


for convenience let us term the eigenvalues of the matrices Z, and V; the hyper- . 
numbers related respectively to the baryons and to the K-meson states. Then, 
one may show that the three components of the total hypernumber vector Z+V 
all commute with the Hamiltonian (3) so that we have hypernumber independence 
as we have hypercharge independence. 

At this stage it appears in fact that hypercharge or hypernumber conservation 
and hypercharge or hypernumber independence in strong K reactions are equi- 
valent laws and this is stressed as soon as we try to represent the baryons and 
K-mesons through 4-dimensional hypercharge vectors and spinors according to a 
formalism already developed by Pais (°), but used by him in a different physical 
interpretation of strong interactions. In a 4-dimensional space eigenstates of the 
angular momentum operators A, whose components are defined by 


) 0 
(8) Hoy eae ree ee re ti Kai, S ae 
Og Ox, 


are obtained as solutions of the spherical harmonics equation: 


(9) [K2—k(’ + 1)]¥ =O k= 0, de 1, oss 
with 
(10) Et sa} (EE ees Ky =4(Kg, + Ku), 

Si iS 


«, By =1, 2,3 cyclically permuted. 
The eigenstates of the equation may then be labelled by 4 indices corresponding 
to the values of k',k",kg,k; (k*=k =k) with —b* =k, <k , =k hee 
In case of spinors one has to look for the eigenvalues of the operators (total 
angular momentum) 


(11) Jig = Kig + Six > 
where 
(12) Six = d[yry«l ’ 


is the spin } tensor expressed by the 4x4 Dirac matrices. In this case 


(13) (I)? ==> 1s Ue te Os hae 
with ° : 
(14) IZ = $U1g, + Leal 


(°) A. Pats: Proc. Nat. Acad. of Sci., 40, 9, 835 (1954). 
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(a, B, y = 1, 2, 3 cyclically permuted) are now different as shown by the relation 


(I=)? = 4K? + 4(1 4+: y5)(H + 3). 
where 


Ti aaa H(H + 2) = 4K?. 
The labelling of the eigenstates is still given by the eigenvalues of the operators 


Pot: Pa*t@+y Gate +) —t<ds<t —t<<t. 


ee Se ee 


However now, owing to relation (14) only the following choices are possible (for 
positive eigenvalues of H): 


15 
ai lys=-1 “=k i =k+4 


Now it is apparent that our baryon and K-meson hypercharge states may well be 
interpreted as representing the lowest order representation respectively of the spinors 
and the vector states, by identifying 


for baryons: Ete, De res Zi Toes Tae 
for K-mesons: J*=]>=K=U=V It=Ki=U,; I; =Ks =V3- 


The following Table expresses the quantum number assignments for the baryons 
and the K-mesons. 


TPAC. Les 

BE Ng ENG ING Ke. Ko oe VR 

L 
k 0 a) 0) 0 4 $ + 4 
it eC PY ak ae 

se 1 
i Ce ier ere Fae ES 
+ 1 pf 1 
Is 4.3 0 0 3 2 D z 
Is te Cig OPE MS Ok 


The assignments are quite consistent with the usual ones as are the selection 
rules obtained for them. Thus, hypercharge and hypernumber conservation and 
independence are expressed by the conservation of I+, I~, 1,1; in all reactions. Of 
course, contemporary constance of both hypercharge and hypernumber ensures also 
that all M,, are constants of the motion. 

Let us now consider the J’ term 


(16) —iF' Vogx Tox? ; 
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of K interactions and let us construct the analogous expressions Y' and Z’ as 
obtained from (4) and (13) when the wm’ matrices are substituted to the w ones 


. T 
t v ray ‘ee 1 ie r 
Mix = yr) > a} = ey a M val . 
One thus obtains 
(17) Yi=+Y¥, Y=, Bee a= toe Le eee 


Now, in the same way as the preceding case, one may verify that the expres- 
sions Y,+0,; YotUe, ¥st+Us; Z:+Vi; Z.+Ve, Z,+-Vz commute with the Hamil- 
tonian (16) and are therefore also in this case constants of the motion. 

However, ¥,+U,, Y,1+U, do not commute with (16) and vos U;, Viz U, do 
not commute with (3). 

Therefore, when the whole Hamiltonian is considered, while of course hyper- 
charge conservation still holds, this is no more true for the total hypercharge spin, 
and hypercharge independence is destroyed. This is exactly what was to be expected 
as the total Hamiltonian (1) includes the baryon mass differences whose consideration, 
of course, must destroy hypercharge independence. 

However, as the hypernumber vector components are the same, whichever 
set of wz or we matrices is considered, the total hypernumber vector remains still 
a constant of the motion for the whole Hamiltonian (1), so that hypernumber inde- 
pendence holds even when baryon mass differences are included. 

If the preceding approach for K interactions contains any truth, some prelim- 
inary consequences of it may be easily deduced concerning different interaction 
phenomena. In fact, as in the case of isotopic spin, approximate hypercharge inde- 
pendence and exact hypernumber independence should allow to treat all K inter- 
action phenomena through scattering and interaction amplitudes depending only 
on total hypercharge and hypernumber spin in’ case of neglect of baryon mass 
differences, and on total hypernumber spin only when baryon mass differences are 
considered. Then if we label the scattering amplitudes by a(IJ*I-) in the first case 
and by a(I*IjI-) in the second ease, all K interaction phenomena related to dif- 
ferent hypermultiplets (we consider pions as labelled by hypercharge and hyper- 
number spin 0) should be ruled by the amplitudes given in the Table IT. 

One may remark that K* nucleon scattering should occur in a pure a(1, $) state, 
while K~ nucleon scattering should be a mixture of a(1, 4) and a(0, 4) state. Moroever, 
if baryon mass differences are considered, the a(1, 1, 4) amplitude for K* scattering 
is different from the a(1, 0, $) amplitude of K~ scattering by an order of 25% as indi- 
cated by (mz—my)/mg ~ 0.29. 

The two kinds of phenomena should therefore be rather disconnected as in fact 
seems to be indicated by actual data . 

K-captures should occur in a a(0, 4) state only. For associated production only 
the Y+K states corresponding to a a(4, 0) amplitude should be produced in pion nu- 
cleon interaction. 

At this point, one may observe that the quantum numbers assignment for baryons 
due to K interactions do not allow to distinguish between the two members of a single 
doublet (i.e. between proton and neutron), which are discriminated only when pion 
interactions are introduced, to which of course the normal isospin formalism has to 


a en 


0 es 
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TaBLe II. 
a(l*T-) igre 
It Lr tt Ir (equal (different mul- related 
2 3 baryon. baryon tiplets phenomena 
masses) masses) 
$ N, (+7) 
= t Nz (+7) AS scattering 
0° t 0 z a(0, $) a(0, 0, $) N,K® K- capture 
= N,K~ 
2 N,K* 
= 4 NiK° 
ahaa) | associated 
1 Leg N.K? 
a(z, 2, 0) “2 § | production 
‘ N,K 
4 Q  |——— 0 a(s, 0) 
N,(4+7) 
—+t a(t, —#4, 0) No 
N-K® 
1 ; a(1, 1, $) N,K* ; 
z \ | N,K K+ scattering 
3 N,R° | K scattering 
1 s 0 —s a(l, $) a(l, 0, 3) N,K- | S 
} NiK* 
—F Ne? 
—1 4 al,— id) N,K® | 
oe Nikon) 
1 N,Kt 
$ 0 a(t, 4, 1) NG Bw associated 
0 NK" { production 
—1 N,K° J 
4 | 1 |— a(}, 1) = 
1 NK? 
=e 0 alt, — > 1) N,K™ 
0 N,K® 
== || N3;K~ 


be applied and extended to all four baryon doublets. If we co 
of independence between isospin and hypercharge spaces, we 


mesons as 0 isospin singlets. So all reactions should be ruled by both hypernumber 


mplete our assumptions 
should consider all K- 


and isospin independence, and interaction probabilities should be obtained by the 
product of a hypernumber amplitude and an isospin amplitude. 
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As an example let us consider the K nucleon states; for which the whole set of 
quantum number values is given in Table III. Their reaction probabilities should 
be given by the product of the a(1, 4) amplitudes for hypercharge with the b am- 
plitudes for isospin. 


TaBLeE III. 
ie ee - i os i Py Ts ete 
a see a is | 
PRE Ad a k 1 } 4 i | 
ae oe i 3 1 5 4 | -4 0 
pmo aint 4 als ee 3 4 0 
nK° 1 ae oe a ae | —4 $ —4 —1 


Now the complete independence between hypercharge and isospin spaces of the 
present approach is convalidated by the commutation of isospin operators with the 
K interaction term and hypercharge and hypernumber operators with the pion inter- 
action term of the Hamiltonian. Then 7, and J; should be independent quantum 
numbers separately conserved; and this should forbid in the case we consider the 
charge-exchange reaction 


Kt +n-sp4+-K°, 
and in other cases and for similar reasons the reactions 
K +p >n+K®, xt4+p+h'+K*, K-+p—>t-+47-. 


These same reactions, were shown by Pats to be forbidden in the doublet approx- 
imation (4), and it is therefore quite natural, as.the present scheme is equivalent to 
the doublet approximation that the same result is also obtained. 

It is well-known, however, that these forbidden reactions exist and are of the 
same order of magnitude as the not forbidden ones, which fact shows clearly that 
the doublet approximation in itself is certainly inadequate to explain our present 
data. We think that the present approach may shed some light on the direction into 
which the doublet approximation should be modified according to the following consi- 
derations. With the present quantum numbers it is evident that 7,, 3rd component 
of isospin, labels the different substates of the baryon doublets only, while the 
hypernumber J; labels the different substates of the K-meson. If these substates of 
baryons and K-mesons were distinguished by some independent physical agents, 
then probably the complete independence between hypercharge space and isospin 
space postulated in the scheme should in fact be realized and the reactions now discus- 
sed in fact forbidden. It happens, however, that both baryon and K-meson substates 
are marked by the same physical agent which is electric charge. This degeneration 
probably establishes a link between hypercharge space and isospin space, whose 
consequence is that only the sum of 7; plus J; (which is related to the electric charge) 
1s conserved and not 7’; and I; separately and this would allow reactions such as (17) 
to oceur. 

* OK Ok 

We wish to express our warmest thanks to Dr. A. ScuROpER for many discussions 

and helpful advices concerning the present subject. 
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The Pair Distribution Function of a System of Bose Hard Spheres, 
Calculated up to the First Order in a/A (’). 


' L. Corin (**) and J. PERETTI 


University of Maryland - College Park, Maryland 


(ricevuto il 18 Luglio 1959) 


Recently a certain number of papers (+) have appeared, dealing with the Binary 
Collision Expansion (BCE) method in the many body problem. The method has 
been used primarily to derive an expression for the grand potential of Kramers 
for a Fermi or a Bose system of particles interacting via a two body hard sphere 
potential of radius a. The result is given as a power series expansion in a/A where 
A is the thermal wave length given by A=h(2QamkT)~-?. One can get the same result 
for the boson case to the first order in a/A, by using the concept of « torons » (?). 

In what follows, we have used the BCE method to derive, to the first order 
in a/A, the pair distribution function (p.d.f.) of a Bose system of hard spheres. 

In general the p.d.f. 0 (r,, r,) can be calculated in the grand canonical ensemble 
by using the formulae (’): 

i 


(1) e(r1,12) = PO(r,, M2) + oe 
(2) FOr, 12) = ~ AD (Wy; 2)2”* ; 
p=0 
(2) 1 : : 
(3) A; (r> 12) =a Upso(I i> Ta, &y -- bps Tis Te, b+ t,) dt, ... di, , 


where 9, and ¢ are the molecular density and the fugacity of the system respec- 
tively and U, the n-th cluster function defined in ref. (+). 


(*) This research was partially supported by the United States Air Force, Office of Scientific 
Research, Air Research and Development Command under Contracts no. AF 18(600)1315 and 
no. AF 49(638)399. 

(**) On leave from Instituto Nacional de la Investigacion Cientifica, Mexico. 

@) T. D. Ler and C. N. Yana: Phys. Rev., 418, 1165 (1959), and subsequent papers (to be 
published). Cfr. also prior work by K. Huane and C. N. Yana: Phys. Rev., 105, 767 (1956). 

(®) E. W. Monvrrout and J. C. Warp: Phys. of Fluids, 1, 55 (1958). J. PERETTI: Technical 
Report no. 119, University of Maryland. 

(8) E. W. Montrott, A. IsTHARA and S. Fusrra: Bull. of Royal Academy of Science of Belgium, 
44, 1018 (1958). LL. Cotry and J. PERETTI: Compt. Rend., 248, 1625 (1959). 
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Following the BCE method, one can evaluate the Bose U’s in terms of the 
classical U’s; if we restrict ourselves to a calculation up to the first order in a/A, 
only a knowledge of the classical U, function is required. In momentum space U, 
is given by: 


ail v/ens ; 2 12 
(4) U (Key es | hey ep) ws aK —K’) exp a ( = exp [ k fe a k a 


where «=f-mkT—2z2/4-2, and where (K, K’) and (k, k’) are the final and initial, 
total and relative wave vectors for the two interacting particles; the general Bose 
U,, function is then a sum of products whose factors are free particle propagators U, 
and the binary kernel U,, the latter one appearing at most once. Integrating over 
the coordinates of all the particles except I and 2, as required by Eq. (3), and 
using the following shorthand notations: 


sen re 
(5) gol2)=S —; gee, 8) = > —exp -5). 


A 
Toe ee 80h in Vee a 
“9x te ve i,’ ae Jz Me +0 Rp . 


In this expression the first term corresponds to the ideal Bose gas and is in 
agreement with the London-Placzek formula (*); the next two terms represent the 
corrections, to the first order in a/A, due to the hard sphere interaction. 


(4) F. Lonpon: Jowrn. Chem. Phys., 11, 203 (1943). G. PuaczmeK: Proc. of the 2nd Berkeley Sym- 
posium on Math. Statistics and Probability, p. 581. 
(®) Detailed calculations are available upon request. 
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Further Study of Proton-Proton Interactions at 970 MeV. 


J. D. Dowett, E. C. Fowter (*), J. G. Hitz, G. Marrecct (*), 
B. Muserave and L. RipprrorD 


Department of Physics, University of Birmingham 


(ricevuto il 26 Luglio 1959) 


4. — The analysis of proton-proton 
interactions at 970 MeV performed by 
A. P. Batson, B. B. Curtwicx, J. G. 
Hirt and L. Ripprrorp (') has given 
useful information about the mechanism 
of the nucleon-nucleon interaction, as 
deduced from cross-sections and angular 
and momentum distributions of the se- 
condary particles. 

On the other hand it seemed desir- 
able to check 


a) the evidence for parity conser- 
vation in pion production, and 


b) the features of certain angular 
distributions of the inelastic events, which 
might give additional information on the 
preference of the secondary particles for 
various angular momentum states (as 
suggested by G. Morpurco (°)). 


With this in mind we have searched 
for any indication of parity violation in 
pion production processes. We have also 


(*) Permanent address: Yale University, 
U.S.A. ; 

(**) On leave of absence from University 
of Pisa, Italy. 

(7) A. P. Batson, B. B. Cutwick, J. G. HILL 
and L. Rrppirorp: Proc. Roy. Soc., A 251, 
218 (1959). 

(2) G. MorpurGco: Nuovo Cimento, 9, 564 
(1958). : 
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performed a further analysis of the xt 
producing events observed by Batson 
et al. in terms of the crude but simple 
isobar model. 

The data used in the present work 
were obtained by means of a diffusion 
cloud chamber placed in a magnetic field 
of 13000 gauss (1). We have studied 
565 elastic interactions and 328 n+ pro- 
ducing interactions, the original data 
having been used to select and classify 
each event, as described in ('). The ad- 
ditional work consisted of collecting the 
existing data in new ways and in eal- 
culating angular distributions and related 
quantities with respect to directions dif- 
ferent from those used previously. To 
evaluate the possible simulation of such 
effects by polarization of the primary 
protons used in this experiment, a check 
was first made on the right-left asym- 
metry in the distribution of the secon- 
daries from p+p—>p+n+7+ and also 
p+p—>prtPp- 


9. — Cheek on possible} polarization effects. 


If the incident proton beam is po- 
larized, there will exist a right-left 
asymmetry for the elastically scattered 
protons. Before proceeding with the ana- 
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lysis, the distribution of the azimuthal 
angle of scattering was examined. 


Incident proton 


Fig. 1. 


In Fig. 1 the meaning of the angles 
defining the direction of the secondary 
particle is illustrated. In an elastic scat- 


a) 


50 40 


(Left ) 


185° 


b) 


tering, the proton of smaller 0, is con- 
sidered to be the scattered proton and 
the other the recoil proton. 

In Fig. 2a and 2b histograms of the 
azimuthal distributions are given for 
elastic events selected according to the 
following limits on @,: 


(a) 0°< 0,< 39° 552 events, 


(b) 12= 0739" 484 events. 


The cut-off at 7° in (b) has been in- 
troduced to remove the bias due to small 
angle scanning losses. The 39° limit re- 
presents the angle in the laboratory 
system at which the polarization goes to 
zero (O,—39° corresponds to O,.=90°). 

In computing « = (R—L)/(R+ L) 


. 0<6<39° 
By 552 Events 


N° of events 
10% 72:05 430) > 605-50 


(Right) 
7%6<39° 
ge 


484 Events 


Fig. 2. 
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only events with 315°<p<45° and 
135°< p< 225° were used (*). , 

In Table I, LZ and R are the number 
of protons scattered to the left and to 
the right, respectively. A is the differ- 
ence between R and L in units of stan- 


237 
450 MeV to 635 MeV (‘), the average 
polarization as well as the dependence 
of the polarization on scattering angle 
remain practically unchanged. 


For the inelastic events, no right-left 
asymmetries were found in the azimuthal 


TapuE I. + Elastic asymmetries. 
R—L 
DL R € A = Pp 
VR+D 
a 154 205 0.142 2.69 0.01 
b 131 182 0.163 2.88 0.005 


dard deviations, and p is the proba- 
bility of the given right-left asymmetry 
occurring by purely statistical fluctua- 
tion. Although the statistics are poor, 
the values of p are sufficiently small to 
conclude that 


a) the proton beam used in the 
experiment (1) was polarized, 


b) polarized protons are produced 
in the elastic scattering of protons by 
protons at 970 MeV. 


Moreover, assuming a polarization of 
about 4 for the incident beam (*) and 
taking the polarization in the elastic p-p 
scattering to be also about 3 (*), the 
computed asymmetry is about 0.11, to 
be compared with the observed value 
of 0.15. The above procedure is justified 
since, although the cross-section for p-p 
scattering varies considerably from 


(*) No corrections for scanning bias have 
been employed here, i.e. a eonstant efficiency 
of scanning was assumed for the regions in 
which » was accepted. One attempt to correct 
the data for possible scanning bias gave a value 
of e in good agreement with the quoted value. 

(?) M. Huq: Ph. D. Thesis (University of 
Birmingham, 1958). 

(**) This figure is inferred from values 
obtained, at lower energies (4), by means of 
an average over the polarization in the angular 
interval concerned, using the differential cross- 
section as a weighting factor. 
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distributions of the secondary particles. 
It was therefore assumed that the parity 
check would not be affected by the pola- 
rization of the incident beam. 


3. — Cheek on parity conservation. 


To test whether parity is conserved 
in the interaction p+p—-p+n+7*, we 
looked for pseudoscalar quantities in the 
cross-section. The average value of any 
such terms should vanish if parity is 
conserved. Let us call k,, hk, and k, 
the unit vectors associated with the di- 
rections of the incident proton, the emit- 
ted proton and the z*, respectively. Pos- 
sible pseudoscalar products which are 
most obviously suggested are: 


(a) k,- (ke) ks) 

(b) ky, + (Hea/\ eg) (hex * Be) 
(¢) key (Kea/\ kes)(Kx* ks) 
(d) key: (ea /\ es) (Hea eg) - 


In the absence of strong polarization 
effects, the identity of the two protons 
requires that, on the average, term (a) 


(4) M. G. Mngerrakoy, 8S. B. NuRuUSEV 
and G. Stotirov: Zurn. Hksper. Teor. Fiz., 
33, 37 (1957). 


238 J. D. DOWELL, E. C, FOWLER, J. G. HILL, G. MARTELLI, B. MUSGRAVE ETC. 


should vanish. Fig. 3a shows this to be the distributions of these three pseudo- 

the case. If the distribution in any one scalars. It is seen that they are sym- 

of the terms (b), (c) or (d) were not now’ metrical and their contribution to the 
cross-section is therefore nil. 


Number of events N° of events 


Li0c8 -6 34.52) Ol\euesscee a “05 -04-03-02-0) Of 0202 04 NF 
k,-(k, \ ky) ke, «(ey \ keg) (ky + egy 
Fig. 3a. Fig. 30. 


N° of events 
4. — Further angular distributions. 


An analysis has been attempted in 
terms of certain angular distributions, 
assuming the existence of an intermediate 
isobar state for the pion and the pro- 
ton (°). The angles which have been 
calculated are 


a) y, the angle between the pion di- 
rection and the line of flight of the isobar 


05-04- 03-02-01 O1 O2 O2 04 OS in the center of mass frame of the 
ky + (hey \ k3)(ky > kes) 


Fig. 3c. isobar, 
N° of events 
-08 -06 -04  -O2 Cio cums 06 O86 


Ky + (hey /\ kg)( K+ ks) 
Fig. 3d. 


symmetrical, one would suspect that 
parity were violated. In Fig. 3b, 3c 6) S27) TeNpai ROM and oR Ne ewe 
and 3d are given the histograms showing — ypirer: Phys Rev., 105, 1874 (1957). 
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b) ®, the angle between the pro- 
duction plane of the isobar and the decay 
plane, in the center of mass system of 
the isobar. If we define the direction 
of the neutron by a fourth unit vector ky, 
the angle is given by the following ex- 
pression 


(Ki kz): (kes /\ ky) 
| FA Kea| | As/ he | 


cos @ = 


It has been suggested that these dis- 
tributions may prove appropriate to 
establish the prevalence of the T=J=3$ 
pion-nucleon resonant state. 


N°of events 


(267 Events) 
(158) 


“10-08 -06 -04-02 0 Q2 M4 NA NA 19 CESK 


] Distribution in % 
Fig. 4. 


The distribution in x is given in Fig. 4 
and shows a forward-backward asym- 
metry of 2.68 standard deviations. The 
distribution in ® is presented in Fig. 5. 

The effects on these distributions of 
a final state interaction in the production 
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process, and of the polarization of the 
incident proton beam, have been par- 


90/90 
120 
io8) 
20 10 10} 20 
210}230 


2 


180 goN°of events 


Distribution in ® 
Fig. 5. 


tially investigated, but it is not possible 
to draw the definite conclusions as sug- 
gested by. G. Morpureo (*), without 
performing detailed calculations similar 
to these of S. MANDELSTAM (°). 

It also appears plausible that some. 
asymmetry could arise from a bias in- 
troduced by selecting events sufficiently 
well measured to complete the conver- 
sion to the center of mass system. 


* OK OK 


Thanks are due to Mr. L. CAsTILLEJO: 
and Mr. G. McCautny for very helpful 
discussions. One of us (E.C.F.) wishes 
to take this opportunity to acknowledge 
the support of the U.S. Educational 
Commission in the United Kingdom. 


(°) S. MANDELSTAM: Proc. Roy, Soc., A 244, 
491 (1958), 
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(ricevuto il 3 Agosto 1959) 


‘The purpose of this note is to de- 
scribe an experiment which compares the 
angular distribution in (x*+-p) scattering 
with that from (m-n) scattering at 
roughly the same energy The (xt-p) 
data were obtained from WIttts (1) at 
500 MeV, Erwin and Kopp (2) at 950 MeV 
and GLASER et al. (3) at 1.1GeV. The 
first two groups used a hydrogen bubble 
chamber and the third a propane cham- 
ber. The (x--n) data were obtained in a 
propane chamber operated at the Cosmo- 
tron of the Brookhaven National Labo- 


(*) Supported in part by a grant from the 
National Science Foundation. 

(**) Supported in part by the U.S. Atomic 
Energy Commission. 

(¢) W. J. Wruis: Proc. of the CERN High 
Energy Physics Conference (1958), p. 68. 


() A. ERWIN and J. Kopp: private com- - 


munication. 
(*?) D. Guaspr and A. Rouiia: Proc. of the 
CERN High Energy Physics Conf. (1958), p. 68. 


ratory and the apparatus has been briefly 
described elsewhere (*): 

Since the (x--n) data were obtained 
from scattering of (460+50) MeV pions 
from neutrons bound in a carbon nucleus, 
two main corrections have to be made 
before a direct comparison can be made 
with the (x*+-p) data which were obtained 
from free protons. These are (1) cor- 
rections for the motion of the neutron 
and (2) corrections for the diffraction 
scattering of the pions by the carbon 
nuclei. The raw data consisted of some 
900 « deflections » of a beam of negative 
pion of energy (460+50) MeV sent into 
the chamber. A deflection was charac- 
terized by an abrupt change of direction 
of the beam pion unaccompanied by any 
charged particle. All deflections with 


(4) CRITTENDEN, J. H. SCANDRETT, SHEP- 
HARD, W. D. WALKER and J. BALLAM: Phys. Rev. 
Lett., 2, 121 (1959). 


3144 


a. oo SE a a ae aaa 


— we 


460 MeV NEGATIVE PION SCATTERING ETC. 241 


angles greater than 6 degrees were 
counted. The total cross-section for all 
deflection events with angles > 6° was 
computed to be (106+5) mb based on a 
carbon cross-section for all events of 
(316 +16) mb (°). The angular distribu- 
tion for deflections is shown by the histo- 
grams in Figs. 1 and 2. 
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1.0 0.95 0.90 §@ 0.85 0.80 
Cosé@ /ab. 


Fig. 1. — Histogram of the x deflection events 
in the propane chamber for @ < 32° in the 
laboratory. These are considered as a mixture 
of diffraction and scattering. The dotted curve 
is the modified 500 MeV (x™-p) distribution. 


The corrections were made by modify- 
ing the distributions given for the (x*-p) 
data by using a Serber model (*”) and 


(6) J. W. CRONIN: private communication. 
Total cross-sections for carbon at somewhat 
higher energies have been made by J. W. CRONIN, 
R. Coon and A. ABASHIAN: Phys. Rev., 107, 
1121 (1957). 

(°) R. SERBER: Phys. Rev., 72, 1114 (1947). 

(7) J. Cxuapis: Thesis (University of Cali- 
fornia, 1952). 
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giving the proton a Gaussian momentum 
distribution, isotropic in direction and 
with a mean value of 190 MeV/c. The 
suppression of small energy transfers 
(< 25 MeV) by the Pauli principle has 
been neglected (§). The laboratory angu- 
lar distribution is then completely de- 
termined by p* (the momentum of the 


@ 


da/de_ mb/sr 
(o>) 


> 


-0.6 = KG, 


0.2 =l):2 
Cos@ /ab. 


Fig. 2. — Histogram of = deflections for 6 > 32° 

in the laboratory. These are considered mainly 

(n--n) scatterings. The dotted curve is the 
modified 500 MeV (nx+-p) distribution. 


pion in the center of mass) and f, the 
velocity of the center of mass. Each 
collision is then treated as the scattering 
of pion from a stationary proton. How- 
ever, the pions now are given a whole 
range of momenta and directions dif- 
fering somewhat from the actual beam 
direction. In each case f is constant, 


(®) T. K. FowLer: Phys. Rev., 112, 1325 
(1958). 
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. 500 
P*C-M MeV/c 
Figs. 3-4. — The differential cross-section for (x+-p) scattering in the energy 
for various C.M. scattering angles. 


range (350 +650) MeV 
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from free hydrogen 
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The differential cross-sections at a given 
center-of-mass angle as a function of 
energy have been measured ('?) and are 
shown in Figs. 3 and 4. Thus the effect 
of. using a band of momenta for the 
incoming pion can be calculated. The 
effect of varying the direction has been 
averaged out by a stepwise numerical 


Stationary target 
\ y targ 


da/dse mb/sr 


Movil 
es target 


1.0 0.6 05 ~ wie 


0.2 E Oz 
Cos @ /ab. 
Fig. 5. - Comparison of the differential elastic 
(nt-p) cross-section at 500 MeV for a stationary 


proton and one bound in a carbon nucleus. 
The stationary data are derived from WILLIS (°). 


integration. The result of this entire 
calculation is shown in Fig. 5, from which 
it can be seen that the effect of the 
moving nucleon is not very large at these 
energies. An experimental verification 
of this calculation was made by com- 
paring the angular distribution of (x--p) 
scatterings from protons in carbon (quasi- 
elastic events) with (x--p) scatterings 
in our propane 
chamber and is shown in Fig. 6. The 
results check quite satisfactorily. 
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There remains the diffraction scat- 
tering. For this purpose we assumed a 
black sphere model in which 


(1) doar.) — Faite.y ee 2 sin = 


dQ % sin 0* 

where k* =%/p* and R=r,A* are the 
wave number of the incident pion and 
the radius of the nucleus respectively 
and 7, and ogi.) are parameters to be 
determined from the data. It was as- 
sumed that the laboratory and center 
of mass systems were the same for a 
diffraction event. 


1 
1 
1 
' 


<— Elastic 


dg/d2 mb/sr 


1.0 0.6 0.2 -0.2 -0.6 =O 


Fig. 6. — Comparison of experimentally obtained 

differential cross-sections for (m-p) scatterings 

at 460 MeV for a stationary proton and for a 
proton bound in a carbon nucleus. 


In this analysis we have assumed 
that the deflection events are due to two 
main causes; diffraction and pion-neutron 
scattering. There is also the possibility 
that some of the deflections were 1 7-2 n 
stars with the 7’s having a large ki- 
netic energy. To check on this back- 
ground we looked for 1 x-1 p stars with 
fast 7’s. We assumed that most of these 
were really 1x--1 p-1n stars and that 
the number of 7--2n stars would not 
exceed this number. The number of 
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1x--l p-?n stars was 28, as compared, 
with 900 deflections and is considered ne- 
gligible. Events corresponding to 7° pro- 
duction on neutrons (x +n—>7-+7°+n) 
were eliminated because the resulting x 
had low kinetic energy. 

The best fit to the forward peak gave 
Gan) = 78 mb and r= 1.1-104" em. The 
calculation was carried out to the first 
minimum only. We can then write: 


dou.--n) 
ao 


Ao ,acn,) oi do vaste.) 


dQ dQ 


(2) a= Dese. 


where »,;, is the effective number of 
neutrons in the carbon nucleus taking 
part in the scattering. To find ‘we 
compare the number of quasi-elastic 
(x--p) scatterings with those from free 
hydrogen in the propane and assume this 
ratio applies to m* mesons in propane. 
We find nz = 3.3. If charge symmetry 
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is to hold we must have 


dou,+-p) 


dovaen.) 3 dovaise.y 


(3) dQ ~ ah dQ 


The fit of equation (3) to the histo- 
gram of deflections is shown in Figs. 1 
and 2 with a x? test giving an e=0.05 
for the forward angles in Fig. 1 and 
e=0.2 for the larger angles in Fig. 2. 
The large angle events are relatively 
free of the inherent difficulties in making 
the diffraction corrections under simple 
assumptions. 

* OK 
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Microwave measurements (1) of A- 
doubling in OH have given detailed 
information on the structure of the 
ground % electronic term, including a 
partial measurement of its hyperfine 
structure (hfs). The A-doubling also 
permits the observation of electric dipole 
(ED) Zeeman spectra at microwave fre- 
quencies. These Zeeman spectra can 
complement the zero-field work by pro- 
viding new A-doubling and hfs data, 
and are of separate interest as a test 
of the molecular Zeeman theory in a 
mathematically tractable case. Detection 
of ED Zeeman spectra by standard para- 
magnetic resonance methods is feasible 
if the microwave electric field at the 
gaseous absorption sample is arranged 
to have a component normal to the de 
magnetic field (?). 

We have observed paramagnetic reso- 
nance in electrically discharged water 
vapor. Products of the discharge, which 
was excited by a 2450 MHz diathermy 


(*) This research was performed under the 
National Bureau of Standards Free Radicals 
Research Program, supported by the Department 
of the Army. 

(2) G. C. Dousmanis, T. M. SANDERS and 
©. H. Townes: Phys. Rev., 100, 1735 (1955). 

(?) R. BERINGER and E. B. RAWSON: Phys. 
Rev., 94, 343 (1954). 
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generator, were continuously pumped 
through a pillbox-shaped quartz absorp- 
tion cell that filled the cylindrical TE); 
cavity of an X-band spectrometer. 
A slow field sweep over the range 
(0+ 12000) G disclosed three well de- 


Nt NA: 


gauss = f 
8020 8065 8110 


—_— 
a) b) 


§500 5530 


Fig. 1. — Paramagnetic resonance spectrum of 

electrically discharged water vapor (derivative 

recordings). The three line groups were recorded 

at different vapor pressures. Microwave fre- 
quency: 8 894 MHz. 


fined groups of lines, centered at 5520, 
8065 and 9965 G; derivative recordings 
are shown in Fig. 1. Under similar ob- 


ik. 
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serving conditions the relative intensities 
of lines in Fig. 1 (a), (6) and (c) were 
about 15, 5 and 1, respectively. At a 
vapor pressure of roughly 1mm Hg a 
typical line width was 5G; pressure 
broadening was apparent. The spectra 
of Fig. 1 were assigned to the OH radical 
on the basis of calculations sketched 
below. Experimental support for this 
assignment was provided by  corre- 
sponding OD spectra observed in dis- 
charged D,O. 

Fine structure and rotational energies 
are both large in the 2x term of OH 
and, except for a complete decoupling 
of the proton spin, a field of several 
thousand gauss has little effect on the 
vector coupling scheme; this allows a 
calculation of the molecular Zeeman 
effect within a few parts in 10+ by 
second order perturbation theory. To 
this precision, sufficient here, the hfs 
need be computed only to first order. 
For a given J the energy sublevels cal- 
culated in this way can be written as 


GQ) ) W202 97 uM, H + thy, + 
+ f(M3)((ugHL)? [he + 
= hA~M,M, + 9,4 MH, 


where f(M>) measures the net magnetic 
perturbation from nearby levels. The 
plus and minus signs refer to the upper 
and lower A-doubling level, respectively ; 
v, 18 the doubling frequency. The inter- 
actions responsible for A-doubling alter 
the ideal 2x g-factors by admixing excited 
molecular terms; these effects differ for 
the two doublet components and hence 
the notation g#. «Hyperfine doub- 
ling » (1) is represented by A=. 

Fairly accurate paramagnetic reso- 
nance spectra (AM,=+1, AM,=0) can 
be calculated from (1) on the basis of 
the previously measured microwave pro- 
perties of OH. Spectra corresponding 
to ED transitions between the two com- 
ponents of the A-doublet have the gen- 


eral form of two compact groups of. 


2J(J+1) lines; their separation is a 
measure of the doubling frequency. Mid- 
way between the ED groups is a magnetic 
dipole (MD) spectrum, the type usually 
encountered in paramagnetic resonance. 
This spectrum is produced by transitions 
within each A-doubling level, and may 
show 4J(22-+1) resolved lines; it should 
be much weaker than the ED spectrum. 

From such calculations spectra (a) 
and (b) are identified with ED transitions 
in the z,, J =} level. Their dissimilarity 
is accountable by the g-factor difference 
J; —9; ~10-*; in (a) this compensates 
for the quadratic Zeeman splitting and 
condenses the spectrum to three nearly 
superposed hfs doublets; in (b) the re- 
verse occurs and splittings are enhanced. 
Hyperfine doubling is expected to be 
small for this level, and indeed was unde- 
tectable. Absolute measurements give (*) 


g, = 0.935 +0.001 , 
v, = (1667+2) MHz (x 
A = (2642) MHz. 


tee 

oY 
I 

tyleo 


Spectrum (c) can be assigned to 
ED transitions in the 23, J ={ level. 
Here v, is above X-band, and only half 
the spectrum is observable. Pressure 
broadening washes out the hfs of the 
central lines, but hyperfine doubling is 
clearly demonstrated by the greater 
widths and incipient structure of the 
outside lines. The total spread of the 
spectrum is some 6 times that expected 
from quadratic Zeeman splittings—pre- 
sumably because of the g-factor pertur- 
bations mentioned above. 

The ED spectrum of the 2,, J=3 
level should also be observable; one 
group should lie at 4200 G, the other 


(*) Direct measurements of the 73, J= 3; 
A-doubling absorption have been reported re- 
cently [EHRENSTEIN, TOWNES and STEVENSON: 
Phys. Rev. Lett., 3, 40 (1959)]. These results, 
which came to our attention during preparation 
of this report, agree with the less accurate 
value of », given here. 


3150 


— 


PARAMAGNETIC RESONANCE IN THE FREE HYDROXYL RADICAL 247 


at a field above our instrumental limit 
of 12000 G. Investigation of the field 
interval below 5000 G was limited by 
an extremely broad and intense electron 
cyclotron resonance absorption. Although 
complicated structure was observed on 
this electron resonance line near the 
expected location of the J=3 spectrum, 
a definite identification could not be 
made. Other zg spectra all lie above 
12000 G at X-band frequencies. Two 
m4 spectra are pushed to low fields by 
A-doubling, but their expected inten- 
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sities are low. In a search for the z,, 
J=% MD spectrum the pillbox-shaped 
absorption cell was replaced by a straight 
tube passing axially through the cavity. 
The Q of this arrangement is particu- 
larly high, and the spectra of ground 
state hydrogen and oxygen atoms, absent 
in work with the larger cell, were easily 
detected in the discharged water vapor. 
No OH spectra were found, of either 
the magnetic or electric dipole type, the 
latter because there was essentially no 
electric field to excite them. 
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The purpose of this work is to eluci- 
date a singular interaction taking place 
between an electron beam and a magnet 
body. A camera for electron diffraction 
was utilized for the experiment. An 
electron beam grazed a sharp edge (thick- 
ness, about 2000 A) of a permanent 


Fig. 1. — Diffraction pattern obtained from the 


magnet edge. Wavelength: 0.0286 A. Camera 
length: 495mm. Positive enlarged 2.3 times. 


magnet (remanence, about 104 G). A typ- 
ical diffraction pattern obtained is shown 
in Fig. 1. The central spot found in 
Fig. 1 is optically enlarged 35 times in 
Fig. 2. In this figure we see that the 


incident beam is splitted into the several 
beams. The intact beam here used is 
shown in Fig. 3. 

The splitting as seen in Fig. 2 was 
observed as a semi-permanent or sta- 
tionary state under the given conditions. 
This stationary state was not attained 
immediately after the incident beam 
had touched the specimen. A time lag 
or retardation (about one second) had 
always been witnessed before the final 


Fig. 2. — The central spot in Fig. 1 is enlarged 
35 times. Splitting of the incident beam is 
recognizable. 


semi-permanent splitting was attained. 
The appearance of this retardation was 
quite similar to the lapse of charging-up 
frequently observable in electron dif- 
fraction at an insulator. 
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There are the positive holes in the 
d-band of iron (1). These holes could” be 


filled up with the incident electrons as 
the result of a quantum mechanical 
resonance which tunnel through the spe- 
cimen. This resonance could take place 


Fig. 3. — The intact electron beam here used. 
35 times enlarged. 


between the electrons of the parallel spin 
found in the d-band of the magnet body 
and those of the anti-parallel spin in- 
cluded in the incident beam. The above- 
mentioned retardation means the time 
necessary for filling up the half-vacant 
d-band with the scanty antiparallel 
electrons found among the incident 
electrons. 

A localized area in the magnet body 
remains negative-charged in a stationary 


state, so long as it is continuously and ° 


steadily illuminated with the incident 
electrons. This negative charge can not 
escape to the earth, although the con- 
ductive specimen is connected to the 
earth. Only the s-electrons can remove 
to the earth through the metallic spe- 
cimen. The circumstance of the station- 
ary state realized in the present experi- 
ment is illustrated in Fig. 4. The arrows 


(2) N. F. Morr and H. Jonrs: The Theory 
of Properties of Metals and Alloys (Oxford, 1936), 
p. 222. 
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drawn in the magnet body show the 
parallel and the anti-parallel spins of the 
electrons which are paired in the d-band. 


Electrons 


Magnet \ | 


est Rakes 


ee Nxeee 


Fig. 4. — Experimental arrangement. The small 
arrows in the magnet body show the parallel and 
the anti-parallel spin of the electrons. 


The author has tried to caleulate the 
splitting AX in Fig. 2 from the inter- 
action between the incident beam and 
the electrostatic field given by the 
« negative-charged » d-band of the spe- 
cimen. This splitting depended upon the 
shape of the specimen. We have, how- 
ever, a relation between AX and the 
electric field H# for the simplest arran- 
gement: 


2 
(1) AX = eEm (7) LL, 
h 

where e means the electron charge 
(4.8:10-1° esu), m means the electron 
mass (9.1-10-?8 g), 2 means the wave- 
length of the electrons (0.0286 A), h 
means Planck’s constant (6.6 + 10-?? erg/s), 
TL means the camera constant (495 mm), 
and J means the electrostatic path trav- 
elled by the electrons. We measure 
AX=0.03 em in Fig. 2. Therefore, we 
obtain H~105 V according to Eq. (1) 
if 1~10 ym is assumed here. This value 
is reasonable as an electrostatic potential 
obtainable. 
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Several authors ('!) have discussed the 
possibility that X* hyperons might bind 
with one or more protons and XY hype- 
rons with neutrons. Such hypernuclei 
could decay according to the following 
schemes: 


(1) (2*p)+p+7°+p+(116 — By+) MeV 
(2) >n+rt++p+(110— By+) MeV 
(3) >d+nt -+(112—By+) MeV 
(4) >p+p +(251 — By+) MeV 
(5) (Xn) +-n+x7-+n+(117—Bys-) MeV 


where By+ and By- are the binding 
energies. 

To date only one event has been put 
forward as a (X-nucleon) compound and, 
as the authors (?) point out, there is some 
doubt concerning its interpretation. 


(7) D. HoLLuaDAy: quoted by R. G. Sacus: 
Phys. Rev., 99, 1573: (1955); KR. BW. Darrrz: 
Nucl. Phys., 1, 372 (1956); F. FrRRARI and 
L. FonpA: Nuovo Cimento, 6, 1027 (1957); 
A. Pats and S. TREIMAN: Phys. Rev., 107, 
1396 (1957); D. B. LicHTENBERG and M. H. Ross: 
Phys. Rev., 107, 1714 (1957); G. A. SNow: Phys. 
Rev., 110, 1192 (1958); A. Pais: Phys. Rev., 
112, 624 (1958); T. B. Day and G. A. SNow: 
Phys. Rev. Lett., 2, 59 (1959); R. C. Kumar: 
to be published in the Ind. Journ. Phys. 

(*) M. Batpo-CroLin, W. F. Fry, W. D. 
B. GREENING, H. Huzira and S. LIMeNTANI: 
Nuovo Cimento, 6, 144 (1957). 


K” capture stars are a copious source 
of hyperons; 9% emit X* and 8% xX - 
particles (*). However, no (X-nucleon) 
fragments have been reported from the 
extensive. studies made of these stars, 
and the question arises as to whether or 
not events are being misinterpreted. 
For example, a decay according to re- 
action (1) could be mistaken for a 
2-prong 4 capture star or the decay of 
a A®-hypernucleus. Also, if the m-meson 
has not been followed to rest to deter- 
mine its sign, reaction (2) could be taken 
as a mesonic decay of a A°-hypernucleus. 

A sample of 1200 K™ capture stars 
which had been used previously for the 
European K™ Stack Collaboration (°), 
have been re-examined specifically for 
(=*p) hypernuclei. 

Due to the great difficulty of distin- 
guishing between reaction (5) and ordi- 
nary “+ decays in flight, no attempt 
has been made to find (Xn) hypernuclei 
in the investigation reported here. 

Any 2-body decays according to re- 
actions (3) and (4) would be readily iden- 
tified owing to the colinearity and unique 
ranges of the decay products. However, 
none were found. 


(?) European K~-Stack Collaboration, Part I: 
Nuovo Cimento, 18, 690 (1959). 
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With regard to decays occurring 
through reaction (1), all tracks emitted 
from K™ stars and coming to rest to 
produce two heavy prongs were examined 
on the assumption that they were (=p) 
fragments. From the momentum un- 


Number of events 


0 20 40 60 80 100 


6 events with @>200 MeV 


120 


251 


found and, in fact, only two events 
merited further investigation. Details 
of these are given in Table I. 

The errors on the calculated binding 
energies derive mainly from the uncer- 
tainties in the range and dip angle measu- 


Q (MeV) 


140 160 180 200 


Fig. 1. — Distribution of Q-values on the assumption that all events giving rise to 2 prongs are 
(=+tp) compounds. 


balance of the 2 prongs, the energy of 
the 7°-meson, supposedly emitted, was 
found and hence the Q value. If an ap- 
preciable number of (=*p) hypernuclei 
were present one would expect a peak 
in the distribution of Q values at an 
energy a little less than 116 MeV. As 
can be seen from Fig. 1, no peak was 


rements on the shorter proton tracks. 

Integrated gap measurements were 
made on the primary of event 3859 and 
also on samples of protons, 4, and a-par- 
ticles of the same dip. The results are 
given in Table II, the errors quoted 
being the experimentally found standard 
errors of the samples. No «-particles 


TABLE. l: 
Event BESnES 2 Dip of | Ranges of protons | | Q) B s+ 
number | PU™MAaTy primary ; (um) oh (MeV) | (MeV) 
(um) (MeV) . 
3 859 3870 aye 1559 oe 91 109.5 6.54 
2 806 5 50° 1810 Te 90 110 ‘Orsay 
TaBLeE II. 
Pesidual Integrated gap-length (um) 
a p B o 3 859 
200 8.0 + 2 6.742 3.8 +1 6.7 
800 54. +5 37 +4 — 40.5 
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were available of 800 um residual range. 

These measurements indicate that 
the primary of event 3859 is almost 
certainly a L-particle, and it is concluded 
that the event itself is a 2-prong xX’ - 
capture star. 

A similar investigation on the primary 
of event 2806 could not be made owing 
to its short range and large dip angle. 
It is impossible to determine directly 
from measurements of mass and charge 
whether or not it is a (X*p) hypernucleus. 
It only remains to be seen what infe- 
rences, if any, can be drawn from the 
energies of the decay products. It will 
be seen from Table I that one of the 
two decay protons has a very short 
range. However, A. K. ComMON (4) in 
an approximate calculation has shown 
that the proton in a (X*p) fragment 
would, in fact, generally take compara- 
tively little energy when the =*-hyperon 
decays. Much depends upon the assumed 
value of By+, but if, for example it is 
taken to be as small as 0.25 MeV, the 


(*) A. K. CoMMoN: private communication. 
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proton would receive less than 0.5 MeV 
in 40% of cases. Finally, it should be 
noted that the original K--star was a 
large one, emitting 8 heavy prongs. 
Summing up it appears impossible to 
arrive at any definite interpretation for 
this event. 

With regard to decays according to 
reaction (2), there are 9 particles from 
K -stars which on coming to rest give 
rise to 1 heavy prong and a lghtly 
ionising track. 7 of these tracks have 
been followed to rest and all proved to 
be negatively charged z-mesons. These 
events are therefore, certainly not ex- 
amples of reaction (2). The other 2 light 
tracks have dip angles > 70° and could 
not be followed to rest. 

The conclusion of the investigation 
is that in a sample of 1200 K -stars 
from which 110 =* hyperons were emitted, 
only one event was found which could 
be interpreted as a (X*p) hypernucleus, 
and the identification of this event is 
uncertain. It would, therefore, appear 
desirable to extend this re-examination of 
K -stars to a considerably larger sample. 
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(ricevuto il 12 Agosto 1959) 


Assuming a possible coupling of y-meson with a spinless boson neutral field 
(o-meson) (15), we shall attempt in this note an evaluation of the form factors in 
ut-meson electron scattering (knock-on processes) (6). We consider both cases of 
scalar and pseudoscalar co with non-derivative couplings. 

The interaction hamiltonians are: 


H, =—iey y, pwAy, ; H, = tep@y, yA, 


Hs = gy pi) go —dM pu) ys) ; ae = igy y. yw po —édM pow) ye 


in obvious notations. In perturbative approximation the lowest order diagrams 
contributing to the process are: 


The contribution from diagram II is zero for both scalar and pseudoscalar o. 
It is sufficient to evaluate the first of the following five diagrams. By subtracting from 
the resulting expression its value at q’=0, one automatically includes the self-energy 
contributions of the diagrams IV-VII. 


(@) J. ScHwINGER: Ann. Phys., 2, 407 (1957). 

(?) W. S. CowLann: Nucl. Phys., 8, 397 (1958). 

@) I. R. Gartanp: Nucl. Phys., 9, 267 (1958-59). 

(4) I. SAAVEDRA: Nucl. Phys., 11, 569 (1959). 

(®) S. N. Gupta: Phys. Rev., 411, 1436, 1698 (1958). 

(*) Processes of this kind have already been observed with cosmic ray u-mesons, see for example 
references in Progress in Elementary Particle and Cosmic Ray Physics, 4, 107 (1958). 
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The resulting finite matrix element is: 


= i ip 1 
(1) M=ie?(2m)* 6(P'+ p'— P— p)(tp Vy, Up) FSVE (i, [nurtinwt 5 Fold) ony, au] , 


where: p =(p,ie) the is electron 4-momentum before scattering, ; 
P =(P,if) the is y+-meson 4-momentum before scattering; 
p' and P’ are the 4-momenta after scattering; g=P’— P=p — p'; h=c=1; 
« is the u-anomalous magnetic moment (units e/2M); 6,,= [yyy — 7p7v)/2%- 


Moreover here and in the following: 


M is the ut-meson mass, 

m . is the electron mass, 

is the c-meson mass, 

i TALE NTH MEO 


All energies and momenta are divided by M and are therefore pure numbers. /’, and F, 
are electric and magnetic form factors and for the two cases (S and P) are given by: 


Le at : 
G2 2g2y2+t Sry — Qa2y — 4 2) a 
wae) <1 fawfay 9] y? + Say a fe ‘ ) | 
dot o*— ne + 9 + grarty(l—y) «2 —ne+ 7 
0 0 


al. 1 
Ge o2y(2 — a 
8 Sq?) = — | dx | dy it Lee 
7 a* — nx + 4 + g?a?y(1 — y) 
0 0 


g?y® — 2y 1 
a? — ne + 4+ g?a?'y(1—y)  22?— ne + |’ 


ay 


os 1 aT 
x? FF (q?) = SF fae fay ; 
m% x® — xe + 4 + g?x?y(1 —y) 
0 0 


(G2 = g*/4a) . 


The cross-section (valid in any reference system (*)), evaluated from (1), is 


X A26'B’ dQ! 


(4) do = r? ; 
q? V (pP)? — 2? B'(E + 2) —|p + P| cos 0’ 


0 


‘ See for example JaucH and Rouruicn: Theory of Photon and Electrons (Cambridge Mass., 
(1955)) p. 254. 
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Bra |P YR: ro = €2/4nm ~ 2.8-10-13 em , 
z 2 
X = Fi[4(pP)(pP') — @) + (Fi + #F2)?[g? — 207] . + 22°F} [4(pP)(pP’) — 47] yi 


Round brackets denote 4-vector products. Quantities with apex are related to scat- 
tered y+. The eq. (4), in the limit, reduces, of course, to the well known Rosenbluth 


formula (7). 
Considering, now, that q?,, (max for a determined energy of the incident y+) 


given by 
4|P,|* #? 
— 1424 248, 


Gees =< 4|Pom. |? 


is only of the order of unity when the energy of the incident y+ (in the laboratory 
system) is as high as 15 GeV, it is convenient to retain terms proportional to q? in 
the expansion in powers of q? of the electric form factors, and to substitute the 
magnetic form factors by one. That is: 


5 Ge a i Ge 
ee 2 FP +1 ——_ Pee 
‘Tes ont (7)q il cael (7)4q 
G? Ge 
nF > x = — g*(n) “PFS > x? = — — g*(n) 
Qn 27 
1 0 A 
622, — 2) a8 
g°(n) =| dx — grt) = | ta 
x — Ht + 7 x? — ne + 1 


1 
Spee. P i i | i ne s de ae =: ¥ 
Rema 9 (0) +> 1 aera JEM) <9 (8) oi G8 are arr 
0 0 


With these approximations, keeping terms in G? and neglecting 4? with respect to 
one, the cross-section, in the center of mass system, becomes: 


i? I i 
(5) dos y= re pie {2(pP)2 + 2(pP’)? — @}(1+ 6)dQ’. 
Now: 
= 4|P|P sin’; (pP) = —|P|?—E#e ; (pP’) = —|P|? cos 0 — Be ; 


E*—|P|?+1; e =|P\?+ 7. 


(7) M. N. RosENBLUTH: Phys. Rev., 79, 615 (1950). 
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with all quantities referred to the C.M. system. 6 is the correction due to the form 
factors and it is written: 


(6) ger = Fal _ paren) + get) 
~ Oa WET WpP) + APP — 
or, with no approximations: 
q°(q? — 22°) 


6! §8.P — 2(F SP — 1) 4 SP PsP ‘ 
(6 ) ( 1 ) ar x 2 2(pP)? a (2pP’)? = 


Coming back to eq. (6) we shall try to evaluate the magnitude of 6. We take 
Oo™.—= 2 (where 5 is max) and we choose, for example, H, ~15 GeV. Then, as 
we have seen before, g?(Ocu. = 2) =Qzax is of the order of unity. It is easy to see 
that the contribution of the second term in (6) is negligible because (see also (6’)) 
x can at most be ~ 0.001 (according to the recent experiments (8)) and the other 
factor is~ 3. We have now to evaluate the contribution of the first term. In order 
to do that, we shall have in mind that G and y are correlated since x ~ 0.001. 
The limits of G are approximatively 0.005 when 7= 0, and 2 when 7 = 10’, and 
they do not differ greatly for scalar and pseudoscalar o. From this and by an 
examination of the functions f’-? (which are monotonic decreasing vs. 7) it can be 
immediately seen that an appreciable contribution to the cross-section (for ex. 
~50%) is obtained only when 7 is very small, and only for scalar co, because f? is 
0.5 when 7 = 0, while f’ goes to co when 7 +0 as 21n(1/4/7). However, also in 
this case, a contribution of 50% can only be obtained for In (1/4/7) ~100, that is 
for unreasonably small values of 7. 

We can conclude that for energies (in the electron rest system) of the incident 
ut-meson up to ~15 GeV (which will probably become available at the CERN 
proto-synchrotron), there should be no essential corrections to the usual expression 
for the cross-section due to a possible structure of the u-meson like the one that has 
been considered here. This conclusion cannot be extended to higer energies for 
which it is necessary to consider the general form factors as written in (2), (3), 
keeping in mind that in (5), 6 must be expressed through (6’). 

One should finally note that, avoiding particular hypotheses on the »-meson 
structure, an appreciable contribution to the cross-section can only be given by 
the electric form factor F,, because of the present strong limitation on the magnetic 
form factor. 


* OK OK 


Thanks are due to the Prof. R. Garro for having suggested the problem and 
for helpful discussions. 


(*) R.L. Garwin, D. P. Hutcuinson, 8S. PENMAN and G. SHAPIRO: Phys. Rev. Lett., 2, 213 (1959). 
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Observations on the Photodisintegration of %O 
through the Inverse Process N (p, y) *O. 


N. W. TANNER and G. C. THOMAS 


Clarendon Laboratory 


W. E. 


Stanford University - 


- Oxford 


MEYERHOF (*) 


Cal. 


(ricevuto il 20 Agosto 1959) 


Nuclei which are reached by (p, y) 
reactions having large Q-values will per- 
mit observation of the giant resonances 
observed in photodisintegration at ener- 
gies near 20 MeV excitation. 1°O is the 
most interesting of the nuclei that can 
be studied, as it has been the subject 
of considerable theoretical (1) and experi- 
mental (2) investigation. The interest 
arises because 1°O is doubly magic, which 
offers simplicities to the theoretician and 
some practical advantage to the experi- 
menter as none of 160, or %O and ™N 
(the final nuclei from ‘O(y, 0) and 
16O(y.p)) have excited states below 
5 Mav. 

The high energy y-rays from “N 
(p, y)80, (EH, (MeV) = 12.11 + 0.93 ,), 
were analysed. using a 6in. long by 5 in. 
diameter Nal crystal scintillation coun- 


(*) Supported by the Alfred P. Sloan Foun- 
dation, New York, N. Y., while on leave at the 
Clarendon Laboratory, Oxford. 

@) J. Pp. Eviiorr and B. H. FLOWERS: 
Proc. Roy. Soc., A 242, 57 (1957). 

(®) F. AszmNBERG and T. LAURITSEN: Nucl. 

Phys., 11, 1 (1959). 


17 - Il Nuoro Cimento. 
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ter, which had been calibrated with pure 
y-rays of up to 20 MeV. Some preli- 
minary measurements on ?’Al(p, y)?8Si 
(Q=11.6 MeV) at H,=6 MeV demon- 
strated that this reaction could be used 
to provide an energy calibration for the 
Nal counter as y-rays to the ground 
state and first two excited states of ®Si 
(at 1.78 and 4.61 MeV) could be com- 
fortably resolved. 

Targets of effective thickness 10 and 
400 keV for protons of 7 MeV were used. 
With the Nal crystal some 6in. from 
the target, proton beams of the order 
of 0.5 uA gave as high a count rate 
as could be safely handled without 
risk of pile-up or gain shift. Most of 
these counts were of small pulse height 
relative to the capture y-rays and arose 
from !N(p, «y)!2C and unidentified (p, n) 
and (p,-p’) reactions. While these re- 
actions merely limited the rate of re- 
cording data at the lower bombarding 
energies, they seriously interfered with 
the interesting part of the spectrum at 
higher energies, and made the experli- 
ment impracticable with tantalum nitride 
targets above 8 MeV. 
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The excitation curve shown in Fig. I 
taken at 90° to the proton beam was 
derived from the analysis of spectra taken 
at each of the bombarding energies in- 
dicated. The absolute cross-section scale 
was obtained by examining the 
15N(p, xy)!2C resonance at H,=3.00 MeV. 
In the region below 4 MeV the absolute 
cross-section agrees quite satisfactorily 
with the work of WuLkrnson and 
Boom (). 
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their (y, p) cross-section to a (p, y) cross- 
section by the detailed balance relation. 
The agreement is good except for the 
magnitude of the #,=—5.5 MeV resonance. 
This is partly explained by our failure 
to allow for the rather strong angular 


distribution of 1+3.5 sin? 6, observed by 


JOHANSSON and FORKMAN, in comparing 
our 90° measurement with their total 
cross-section. The correction factor is 
1.35 which still leaves nearly a factor of 


LIN (p.y)"0 


° Thin target (10 keV at & =7MeV) 
» Thick target (400 keV at Ep =7 MeV) 


7.0 8.0 9,0 


Proton energy in MeV (lab) 


Fig. 1. — Excitation function for *N(p, y)!*O. The points are the experimental results for this reaction. 

The histogram is the excitation function for 1*=N(p, y)!®O derived by detailed balance from the excitation 

function (*) for “O(y. p)4N. The dotted lines indicate the position of resonances that might be 
expected in N(p, y)*®O from the fine structure (°) in O(y, n)O. 


The histogram in Fig. 1 is the 
EN (p, y)'©O excitation function obtained 
from the '*O(y, p)*N excitation function 
of JonHansson and ForKmAN (4) by a 
conversion of their y-ray energy to equi- 
valent proton bombarding energy and of 


(®) D H. Witkinson and S. D. BLoom: 


Phys. Rev., 105, 683 (1957). 


(4) S. A. E. JoHansson and B. FoRKMAN: 


Ark. f. Fys., 12, 359 (1957). 


two unexplained. (The lonely point at 
5.5 MeV was confirmed by thick target 
measurements which are not plotted in 
Fig. 1.) ; 
MILone et al. (°) have also obtained 
an excitation function for 1O(y, p)}™=N 


(®) C. MiLonr, 8S. MILonE-TAMBURINO, R. 
RINZIVILLO, A. RUBBINO and C. TRIBUNO: Nuovo 
Cimento, 7, 729 (1958). 
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and while this is qualitatively similar 
the agreement is not quite as good. . 

Exuiorr and Frowers (') have cal- 
culated the excited states of %O of 
J™=1- and T=1 arising from the con- 
figuration 1p-1(2s, 1d) which should be 
important for the N(p, y)!®O reaction. 
In particular they predict a strong re- 
sonance at H, = 5.55 MeV which is in 
such good agreement with the observed 
resonance at E > = 5.52 MeV that it can 
only be regarded as partly fortuituous. 
It was noted that the N(p, «y)!2C re- 
action (observed through the 4.43 MeV 
y-ray) is not strongly resonant at H, = 
— 5.5 MeV which is consistent with the 
T—1 assignment. 

The vertical dotted lines in Fig. 1 
indicate the position of the resonances 
(in terms of proton bombarding energy) 
deduced by PENFOLD and Spicer (°) from 
breaks in the '%O(y,n)%O activation 
curve. The length of each of the dotted 
lines is proportional to the integral over 
each resonance. A careful search was 
made in the region between 5.97 MeV 
and 6.60 MeV using a 10 keV thick tan- 
talum nitride target and steps of 5 keV 
in proton energy. (These points are not 
plotted in Fig. 1.) Within this energy 
region two strong (y,) resonances are 
supposed to occur having widths of the 
order of 25keV. In addition a strong 
15N(p,n)8O resonance of 40 keV width 
has been observed by Jones et al. (’). 
None of these sharp effects appeared in 
1EN(p, y)!®O. While the (p, n) resonances 
may have high spin and therefore small 
radiation widths, it is not at all easy to 
understand how the supposed fine struc- 
ture in 16O(y, n)!®O can fail to have any 
effect in N(p, y)!O. 

The only consolation that can be 
drawn from the (y,n) resonances is that 


(*) A. S. PENFOLD and B. M. SPICER: Phys. 
Rev., 100, 1377 (1955). 

(7) K. W. Jonss, L. J. LIDOFSKY and 
J. L. Writ: Phys. Rev., 112, 1252 (1958). 
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they do tend to group about the region 
of H, = 5.5 MeV. If we take the extreme 
view that the (y, n) fine structure is false 
but that the grouping is meaningful, 
i.e. the (y,n) reaction is subject to the 
same resonance as the (p,y) reaction, 
then we can compare the ratio of the 
integrated cross-sections of (y,n) and 
(y,p) im the region of the resonance. 
JOHANSSON and ForkKmAN (°) give the 
ratio as 2.2 and this is equal to I)/T,. 
Assuming I',,~ I’,,~ 0 from our failure 
to observe a ®N(p, «y)!2C resonance and 
the predicted (!) T= 1 character of the 
state, then J7= Le T= 280 keV from 
Fig. 1, I',= 190 keV and I = 90 keV. 
Making due allowance for the angular 
distribution we find the peak 
section to be 110 ub and assuming J= I 
we get I, = 145 eV. Evzior and FLow- 
ERs (1) predict I = 140 eV. 

This paper represents the first yield 
from a programme of proton capture re- 
actions using the tandem electrostatic 
generator at A.E.R.E., Harwell. 


cTOss- 


* OK kK 


The tandem electrostatic generator 
used in this experiment was constructed 
by Dr. W. D. Atten of the Accelerator 
Division, A.E.R.E., Harwell. We are 
erateful to the Director of AWARE 
Harwell and to Dr. E. BrerscHER for 
the experimental facilities placed at our 
disposal. 

We are also indebted to Dr. D. E. 
ArpurGER of Brookhaven and to the 
Isotope Division, A.E.R.E., Harwell for 
the supply of target materials, to Dr. P. 
F. D. SHaw for assistance in making 
targets, and to Dr. W. D. ALLEN and 
Dr. E. B. Pavt for considerable help in 
the course of the experiment. 

The investigation of the inverse photo- 
disintegration process was suggested to 
us by Professor D. H. WILKINSON and 
we have profited greatly by his interest 
and advice. 
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On the Ergodic Methods in Statistical Mechanics. 


P. CALDIROLA 


Istituto di Scienze Fisiche delv Universita - Milano 
Istituto Naztonale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 25 Agosto 1959) 


1. — This letter has two aims: 


i) to stress that the ergodic ap- 
proach to statistical mechanics (in the 
single system version or in the version 
of the ensemble theory) is conceptually 
the most satisfactory one; 


ii) to discuss from a methodological 
point of view some recent develop- 
ments of the classical and quantal 
ergodic theories. 


As far as the first point is concerned, 
we remark that the ergodic method 
has not always been considered in the 
right light (+?) or even it has been 


(¢) D. TeR Haar: Rev. Mod. Phys., 27, 
289 (1955); A. MUnsrer: Prinzipien der stati- 
stischen Mechanik, in Handb. d. Phys., I11/2 
(Berlin, 1959), p. 207. 

(¢) A purely subjective form of statistical 
mechanics has been recently developed by 
E. T. Jaynes (Phys. Rev., 108, 171 (1957)), 
following information theory methods, in par- 
ticular identifying Shannon’s entropy with sta- 
tistical entropy. In this way the central problem 
of deducing from microscopic laws the macros- 
copic behaviour Of a system with many degrees 
of freedom is completely eluded. According to this 
method, statistical mechanics is no longer a 
real physical theory, but only a_ statistical 
inference technique. 


misunderstood (*). This fact seems to 
us rather strange, since the soundness 
of a purely dynamical foundation of 
the statistical mechanics has been defi- 
nitely established a long time ago in a 
famous discussion between BOLTZMANN 
and ZERMELO. The ergodic point of 
view has been successively adopted by 
the most distinguished physicists of our 
time as Einstein, von Neumann, Pauli. 

The objections raised against the 
ergodic method are essentially the fol- 
lowing: 


a) to consider a physical system as 
isolated is evidently only an abstraction, 
because of the unavoidable occurrence 
of small, practically uncontrollable in- 
teractions with the surrounding medium, 
due for instance to the presence of 
radiation fields. Thus the ergodic ap- 
proach, making an essential use of the 
concept of isolated conservative system, 
would be founded on a schematization 
of doubtful physical meaning. 


(?) R. C. Torman: Lhe Principles of Sta- 
tistical Mechanics (Oxford, 1938), §25; L. D. 
LANDAU and E. M. Lirsrrz: Statistical Physics 
(London, 1958). 
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b) The quantities averaged over 
an infinite time interval having no 
operational meaning, the connection of 
the results of the ergodic theory with 
the experimental data would be pro- 
blematic. In fact, the physically sig- 
nificant quantities of the macroscopic 
experience are time averages of phase 
functions in the classical case and of 
expectation values in the quantal case, 
taken on time intervals of the same 
order of magnitude of the actual meas- 
urement times. 


These objections can be easily con- 
futed. Against the first, one can remark 
that the interactions with the environ- 
ment have a negligible effect on a 
system with a large number of degrees 
of freedom (and such are the systems 
studied by statistical mechanics), since 
in this case the effects of the above inter- 
actions reduce to mere surface effects (*). 

With respect to the second objection, 
we notice that in the ergodic method 
the time averages represent only a 
useful mathematical tool, by which 
the theory can be built up in a con- 
sistent manner. Let us consider for 
example the classical case (°). The time 
averages over an infinite time interval 


(4) Some authors have suggested (see for 
instance LANDAU and LirsiTz (*), p. 31) that 
in the quantal case the unavoidable and uncon- 
trollable interaction between system and meas- 
uring apparatus would make physically mean- 
ingless the study of an isolated system, since 
the tendency towards equilibrium could be 
essentially influenced by the disturbances created 
by the external observations. But, as was 
remarked by PAULI (Suppl. Nuovo Cimento, 6, 
169 (1949)), «the otherwise so important dif- 
ference between classical and quantum mechanics 
is not relevant in principle for thermodynamical 
questions. Indeed the disturbance by obser- 
vations defined as macroscopic can’ be made 
small and a single macroscopic observation is 
sufficient in principle for controlling whether 
or not the system has reached its thermal 
equilibrium ». 

(®) In this connection see also: P. CaLpI- 
ROLA and A. LoInGER: The Developments of the 
Ergodie Approach to Statistical Mechanics, in 
Mazx-Planck-Festschrift (1958), p. 225, § 2. 
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of phase functions which are physically 
significant for the macroscopic descrip- 
tion of the system (sum-functions), coin- 
cide in the overwhelming majority of the 
time instants with the corresponding 
instantaneous values. This is a con- 
sequence of the representativity of the 
microcanonical ensemble, following from 
mere geometrical considerations, in virtue 
of the large number of the degrees 
of freedom (°), 

It follows that the averages over 
an infinite time interval of physically 
significant phase functions coincide ac- 
tually with the measured equilibrium 
values. 

The application of the classical ergo- 
dic theory (founded on Birkhoff’s (7) 


(*) To make this point clearer we recall that 
it can be rigorously proved (A. I. KHINCHIN: 
Mathematical Foundations of Statistical Mechanics 
(New York, 1949)) that to the Maxwell-Boltz- 
mann distribution law of the molecular positions 
and velocities corresponds a set of points of 
I’ space, whose microcanonical measure coin- 
cides practically with the microcanonical measure 
of the whole energy surface. From this fact it 
can be inferred in particular the justification 
of the irreversible behaviour of a system with 
many degrees of freedom. Assuming for instance 
that the conditions required for the validity of 
the Birkhoff’s theorem are verified, the ratio 
between the permanence time of the phase- 
point P; in the non-equilibrium region and the 
permanence time in the equilibrium region ap- 
proaches the ratio of the corresponding micro- 
canonical measures. Then, in the ovewhelming 
majority of the time instants, the system will be 
in the equilibrium region. Obviously, it can leave 
this region for relatively short times (fluctua- 
tions). Therefore it is clear that the irreversible 
pehaviour of a system with many degrees of 
freedom can be explained by means of pure 
dynamics without introducing the « information 
degree » of the observer. 

(7) The identity between time average (over 
an infinite time interval) and microcanonical 
average of a phase-function, stated by Birkhoft’s 
theorem, is valid with the exception of a set 
of phase trajectories such that their initial points 
form a set of zero Lebesgue measure. The 
frequency with which a fixed initial condition 
occurs in practice evidently cannot be foreseen 
by mechanics. Consequently, to link Birkhoft’s 
theorem with physical reality it is necessary 
to make some assumption on the occurrence 
probability of the exceptional initial conditions; 
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and Hopt’s theorems) to statistical me- 
chanics met an obstacle in the fact 
that it is not known — strictly speak- 
ing — which are the metrically transitive 
systems. This difficulty has recently 
been overcome by KHINCHIN (§) in the 
framework of the single system formu- 
lation of the classical ergodic theory. 
His procedure has been developed in 


detail by TRUESDELL and MorGEN- 
STERN (*). These authors have given an 
ergodic theorem based only on the 


canonicity of the time evolution and on 
the large number of degrees of freedom 
condition of ergodicity). 
This theorem, which implies no micro- 
scopic ergodicity condition (like metric 
transitivity), is from the mathematical 
point of view restricted to the case of 
systems described by separable Hamil- 
tonians (for instance a system of weakly 
interacting particles): it gives practically 
the same consequences of Birkhoff’s theo- 
rem, but the set of the exceptional initial 
phases, instead of zero measure has a 
small measure and the ratio between ju 
and the microcanonical measure of the 
energy surface vanishes when the number 
of degrees of freedom goes to infinity. 
The enlargement of the class of the 
exceptional initial conditions is the 
price one has to pay in order to get rid 
of the microscopic condition of ergodicity. 

Considering now quantum theory, 
we wish to point out that the original 


(macroscopic 


the most natural assumption consists obviously 
in attributing a zero a priori probability to the 
set of the exceptional initial conditions. Such 
a statistical element, however, has a completely 
different nature from the statistical postulates 
adopted in Tolman’s «utilitarian » approach. 

We remark finally that in the ensemble 
theory version of the ergodic approach (based 
on Hopf’s theorem) a zero statistical weight is 
automatically attributed to the set of the excep- 
tional initial conditions of Birkhoff’s theorem. 

(®) See the book by KuincnIn quoted 
in); § 13. pe 62: 

(*) C. TRUESDELL and D. MoRGENSTERN: 
Erg. ex. Naturwiss., 18, 286 (1958). See also 
the interesting qualitative considerations of 
D. Boum and W. ScHtrzEer: Suppl. Nuovo 
Cimento, 2, 1004 (1955), § 6. 


approach by von NEUMANN (!¢12), who 
made essential use of the concept of ave- 
rage over the macro-observers, has turned 
out to be definitely unsatisfactory (1%). 
A new approach to the quantum ergodic 
theory has been recently proposed by 
BoccwiErRI and LOoINGsER (14). This ap- 
proach replaces von Neumann’s averages 
over the macro-observers by an average 
over the initial state-vectors, all con- 
sidered as a priori equiprobable. From 
the methodological point of view, this 
approach represents the exact quantum 
counterpart of the K-T-M theorem; 
further, its validity is not restricted to 
systems characterized by separable Ha- 
miltonians. As in the corresponding clas- 
sical case, there is no need of micro- 
scopic ergodicity conditions. The theo- 
rem rests only on the following assump- 
tions: 


a) the system has a large number 
of degrees of freedom; 


b) the time evolution operator is 
unitary. 


The ratio between the measure of 
the set of the exceptional initial states 
corresponding to a given subdivision in 
« cells » of the quantum « energy shell» and 
the measure of the set of all the possible 
initial states vanishes as the number 
of the degrees of freedom goes to infi- 
nity. 


(20) J. VON NEUMANN: Zeits. Phys., 57, 
30 (1929). 

(71) W. PauLi and M. Fierz: Zeits. Phys., 
106, 572 (1937). 

(2) L. ROSENFELD: Acta Phys. Polon., 14, 
3 (1955). 

(3) P. BoccHteERI and A. LOINGER: Phys. 
Rev., 111, 668 (1958). For previous criticisms 
see: M. Fiprz: Helv. Phys. Acta, 28, 705 (1955); 
I. EK. FARQUHAR and P. T. LANDSBERG: Proc. 
Roy. Soc., A 289, 134 (1957). 

(4) P. BoccHrERI and A. LOINGER: Phys. 
Rev., 114, 948 (1959); for further results obtained 
following this line of thought see: G. M. Pro- 
SPERI and A. Scorri: Nuovo Cimento 13, 
1007 (1959). 
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ON THE ERGODIC METHODS IN STATISTICAL MECHANICS» 


2. — We should like to remark that 
in the classical theory the theorems of 
Birkhoff and of K-T-M occupy, in a 
certain sense, two extreme positions. 
Birkhoff’s theorem has a «maximum con- 
tent of dynamics» because the assumption 
of metric transitivity determines, in 
some way, the form of the Hamiltonian, 
while the number of degrees of freedom 
of the system does not play any explicit 
role (15). On the contrary the K-T-M theo- 
rem has a «minimum content of dyna- 
mics » and is not, strictly speaking, a theo- 
rem of pure general dynamics, since the 
assumption of a large number of degrees 
of freedom is required for its validity. 

It is also clear that a whole class 
of ergodic theorems, occupying inter- 
mediate positions between the extreme 
ones mentioned above, is in principle 
conceivable. Also in the quantum theory 
it seems possible to establish ergodic 
theorems having a larger dynamical 
« content » than the theorem of Bocchieri 
and Loinger (16). Attemps in this direction 
have been made by Lupwie (7) and 
along another line of thought by PRo- 
SPERI and Scorti (8). 

These latter authors employ an 
averaging procedure on the initial states 
weaker than Bocchieri and Loinger’s; 
more precisely, for a given probability 
distribution relative to a fixed set of 
cells (macrostates) of the energy shell, 
they perform an average on the initial 


(5) However, it does play a decisive réle 
in proving the representativity of the micro- 
canonical ensemble. 

(2%) The foundation of the quantum sta- 
tistical mechanics recently given by KHINCHIN 
(Mathematische Grundlagen der Quantenstatistik, 
Berlin, 1956) eludes completely the ergodic 
question, because it is restricted to the consi- 
deration of systems in stationary and highly 
degenerate states. According to this method, 
for the foundation of the quantum statistical 
mechanics it is sufficient to prove the repre- 
sentativity of the quantum microcanonical en- 
semble corresponding to the considered sta- 
tionary state. 

@’?) G. Lupwie: 
(1958); 152, 98 (1958). 

(28) G. M. ProsPErRr and A. ScoTTi: in prepar. 


Zeits. Phys., 150, 346 
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states only in the interior of the various 
cells. Thus, they obtain ergodic rela- 
tions only assuming suitable microscopic 
ergodicity conditions. The usefulness of 
such an approach rests mainly on the 
circumstance that it characterizes in a 
clear-cut way the systems exhibiting 
tendency toward equilibrium. 

Finally, we observe that in order 
to reach a classical result having the 
same mathematical validity as the 
result of Bocchieri and Loinger, a more 
sophisticated mathematical apparatus 
would be required and it would be 
necessary to introduce microscopic ergo- 
dicity conditions. To get a clear idea 
of the origin of this dissimmetry, one 
may observe that the classical analogue 
of the quantum proposition; A « small » 
system CO, weakly interacting with a 
«large» system O, is canonically dis- 
tributed in the time average — would 
be as follows: «The phase-point P; 
remains in each of the cells of a suitably 
given set during a time proportional to 
the microcanonical measure of the cells 
themselves ». This result evidently re- 
quires a «larger amount. of dynamics » 
than the corresponding quantum one. 

From a general viewpoint, one may 
perhaps observe that the classical and 
quantum pure cases are not completely 
comparable, because — as also VAN 
Kampen (19) and Van Hove (#°) have 
recently emphasized in different con- 
texts —- the quantum pure case has 
many properties analogous to the clas- 
sical mixture (ensemble). In this respect 
we could also point out that — as it 
has been particularly stressed by RosEN- 
FELD (12) —- the ergodic theorem that 
von NEUMANN tried to prove would 
have been the quantum analogue of 
Hopf’s classical theorem, which holds 


(29) N. G. VAN KAMPEN: Proc. Int. Symp. 


on Transp. Proc. in Stat. Mech. (Brussels, 
1956), p. 239. 

(2) J, Van Hove: Physica, 25, 268 
(1959), § 3. 


264 


true for all the initial Liouville distri- 
butions @(0). 

Vice-versa, we could try to prove a 
theorem of the classical ensemble theory 
corresponding to the quantum theorem 
of Bocchieri and Loinger; i.e. a theorem 
valid for the « overwhelming majority » of 
the 0(0) and requiring no microscopic 
condition of ergodicity (**). 


(71) An attempt in this direction has been 
made by BoccurmeRI and LOINGER (private 
communication). 


P. CALDIROLA 


* OK 


This letter originates from a series 
of discussions on the foundations of 
statistical mechanics which took place 
recently (June 1959) among the members 
of the theoretical group of the Sezione 
di Milano del’ INFN. 

The writer wishes to thank particu- 
larly Prof. Lion RosENFELD, who parti- 
cipated in these discussions with stimula- 
ting criticisms and useful suggestions. 
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1. — Introduction. 


It is to be expected that charged 
x hyperons may interact with nucleons 
in the following ways: 


(1) Sips +P 
(2) ot+n—>x+n, 
(3) 2°+p, 
(4) A® +p, 
(5) pS 2 +P, 
(6) 2° +n, 
(7) An, 
(8) S++ Dt. 


During a systematic study of fast 
baryons resulting from the capture of 
K--mesons at rest by emulsion nuclei, 
the following two events have been 
found. In each, a fast baryon interacted 
in flight with an emulsion nucleus and 


(*) On leave from the University of Warsaw. 
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a &* hyperon was emitted as one of the 
secondaries. Since no strange particle 
production is possible by « non-strange » 
particles emitted from K™ captures at 
rest, it can be concluded that the inter- 
acting particle was in each case a x* hy- 
peron. Two similar interactions of xt hy- 
perons with complex nuclei and one 
with hydrogen have previously been 
reported (1%). 


2. — Results. 


2:1. Hvent 1. - A K’-meson comes 
to rest to form a4 pronged capture star 
(Photograph 1). 3 of the particlés emitted 
are of low energy and are due to evapo- 
ration, the fourth is seen to interact in 
flight after a path length of 970 um. 
The interaction gives rise to two charged 


2) W. F. Fry, J. ScHneps, G. A. SNOW 
and M. S. Swami: Phys. Rev., 100, 939 (1955). 

(?) R. G. GLASSER, N. SEEMAN and G. A. 
Snow: Phys. Rev., 107, 277 (1957). 

(3) F. C. GinperT and R. S. WHITE: Phys. 
Rev., 107, 1685 (1957). 
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secondaries, one of which is most prob- 
ably a proton of 22 MeV (possibly deu- 
teron) and the other a =* hyperon of 
(7875) MeV. The * hyperon has been 
identified by a protonic decay in flight 
after a path length of 11.00 mm from 
the interaction. The energy at decay 
has been determined by a blob and hole 
count (4) as (42.87%) MeV whereas the 


ceiving products is 351733 MeV/c. The 
transverse momentum unbalance, which 
is independent of the primary energy, 
is 216 MeV/c, so that the event must 
certainly have taken place in a nucleus 
other than hydrogen. A residual energy 
unbalance of (91738) MeV is also obtained, 
suggesting that at least one neutron: is 
emitted in the interaction. 


DAB Tee: 
Track | Identity Dip angle | Plane angle; Range (um) | Energy (MeV) 
4 | De | — 4#° 0° AT == 970 Ipis 
5 | p (d) + 204° 84° 2 200 22 (29) 
6 | pa 4° 339° AR = 11000 7828 


energy calculated from decay dynamics 
is 40.7 MeV. The normalized grain den- 
sity of the original =* hyperon track 
as determined by a blob and hole count 
is 2.78-+0.28. This corresponds to a 
=* energy of (191738) MeV. The results 
of the measurements at the interaction 
are summarized in Table I. 

At decay the space angle in the labora- 
tory system between &*.and proton is 49° 
and the range of the proton is 2330 um. 


2°2. Hvent 2. - A K™-meson is cap- 
tured at rest giving rise to a two pronged 
star (Photograph 2). One of the prongs is 
a 6 um long recoil, the other is seen to 
interact in flight after traversing 3 920um. 
The interaction star consists of three 
prongs, one of length 7870 um due to 
a proton, the second of 9 um, the third 
of 53 um due to a X* hyperon. The 
x* hyperon has been identified from its 
decay at rest into a proton of range 


TABLE II. 
Track Identity Dip angle | Plane angle; Range (um) | Energy (MeV) 
2 eae —173 0° AR = 3920 6953 
3 p — 61° 332° 7870 45.5 
4 be + 384° 9° 9 ie: 
5 Sp — 56° 151° 53 2.6 


Coplanarity and momentum tests 
have been performed on the interaction 
products. The three tracks are found 
to be non-coplanar by 15° and assuming 
that the stable particle is a proton, the 
momentum unaccounted for by the re- 


(*) P. H. FowrrerR and D. H. PERKINS: 
Phil. Mag., 46, 587 (1955). 


1648 um. The energy of the incident 
particle, assumed to be a X* hyperon, 
has been estimated as (6973) MeV from 
a blob and hole count at interaction, 
and hence (80+?) MeV at emission. The 
measurements at the interaction are 
listed in Table II. 

It is found that the residual mo- 


. mentum of particles 2, 3 and 5 is 
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THE INELASTIC SCATTERING OF x* HYPERONS WITH EMULSION NUCLEI 


(367722) MeV/c, and lies, within measu- 
rements error, in the direction of track 4. 
This would indicate that all products 
of the interaction are observed and that 
track 4 should be due to a light nuclear 
recoil, as no heavy nucleus with the 
required momentum would have the ob- 
served range of 9um. Moreover, the 
observation of two low energy positive 
particles emitted from the interaction 
and the fact that most of the incident 
energy is carried away by the observed 
secondary particles, support the inter- 
pretation of an interaction with a light 
nucleus. 

The following schemes are suggested 
for the interaction: 


mae aD (22C, 14N, 018) —£e 
a ee Pp ai (4B, 136, 15N) 5 


3. — Conclusion. 


It can be concluded that two inelastic 
scatterings of =+ hyperons have been 
observed, one (event 2) according to 
the reaction: 


(1) y+ p= Lt+p, 
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the other (event 1) according to either 
the above or: 


— 
bo 
~— 


Srey 


A track length of 79 cm of charged 
x hyperons of energy greater than 
50 MeV has been observed by the 
K~ European Collaboration (°) and in 
the present work. 


* OK OK 


The authors wish to express their 
thanks to Dr. Levi Serri for exposing 
the stack to the Bevatron and to Prof. 
G. P. S. OccuraLint and the Brussels 
group for processing it. We also wish 
to thank the other members of the 
K~ European Collaboration with whom 
this work has been done. One of us 
(J.Z.) wishes to express his eratitude to 
Prof. C. F. Powrrt for the hospita- 
lity shown to him at Bristol University. 
Two of us (D.H.D. and B.D.J.) are 
indebted to the Department of Scientific 
and Industrial Research and the other 
(J.Z.) to the Institute for Nuclear Re- 
search, Warsaw for financial support. 


(*) K~ BEuROPEAN COLLABORATION: Nuovo 
Cimento, part III to be published. 
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Comitato Nazionale per le Ricerche Nucleari - Laboratori di Frascati 


(ricevuto il 7 Settembre 1959) 


We describe here an experiment we 
performed with the aim of detecting the 
new neutral meson frequently quoted in 
the recent literature as the p°-meson (?). 
We did not find any evidence for a strong 
production in H, of such a particle. 

The method is based on the follow- 
ing line: suppose a neutral particle is 
photoproduced according to 


(1) y+Pp>p+X. 


By measuring energy and angle of the 
recoil proton, all other kinematical para- 
meters are fixed, including the y-ray 
energy, for each mass of X. Since the 
y-ray source gives a_ bremsstrahlung 
spectrum, the excitation curve (that is 
the number of protons/equivalent quanta 
as a function of the maximum energy 
of the spectrum) should appear as a 
step starting when the energy of the 
head of the spectrum is the right one 
to produce a proton at the given angle 


(*) On leave from Laboratory for Nuclear 
Studies, Cornell University, Ithaca, N.Y. 

() Y. NamBu: Phys. Rev., 106, 1366 (1957); 
S. N. Gupta: Phys. Rev., 111, 1436 (1958). 
For a complete bibliography: A. ALBERIGI, 
C. BERNARDINI and G. STopprinr: Report 
CNF 2, Lab. Naz. di Frascati, July 1959 (un- 
published), 


and momentum. The mass of particle X, 
if unknown, can be determined by this 
threshold energy. The situation is 
sketched in Fig. 1, where the x° step 
and the hypothetical p® step are shown. 


N, 4 Telescope counters 


Kmax = maximum bremsstrahlung energy 


ides Ih 


The x° photoproduction is an example 
of process (1) and it gave indeed to us 
a step of the just described type. If a 
°° particle exists, a further step should 
add to the x°’s one, starting at a different 
energy corresponding to the oe° mass. 

The two pion production has to be 
taken into account in the interpretation 
of the data. In fact, from a certain 
energy corresponding to the threshold, 
in our geometry, of the processes 


7 a 


n°? +79 


iz, 


(2) YP Ba: 
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protons of the right energy arising from 
processes (2) begin to reach the counting 
apparatus. The number of these protons 
is generally a slowly increasing function 
of the maximum energy of the y-rays 
because of the three body nature of the 
final state of the reaction. 

A further remark on the method: 
any step-like behaviour in the curve 
(Fig. 1) could indicate not only the 
existence of a new meson of definite 
mass, but also some particular correla- 
tion among the pions (xz interaction) 
in processes (2). 

Because of the negative result this 
experimental method allowed us to give 
only an upper limit for the cross section 
of process (1), the size of this limit being 
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due to the statistical errors and to the 
energy and angle resolution of the proton 
telescope. 

In conclusion, the excitation curve 
should roughly appear as sketched in 
Fig. 1 where 


1) is the sum of r° plus two pions 
contributions ; 


2) is the 7° contribution alone; 


3) includes the ¢° 
if any. 


contribution, 


We obtained an excitation curve 
using the scintillation counter apparatus 
described in Fig. 2. The proton tele- 
scope detected particles of energy T,= 
(150-+10) MeV at an angle 6,=42°1.5° 


\\ 


H,/7ar 
alargel — 


SN 
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(lab. syst.) with the y-ray beam from the 
1.1 GeV Frascati Electronsynchrotron. 

An event was detected as a coinci- 
dence 


(I) 2) 2 7S eae 


Discrimination against pions in the 
telescope was made by pulse height 
analysis in counters 2+3. 


and it is in good agreement with the 
known value (*-). 

The dotted line in Fig. 3 is the cal- 
culated single 7° contribution, taking into 
account the angular and momentum 
spread of our telescope. Its agreement 
with the experimental results gives con- 
fidence to the method. 

Because of the two pions contribu- 
tion we can only say that if a part of 
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Fig, 3. 


The data in Fig. 3 were normalized 
per equivalent quanta; y-ray beam 
monitoring was made by a Wilson 
quantameter (2). 

No evident step (and this is the con- 
tribute of the present paper) appears 
besides the one we ascribe to the well 
known 7°-mesons. 

As a check the cross section for 
x? photoproduction is deduced 


Ge en SAL geen: 
Pras em?/sr , 
(00 em: =90°" > E,, Lab= 580 MeV) > 


() R. Witson: Nucl. Instr., 1, 101 (1957). 


the slow increase of the curve were due 
to p%’s, the differential cross section for 
production of these particle cannot 
exceed 6-10-*!cm2/ster (at the given angle 
and energy of the proton). 

Tf one tries to fit the data by assuming 
that the double x production follows the 
statistical theory, one obtains a reason- 
able agreement by assuming 


a) that the ratio 


Va Paw en 
Aes Sitar oat ee 


<i Us 


(@) J. W. DE Wir, H. E. Jackson and 
R. LITTaAvER: Phys. Rev., 110, 1208 (1958). 
(4) J. I. VETTE: Phys. Rev., 111, 622 (1958). 
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b) that the cross section for pro- 
duction of two charged pions decreases 
smoothly (in the interval (700+1000) MeV 
y-ray energy) by a factor of 3. This is 
not inconsistent with the results of 
SELLEN et al. (°). 


The solid line in Fig. 3 summarizes 
these calculations; of course, this is only 
an order of magnitude estimate. Never- 


@) J. M. SELLEN, 
conr and E. L. Harr: Phys. Rev., 
(1959). 


G. Coccont, T. V. Coc- 
1138, 1323 
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theless, this estimate allows a further 
reduction of the upper limit on the dif- 
ferential cross section for pe? photo- 
production to the value 


(3a) == (2 S23)\c 10-21 em2. 
dQ 7) =105MeV 


Op=42° 
* OK OK 


We want to thank doctor A. ALBE- 
nici for helpful assistance during the 
development of this work. 


2 eee 4 eos 
‘i a 


Direttore regsponsabile: G. POLVANI 
vf ‘ ‘ PA * is a. 
Questo fascicolo é stato licenziato dai 


